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PREFACE. 


Though  there  are  several  works  in  our  language  that 
treat  of  detached  parts  of  mechanics  in  a  clear  and 
comprehensive  manner,  there  is  no  single  treatise  in 
which  the  entire  subject  of  rational  mechanics,  m  all 
its  bearings  and  generality,  is  brought  before  the  reader. 
The  consequence  of  this  has  been,  that  the  Mechanique 
of  Poisson  is  the  work  which  is  now  in  the  hands  of 
all  who  propose  to  acquire  such  a  knowledge  of  the 
principles  of  mechanics  as  may  qualify  and  enable 
them  to  extend  their  reading  to  the  more  abstruse 
works  of  Laplace,  La  Grange,  and  also  of  Poisson  him- 
self The  object  of  the  present  translation  is  to  render 
this  treatise  of  Poisson  more  accessible  to  the  Englisli 
reader. 

As  several  analytic  operations  and  integrations  are 
taken  for  granted  by  the  author,  it  has  been  suggested 
that  the  work  would  be  still  more  easily  understood, 
if  the  most  difficult  of  these  operations  were  given  in 
detail  in  the  form  of  notes  appended  to  the  end  of  eacli 
volume.  It  is  likely  the  experienced  reader  may  con- 
sider many  of  them  to  be  superfluous,  but  as  the  object 
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of  the  tnin:$tati>r  was  to  render  tliis  W(»rk  Hcces.^^ibli*  :•* 
the  English  student,  whose  acquaintance  with  the  higlier 
branches  of  the  calculus  was  not  so  extensive  a>  the 
author  takes  for  granted,  he  trusts  he  will  nut  Ik* 
deemed  unnecessarily  diffuse  if  he  has  insisted  in  the 
notes  more  at  length  on  several  points,  than  the  ac- 
complished reader  may  consider  to  be  neeessarj-. 

The  translator  did  not  venture  to  make  any  changr 
in  the  text,  though  in  some  few  cases  the  author  ap- 
pears to  have  fallen  into  mistake  ;  see  Nos.  3\H)  and 
607  He  also  retained  the  numerical  coeiHcient  whieh 
is  given  by  the  author  for  the  dilatation  of  gas,  which  it 
api)ears  from  the  experiments  of  RudlK.Tg,  ought  t4)  Ih.* 
00,364,  instead  of  00,375 ;  see  Scientific  Memoirs,  No  7 
The  reader,  however,  will  find  all  these  |>oints  advertcil 
to  in  the  corresponding  notes. 
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i 


That  whidi  can  affect  our  senses  in  any  manner  whatever, 
is  termed  maUer. 

Bodies  are  such  portions  of  matter  as  are  bounded  in 
every  direction ;  they  must  consequently  have  a  determinate 
Jbrm  and  vohtme.  By  the  mass  of  a  body,  is  understood  the 
quantity  of  matter  of  which  it  is  composed. 

A  maUrial  paifU  is  a  body  infinitely  small  in  all  its  di- 
mensions ;  so  that  the  length  of  every  line  comprised  in  its 
interior,  is  infinitely  small,  that  is  to  say,  less  than  any  as- 
signable length.  A  body  of  finite  dimensions  may  be  eon- 
aidered  as  an  aggregate  of  an  infinite  number  of  material 
p<Hnt8,  and  its  mass  as  the  sum  of  all  their  infinitely  small 


2.  A  body  is  in  motUm^  when  this  body,  or  its  parts, 
occupy  successively  different  places  in  space.  But  sp<ice 
being  indefinite  and  every  where  the  same,  we  can  only  judge 
of  the  state  of  rest  or  motion  of  a  body,  by  comparing  it, 
either  with  other  bodies,  or  with  ourselves;  and  on  this 
account,  all  the  motions  which  we  observe  are  necessarily 
relative  motions. 

All  bodies  are  moveable  ;  but  matter  never  moves  sponta- 
neously, for  there  is  no  reason  why  a  material  point  should  move 
in  one  direction  rather  than  in  another ;  and  in  fact,  if  we  con- 
sider a  body  at  the  instant  it  passes  from  a  state  of  rest  to 
a  state  of  motion,  we  may  always  observe,  that  this  change 
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is  owing^  to  the  action  of  an  extraneouft  cause,  i.  o.  of  onr 
without  which  we  may  conceive  that  this  body  may  exint. 

Any  cause  which  excites  motion  in  a  bo<ly,  or  which  only 
tends  to  excite  it,  when  its  effect  is  interrupted  or  prevented 
by  any  other  cause,  is  called  ^rre. 

3.  When  several  forces  are  applied  at  once  to  the  same 
body,  they  modify  each  other's  effects,  in  virtue  of  the  con* 
nexion  that  exists  between  its  parts,  and  which  hinders  then 
from  assuming  the  motion,  that  the  force  to  which  it  is  sub- 
jected, tends  to  impress  on  each  of  them.  It  may  happen, 
that  these  forces  completely  destroy  each  other*s  effects,  «o 
that  the  body  does  not  move  at  all ;  this  particular  state  gf 
the  moveable  body  is  termed  tquitibriumy  in  which  the  body 
remains  at  rest,  though  solicited  by  several  forces,  or  in  odwr 
wonls,  the  forces  arc  said  to  constitute  an  equilibrium. 

Mechanics  is  the  science  which  treats  of  the  equilibriam 
and  motion  of  bodies.  The  part  of  which  the  object  it,  in 
general,  to  discover  the  conditions  of  equilibrium,  is  called 
statics.  The  part  of  which  the  object  is  to  determine  the 
motion  which  a  bo<ly  assumes,  when  the  forces  which  aie 
applied  to  it  do  not  constitute  an  equilibrium,  is  called 
JjfHafnics. 

As  geometers  have  succee<le<l,  as  will  be  hereafter  shewn, 
in  reducing  all  questions  relating  to  motion  to  mere  problems 
of  equilibrium,  the  natural  mode  of  proceeding  would  be  to 
treat  firnt  of  Htatics,  and  then  to  enter  on  the  consideration  of 
dynamics ;  but  in  order  to  facilitate  the  understanding  of  the 
subject,  it  seems  preferable,  in  a  treatise  designed  for  intlni^ 
tion,  to  direct  our  attention  to  the  elementary  and  simple 
partH  of  dynamic*^,  In^fore  we  enter  on  the  consideration  of  the 
general  «|Ui*Hti<)ns  of  equilibrium.  This  in  the  order  which 
will  Ih'  piirniuHl  in  the  following  treatise. 

4.  Ill  the  CUM*  of  a  force  acting  on  a  material  |K>int,  there 
are  always  thrtn*  thingH  to  Ik*  con^idere<l,  namely*  the  position 
of  thiH  |>oint,  the  intensity  of  the  forct%  and  its  direction,  thai 
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IS,  the  rectilineal  space  which  it  tends  to  cause  to  be  described 
at  its  point  of  application.  Nevertheless,  we  must  not  sup* 
pose  that  a  material  point  is  the  same  with  what  is  called  a 
paint  in  geometry,  where  this  term  denotes  the  extremity  of 
a  line,  or  the  intersection  of  two  lines  which  cut  each  other ; 
ndther  is  the  space  which  a  material  point  describes  a  line 
having  only  one  dimension ;  but  as  this  body  is  infinitely 
small  in  every  direction,  and  as  the  breadth  and  thickness  of 
the  space^  which  the  force  tends  to  m^e  it  describe,  are  also 
infinitely  small,  the  position  and  direction  of  this  force  can  be 
determined  in  the  same  manner,  as  the  position  and  direction 
of  a  right  line  are  determined  in  geometry. 

ThnSf  the  position  of  the  point  of  application  of  a  force  in 
space,  will  be  determined,  in  general,  by  means  of  its  three 
coordinates  parallel  to  the  intersections  of  three  rectangular 
planes ;  and  this  will  not  leave  any  ambiguity  with  respect  to 
the  direction,  when  we  take  into  account  both  the  sign  and 
magnitude  of  each  coordinate.  Sometimes  also  polar  coordi^ 
nates  are  employed ;  these  are  the  radius  vector  of  the  given 
point,  or  its  distance  from  the  orig^,  the  angle  this  radius 
makes  with  a  fixed  line  drawn  through  the  origin,  and  the 
angle  comprised  between  a  plane  passing  through  these  lines, 
and  a  fixed  plane  passing  through  the  second. 

5.  In  order  to  measure  forces,  it  is  necessary  to  take  some 
known  force  as  unit,  and  then  to  express  in  numbers  the  rela- 
tions of  the  other  forces  to  this  unit ;  this  requires  that  we 
should  precisely  define  what  is  meant  when  one  force  is  said  to 
be  equal  to  another,  double,  triple,  or  quadruple ....  of  another, 
independently  altogether  of  the  particular  nature  of  these  difiier- 
ent  causes  of  motion. 

Two  forces  are  said  to  be  eqtuily  when  being  applied  in 
opposite  directions  to  the  same  material  point,  or  to  two 
points  connected  by  a  right  line,  which  is  of  an  invariable 
length,  they  constitute  an  equilibrium. 

If,  after  having  recognized  that  two  forces  arc  equal,  w« 
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apply  them  in  the  same  direction  to  the  tame  point,  wc  ihall 
have  a  double  force ;  if  we  combine  in  tl&is  manner  three  equal 
forces,  wc  shall  have  a  triple  force ;  if  we  comlnne  fiMir,  we 
shall  have  a  qnadmple  force ;  and  so  on. 

When,  therefore,  wc  say  that  a  force  applied  to  a  material 
point  is  a  certain  multiple  of  another  force,  we  understand 
that  the  first  may  be  considered  as  made  up  of  a  oertaia 
number  of  forces  respectively  equal  to  the  second,  and  acting 
in  the  same  direction.  It  is  by  considering  them  in  tUa 
manner,  that  forces  can  be  regarded,  whatever  their  particular 
nature  may  be,  as  quantities  susceptible  of  being  mcasured» 
which  may,  therefore,  be  expressed  in  numbers,  like  every 
other  description  of  quantity,  by  referring  them  to  the  unit  of 
their  species.  We  may  likewise  represent  their  intensities  hj 
lines  proportional  to  these  numbers,  which  lines  we  lay  off  In 
their  several  directions,  commencing  at  their  respective  points 
of  application ;  one  advantage  effected  by  this  is,  that  me- 
chanical theorems  may  be  stated  with  g^reat  simplicity. 

G.  The  points  of  application,  and  the  intensities  of  forces, 
being  thus  determined,  it  only  remains  to  shew  how  theb 
directions  are  ascertained. 

Let  M  (fig.  1)  be  ihe  point  of  application  of  a  force,  and 
let  it4  direction  be  represented  by  the  line  md,  in  which  case 
this  force  tends  to  cause  the  point  m  to  move  from  M  to  D  ; 
through  the  point  m,  conceive  three  rectangular  axes  ma, 
MB,  Mc,  to  be  drawn,  these  will  be,  in  general,  parallel  to  the 
axes  of  the  coordinates,  and  in  the  direction  of  the  positive 
coordinates  ;  let  a,  f3,  y,  be  the  obtuse  or  acute  angles  which 
the  dinnrtion  md  makes  with  these  axes,  so  that 

AMD  =  o,     HMD  r:  ^,     cMDz:y; 

this  clinrtioii  will  l>e  completely  determined,  when  these  three 
anflfles  are  ^ivon. 

In  fuel,  if  we  only  consider  the  two  angles  a  and  /3,  the 
line  MD  must  exist  at  the  same  time  on  two  right  cones,  of 
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whieh  the  oommon  summit  is  m,  and  of  wliich  the  respective 
axes  are  ma  ami  mb.  Therefore  it  is  necessary  that  a  and  /3 
should  be  such  that  these  two  cones  may  intersect;  this 
will  have  place  in  the  direction  of  two  lines,  drawn  from  m, 
situated  in  the  same  plane  perpendicular  to  the  plane  amb» 
and  which  wHl  make  with  the  axis  mc,  two  angles  that  are 
saj^kments  the  one  of  the  other.  Therefore  the  line  md 
may  have  also  two  different  positions,  but  as  the  angle  y  is 
also  given^  we  know  whether  it  is  acute  or  obtuse,  and  we 
can  adeet  between  these  two  positions  that  which  answers  to 
the  directioii  of  the  force.  This  construction  also  shews,  that 
the  three  angles  a,  ^,  7,  cannot  be  arbitrarily  taken.  In  foct, 
there  eziits  between  the  cosines  of  the  angles  which  the  same 
li^llit  line  md  makes  with  three  rectangular  axes,  the  equation 

cos*a +cos*/3 +  cos*7  =:  1,  (1) 

which  can  be  demonstrated  by  taking  on  md,  reckoning  from 
the  point  m,  a  line  equal  to  unity,  and  then  forming  a  rec- 
tangular parallelepiped,  of  which  tins  line  is  the  diagonal,  and 
of  whidi  the  three  adjacent  sides  lie  on  the  three  axes  ma,  mb, 
ICC.  These  three  sides  will  be  the  cosines  of  the  angles  a,/3,7; 
and  as  by  a  known  theorem,  the  sum  of  their  squares  must 
be  equal  to  the  square  of  the  diagonal,  there  results  the  equa- 
tion which  has  been  stated  above. 

7.  In  this  treatise,  the  division  of  the  circumference  into 
360^,  of  the  degree  into  60  minutes,  and  of  the  minute  into 
60  seconds,  will  be  adopted.  The  letter  w  will  be  constantly 
employed  to  represent  the  semicircumference  of  which  the 
radius  is  equal  to  unity,  so  that  we  shall  have 

ir=  3,1415926.... 

The  fourth  part  of  the  circumference  corresponds  to  a 
right  angle,  or  to  the  angle  324000^^(a),  hence  it  follows,  that 
the  length  of  an  arc  corresponding  to  an  angle,  containing 
any  number  such  as  n  of  seconds,  will  be  the  fourth  term  of  a 
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proportion,  of  which  the  three  first  terms  are  |v  ii  and  32400  , 
and  denoting  this  length  by  m  there  will  result(6) 


III  n 


206264,8../ 


The  logarithm,  in  the  common  system,  of  this  constant  divi- 
sor is 

5,3144251. 


In  numerical  calcuIaUons,  the  arcs  computed  in  this 
ner  ought  to  be  employed  in  place  of  angles,  which  will  not  br 
comprised  under  the  trigonometric  signs  #tii,  ro#,  iang. 

In  order  that  we  may  be  able,  by  means  of  the  angles 
a»  /3,  7,  to  represent  the  direction  of  a  force  in  all  powible 
positions  about  its  point  of  application,  it  is  only  necessary 
that  they  be  reckoned  from  zero  up  to  180^  inclusively.  If,  for 
example,  the  axis  mc  lies  above  the  plane  of  the  two  other 
axes  MA  and  mb,  the  angle  y  will  be  less  or  greater  than  90% 
according  as  the  right  line  md  exists  above  or  below  this 
plane :  it  will  be  zero  when  the  direction  md  coincides  with  mc, 
and  equal  to  180^,  when  md  coincides  with  mc'  the  production 
of  MC.  The  cosines  of  a,  /3,  and  y,  may  therefore  be  positive 
or  negative ;  but  thoir  sines  will  be  always  positive,  because 
these  angles  never  exceed  180^. 

In  general,  if  we  consider  md'  the  production  of  any  line 
MD,  in  the  opposite  direction,  it  is  endent  that  the  angles 
which  it  makes  with  the  three  axes  are  the  supplements  of 
a,  (if  y.    Therefore  if  we  make 

AMD'  =  a',      nMD'  =  /iJ',      CMD'^-y', 

we  shall  have 

coso'=— co«a,     cos^'zz  — co*f3,     cos-y'z:  —  co§7; 

hence  it  follows  tliat  the  directions  of  two  forces  which  act  in 
up|H>sitc  directions  on  the  same  |K>int  m,  the  one  along  md  and 
the  other  along  md',  are  distinguished  from  each  other,  by  the 
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nigtm  of  the  codines  of  the  angles  which  respectively  correspond 
to  them. 

8.  In  place  of  three  angles  a,  /3,  7»  connected  together  by 
equation  (1),  we  may  only  employ  two  angles,  perfectly  in- 
dependent of  each  other,  to  determine  the  direction  of  a  force. 

In  £Eict,  let  MB  be  the  projection  of  md  on  the  plane  amb» 
and  let  S  be  the  angle  which  this  projection  makes  with  the 
axis  MA,  so  that  we  have  amb  z:  S.  When  the  angle  S  is 
given,  it  will  make  known  the  position  of  the  plane  cmb,  and 
then  the  angle  y  will  completely  determine  the  position  of 
the  line  md  comprised  in  this  plane.  It  is  necessary  that  the 
angle  S  should  be  reckoned  from  ma  in  a  definite  direction, 
which  may  extend  firom  zero  to  360^ ;  the  angle  y,  as  was 
before  stated,  is  comprised  between  the  limits  zero  and  180^. 
The  projection  of  the  diagonal  of  the  parallelopiped,  ad- 
verted to  in  No.  6,  on  the  plane  amb,  will  be  the  cosine  of 
the  angle  dmb,  or  equal  to  sin  y.  If  we  project  a  second 
time  this  projection  on  the  axis  ma,  this  second  projection  is 
equal  to  first  multiplied  by  cos  S ;  moreover  it  coincides  with 
the  projection  of  the  diagonal  of  the  parallelopiped  on  this 
same  axis  ma,  and  consequently  will  be  equal  to  cos  a;  there- 
fore we  shall  have 

cos  a  z:  sin^y  cosS. 

In  like  manner  we  shall  have 

cos/3  =  siny.  sin  8. 

These  two  formula  will  enable  us  to  transform  the  equa- 
tions in  whicli  the  angles  a,  /3,  7,  are  made  use  of,  into  others 
in  which  we  only  employ  y  and  S.  It  is  easy  to  perceive 
that  they  satisfy  equation  (1). 

9.  There  exists  another  equation  that  comprises  equa- 
tion (1)  as  a  particular  case,  and  which  will  be  frequently 
u^ful. 

In  order  to  obtain  it,  let  x,  y,  ^,  be  the  three  coordinates 
of  any  point  m  (fig.  2)  referred  to  the  three  rectangular  axes 
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oZf  oy,  02.  Let  r  denote  its  radius  vector  oM|  and  m^fi^  7,  the 
acute  or  obtuse  angles  wliicli  this  radius  makes  with  the  three 
axes,  so  that,  for  example,  we  may  have 

zou  =:  y. 

If  from  the  point  m  a  perpendicular  mn  be  let  fidl  on  the 
axis  or,  the  right  line  on  will  be  the  ordinate  2,  and  in  the 
right  angled  triangle  mon  we  shall  have 

2  zzr.cosY ; 

in  like  manner  there  results 

y=r.cos/3,  x:rr.oosa. 

Let  u'  be  another  point  and  let  x*,  y',  m\  r',  o',  /3',  7',  be 
respectively  its  coordinates,  its  radius  vector,  and  the  anglei, 
relatively  to  this  line ;  we  shall  have 

x'  =  r'  cos  a',  y'  =  r'.  cos/3',  z'  zz  r'.  C0S7'. 

Let  u  denote  the  distance  mm',  then  we  have  the  known 
relation 

ii»  =  (x'-x)»+(y'-y)»+(5'-;r)«; 

and  if  c  denote  the  angle  mom',  we  shall  have  at  the  saow 

time 

K'=r'  +  r'*-2rr'-cos€, 

in  the  triangle  of  which  r,  r',  and  u  are  the  three  udes. 
Because 

x»  +  y*  +  z*  =  r»,     «"  +  y^  +  c'*  =  1^, 

the  first  value  of  u*  is  the  same  thing  as 

«'  =  r»  +  r^  -  2  ( x/  +  yy'  +  «y > ; 

by  comparing  it  with  the  second,  we  obtain 

rr'.cosi  z:  xx*  +yy'4-'«'; 

and  if  in  thift  equation,  we  sulMtitute  the  preceding  values  of 
X,  yt  r,  x'  y\  z\  there  will  result 

cosf  =  cosa.cosa'  +  coH^.cos/i'+cos^.cosy';      (2) 
which  it  was  pro[Kised  to  find  out. 
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When  the  two  lines  om  and  om^  coincide,  the  angles 
o',^',y'9  ^^'^  ^^  same  as  09/3,79  and  this  formula  is  reduced  to 
equation  (1).  When  these  two  right  lines  are  at  right  angles 
to  each  other,  we  have  c  =:  90o,  and  consequently 

cosa.cosa'  +  C08/3.COS/3'  +  coSY-cosy'ir  0. 

By  substituting  in  the  values  of  Xj  y^ «,  those  of  cos  a, 
cos  ^,  which  have  been  found  in  the  preceding  number,  we 
shall  have 

xzi  r.siny.cosS,    y  zz  r.  sin  7. sin  8,     »  =  r.cos7; 

in  which  formulae,  the  three  variables  r,  7,  S,  are  the  three 
polar  coordinates  of  the  point  m,  such  as  they  have  been  de- 
fined in  No.  4,  and  which  will  consequently  enable  us  to 
transform  rectangular  into  polar  coordinates. 

10.  The  consideration  of  projections  which  were  made  use 
of  in  No.  8,  will  be  frequently  adverted  to  in  this  treatise,  it 
will  therefore  be  useful  here  to  explain  their  first  principles. 

The  projection  of  a  right  line  on  another  right  line,  is  the 
part  of  the  latter  which  is  comprised  between  two  perpendi- 
culars let  fall  from  the  two  extremities  of  the  projected  line 
on  the  other.  Thus,  the  differences  x^  —  j:,  y'  —  y,  z'  —  2^ 
of  the  extreme  coordinates  are  the  projections  of  the  same 
right  line  mm' on  the  axes  oi  Xj  y,  z\  and,  from  the  first  ex- 
pression which  is  given  above  for  w^,  it  follows,  that  the  sum 
of  the  squares  of  the  projections  of  the  same  right  line,  on 
three  rectangular  axes,  is  equal  to  the  square  of  this  right 
line.  If  the  projected  line,  and  the  line  on  which  it  is  pro- 
jected, exist  in  the  same  plane,  the  projection  is  equal  and 
parallel  to  the  base  of  a  right  angled  triangle,  of  which  the 
projected  line  is  the  hypothenuse,  so  that  if  /  represents  the 
length  of  this  line,  X  that  of  its  projection,  and  i  the  angle  con-^ 
tained  by  these  two  right  lines,  we  shall  have 

X  =  / .  cos }. 

The  projection  of  a  plane  surface  on  another  plane,  is  the 

c 
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part  of  this  plane  which  is  terminated  by  the  projeetion  of 
the  outline  of  the  projected  surfiice,  that  is  to  ny^  by  the 
curve  formed  by  perpendiculars  let  &U  from  all  the  points  of 
this  outline.  Now  the  preceding  equation  likewise  obtains, 
if  in  place  of/,  the  area  of  the  projected  surface  be  substituted, 
and  in  place  of  X,  the  area  of  its  projection ;  i  being  then  the 
inclination  of  one  plane  upon  the  other,  which  is  evidently 
equal  to  the  angle  contained  by  the  two  perpendieulars  to 
these  planes. 

In  fiu^t,  if  the  area  of  the  projected  surfiiice  be  divided  into 
a  number  of  indefinitely  small  elements  perpendicular  to  tlie 
intersection  of  its  plane  with  that  on  which  the  projectioo 
is  made  ;  the  projection  of  each  element  will  be  equal  to  this 
element  multiplied  by  the  cosine  of  their  mutual  inclination ; 
consequently  as  this  inclination  is  the  same  and  equal  to  i  fi»r 
all  the  elements,  the  sum  of  their  projections  or  X,  will  be 
equal  to  their  sum,  or  to  the  entire  area  2,  multiplied  by 
cos  t.  Hence  it  follows,  that  the  square  of  the  area  of  a 
plane  surface,  is  equal  to  the  sum  of  the  squares  of  its  pro- 
jections on  three  rectangular  planes ;  this  follows  from  equa- 
tion (1),  and  from  considering  that  the  inclination  on  each 
plane  is  the  angle  which  a  normal  to  the  given  surface  makes 
with  the  perpendiculars  to  this  plane(c). 

1 1 .   When  in  a  question,  we  consider  a  system  of  paralld 

forces,  we  may  suppose  that  one  of  the  three  rectangular  axes 

MA,  MB,  Mc,  (fig.  1)  is  also  parallel  to  them.     Then  two  of 

the  three  angles  o,  /3, 7,  the  two  last,  for  instance,  will  be 

right  angles  for  all  these  forces  ;  and  the  equation  (1)  will  be 

reiluced  to 

cos*  a  =  1  ; 

hence  it  follows  that  a  =  0  or  180^. 

In  thin  manner,  the  direction  of  each  force  will  be  deter- 
mined by  stating,  that  it  makes  with  the  axis  ma  an  angle, 
which  cither  vanishes  or  is  e<|ual  to  180*;  but  in  this  parti- 
cular case,  it  will  be  simpler  to  determine  tUs  direction  by  the 
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nga  of  the  force,  those  forces  which  act  in  one  direction  being 
ooDsidered  as  positive,  while  those  which  act  in  an  opposite 
dlnectioa  are  regarded  as  negative. 

In  fine,  the  case  of  parallel  forces  will  be  the  only  one  in 
wfaidi  /brces  are  conndered  as  positive  and  negative  ;  in  all 
other  eases,  the  quantities  which  represent  the  magnitudes  of 
fiiroet  are  considered  in  computations  as  positive;  and  the 
Tariation  of  the  sign  will  fail  on  the  cosines  of  the  angles 
wUdi  their  directions  make  with  fixed  axes. 

IS.  What  precedes  respects  the  preliminary  definitions  and 
details  that  are  required  for  determining  the  magnitudes  and 
of  fiiroes ;  but  as  the  method  of  infinitely  small 
will  be  exclusively  adopted  in  the  following  treatise, 
it  is  necessary  to  advert  to  in  this  introduction,  the  principles 
of  the  infinit^™**^  analysis,  and  among  the  formulsB  which  are 
immediately  dedudble  firom  them,  to  enumerate  those  which 
wiD  be  nsefiil  in  the  sequel. 

An  mfinitefy  small  quantity  is  a  magnitude  less  than  any 
other  given  magnitude  of  the  same  nature. 

When  we  consider  the  successive  variations  of  a  magnitude 
subject  to  the  law  of  continuity,  the  notion  of  infinitely  small 
quan^ties  is  necessarily  suggested.  Thus,  time  increases  by 
degrees  less  than  any  assignable  interval,  however  small. 
The  spaces  traversed  by  the  different  points  of  a  body,  like- 
wise increase  by  infinitely  small  quantities ;  for  each  point 
cannot  go  from  one  position  to  another,  without  traversing 
all  the  intermediate  positions,  and  we  cannot  assign  a  distance, 
as  small  as  we  please,  between  two  consecutive  positions.  There- 
finre,  infinitely  small  quantities  have  a  real  existence,  and  are 
not  to  be  considered  as  merely  a  means  of  investigation  de- 
vised by  geometers. 

An  infinitely  small  quantity  may  be  double,  triple,  qua- 
druple ....  of  another,  and  between  such  quantities  any  relations 
may  exist,  the  determination  of  which  is  an  essential  object 
of  the  infinitesimal  analysb. 
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If  a  and  b  he  infinitely  small  quantitiea,  and  if  the  latio 
of  a  to  6  be  also  infinitely  small,  b  is  what  is  termed  an  inf- 
nitely  small  quantity  of  the  second  order.  For  example,  the 
chord  of  an  arc  of  a  circle  being  supposed  infinitely  amall,  the 
versed  sine  of  the  same  arc  is  an  infinitely  small  quantity  of 
the  second  order,  because  the  ratio  of  the  versed  sine  to  the 
chord  is  always  the  same  as  that  of  the  chord  to  the 
and  consequently  becomes  infinitely  small  at  the 
the  second  ratio.  In  like  manner,  if  A  be  an  infinildy 
quantity  of  the  second  order,  and  if  we  suppose  the  ratio  of 
c  to  6  to  be  an  infinitely  small  quantity  of  the  fint 
c  will  be  an  infinitely  small  quantity  of  the  third  ordert 
so  on.  Hence  it  follows,  that  a  product  composed  of  a  ni 
ber  n  of  infinitely  small  factors  of  the  first  order,  must  be 
ranged  in  the  class  of  infinitely  small  quantities  of  the 
».  The  area  of  a  surface  infinitely  small  in  all  its 
is  at  least  an  infinitely  small  quantity  of  the  second 
for  it  is  less  than  the  square  of  the  longest  line  whidi  can  be 
drawn  from  one  point  to  another  of  its  outline,  which  is  by 
hypothesis  an  infinitely  small  quantity.  Likewise  it  is  evi- 
dent,  that  a  volume  of  which  all  the  dimensions  are  infinitely 
small,  is  at  leant  an  infinitely  small  quantity  of  the  third 
order,  for  it  is  less  than  the  cube  of  the  longest  line  drawn 
from  one  point  to  another  of  its  superficies. 

This  being  premised,  the  fundamental  principle  of  the  ini* 
nitesimal  calculus  consists  in  this  that  two  finite  quantities, 
which  only  differ  from  each  other  by  an  infinitely  snail 
quantity,  must  l>e  considered  as  equal,  since  we  cannot  assign 
any  inequality  l>etween  them,  however  small,  lliis  is  also 
true  with  respect  to  two  infinitely  small  quantities  of  the  first 
order,  of  which  the  difference  is  an  infinitely  small  quantity  of 
the  second  order,  and  in  general  two  infinitely  snudl  quantities 
of  any  onler  whatever,  M-hich  only  differ  from  each  other  by 
an  infinitely  small  quantity  of  a  higher  order,  may  be  con* 
Hidered  as  quantities  rigorously  equal,  and  their  ratio  as  equal 
to  uniiv. 
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Tliese  prindples  may  be  expressed  in  a  different  manner, 
by  stating  that  in  a  calculation  we  are  permitted  to  neglect, 
without  any  apprehension  of  altering  the  results,  either  infi- 
nitely small  quantities  added  to  finite  quantities,  or  infinitely 
small  quantities  of  any  order,  which  are  added  to  those  of  an 
inferior  order. 

13.  dXf  the  differaUial  of  an  independent  variable  ar,  is  an 
infinitely  small  increment  ascribed  to  this  variable ;  dy  the 
.differential  of  y  a  function  of  x,  is  the  corresponding  increment 
of  this  function,  reduced  to  the  same  order  of  magnitude  as 
that  of  the  independent  variable,  by  the  suppression  of  infi- 
nitely small  quantities  of  a  higher  order ;  hence  it  follows, 
that  this  differential  dy  is  always  of  the  form  xdx ;  x  being 
another  function  of  x.  It  may  happen,  that  for  some  parti- 
cular values  of  x,  the  differential  coefficient  x  becomes  infi- 
nite, which  will  render  the  differential  xdx  indeterminate ; 
but  this  case  will  not  occur  in  mechanics.  Let  fx  be 
a  given  function  of  x,  c  a  constant  arbitrary,  and  fx  +  ^ 
the  complete  or  indefinite  integral  olfxdx.  Let  also  a  and  h 
be  two  given  constants.  If  the  constant  c  be  determined  in 
such  a  manner,  that  this  integral. may  be  nothing,  or  com- 
mence when  X  =:  a,  and  if  then  x  be  assumed  equal  to  6,  the 
result  Yh  —  Fa  will  be  what  is  termed  the  definite  integral, 
taken  between  the  limits  x  =  a  and  x  =  6.     We  shall  denote 

it  by  \fxdxj  agreeably  to  the  very  commodious  notation 

proposed  by  Foiuier ;  consequently,  we  shall  have 


Fi  —  Fa  =:  \  fxdx. 


If  we  assign  to  x  an  infinite  number  of  values,  increasing 
successively  from  a  to  ft  by  infinitely  small  differences,  and  if 
these  differences  (whether  equal  or  imequal)  be  assumed  as  the 
values  of  dx^  it  is  easy  to  shew  that  the  sum  of  all  the  values 
of  the  differential /tdx  will  be  equal  to  the  definite  integ^ 
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Fb  —  Fa.     In  hcU  '^  infinitely  small  quantitiet  of  an  order 
higher  than  the  fint,  be  neglected,  we  have  by  the  definition  of 

the  differential 

F  (j?  +  d!r)  ~  Fx  ^Jxdx. 

Therefore  if  S|,  S39  £39  .  •  •  £•»  denote  an  infinite  nimber  of 
infinitely  small  quantities,  such  that 

81  +  84  +  83+ +iu^b-a; 

and  if  we  take  successively  for  x  and  dXf  the  jmuts  of  vmhies 

a  and  8|,  a  +  81  and  i^^  a  +  81  +  8t  and  83, &'->8a.i 

and  8a,  there  will  result 

,(a  +  8,)-Fa=y&8„ 

F(a  +  8i  +  8a)-F(a  +  8i)=/(a  +  8,)«,. 

F(a  +  8,  +  83  +  S3)-F(a+8.+8a)=/(a  +  8,+8t)^, 


the  sum  of  these  equations  is 

f6  -  Fa=/a8,  +/(«  +  S|)  8,  +/(a  +  8,  +  8,). 83 

+/(ft-8.)8.; 

which  expresses  the  theorem,  that  was  proposed  to  be  proved. 

Wlien  the  function yx  becomes  infinite,  between  the  two 
limits  a  and  A,  this  demonstration  does  not  obtain,  and  the 
theorem  fails.  In  this  case  of  exception,  which  will  not  occur 
in  this  treatise,  the  definite  integral  has  no  connexion  with 
the  sum  of  the  values  of  the  differential,  and  it  may  be  ne- 
gative when  all  these  values  are  poiutive,  or  positive  when 
they  are  all  negative.  In  order  then  to  make  this  theorem 
obtain,  we  should  take  care,  that^  docs  not  become  infinite 
between  x  zz  a  and  x  =:  A,  by  causing  the  variable  s  to  p«M 
from  the  first  to  the  second  of  these  limits,  through  a  scries  of 
imaginary  values(c/). 

The  preceding  theorem  may  be  extended  without  difficulty 
to  multiple  iuU^grals.  Thus  for  example,  if/(x,y)  be  a  give* 


INTRODUCTION.  15 

functioii  of  two  independent  variables  x  and  i/j  and  if  we 
aangn  to  these  variables  successively,  series  of  values  in- 
creasing by  infinitely  small  differences,  and  if  at  the  same 
time  we  assume  the  differences  between  the  consecutive  values 
(rfx  to  be  equal  to  dx^  and  those  of  the  consecutive  values  of 
y  to  be  equal  to  dy^  the  sum  of  all  the  values  of /"(a:,  y)  dxdy^ 

will  be  the  integral  \\/(^9y)  dxdy^  taken  between  suitable 


14.  When  the  fuftction  ft  contains  a  quantity  a  that  has 
been  considered  as  constant  during  the  course  of  the  integpration, 

the  value  of  the  integral  \  Jxdx  will  be  itself  a  function  of  a. 

Qoestioiis  occur,  in  which  this  integral  not  being  known  in  a 
finite  form,  it  will  be  nevertheless  necessary  to  determine  its  dif- 
ferential with  respect  to  a.  Now,  in  this  operation,  two  dif- 
ferent cases  present  themselves,  according  as  the  limits  a  and 
b  are  independent  of  a,  or  depend  on  it  in  some  way.  In  the 
first  case,  it  will  be  sufficient  to  difference^  with  respect  to  a, 
under  the  sign  S»  so  that  we  shall  have 

da  ^a    da 


'^'^dx. 


In  &ct,  it  follows  from  the  theorem  of  the  preceding  num- 
ber, that  the  first  member  of  this  equation  is  the  differential 
coefficient  with  respect  to  a  of  the  sum  of  the  values  oi  fxdx 
comprised  between  :r=zaanda;  =  ft;  while  the  second  member 
is  the  sum  of  the  values  between  the  same  limits,  of  the  dif- 
ferential coefficient  oi  Jxdx  taken  relatively  to  a,  and  it  is 
evident,  that  these  two  sums  are  identically  the  same.  In 
the  second  case,  when  a  becomes  a  +  day  the  limit  b  becomes 

^  4.  ^_  daj  and  on  this  account,  the  sum  of  the  values  of  Jxdx  j 
da 


or 


the  integral  \   Jxdx  is  increased  by  the  value  .oijxdx^ 
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which  annwcrs  to  x  =  6,  and  rfj  :=  j- .  da^  that  b  to  «aj%   of 

flf  .^  da\   at  the  same  time,  the  limit  a  is  changed  into 
da 

a^-^da^  this  diminishes  this  integral  by  the  value  of fxdr^ 
da 

d(i  ,  ^  >,  da  J       I 

corresponding  to  x  =  a  and  dx'^L-r-  day  or  of  Ja  -rr-  oa ;  there- 
fore, on  account  of  the  simultaneous  variation  of  the  two  limits 
a  and  6,  produced  by  that  of  a,  the  integral  will  be  increased 
by  the  differential 

and  its  differential  coefficient  with  respect  to  a,  by  thb  coeffi- 
cient of  da.  Consequently,  by  adding  it  to  the  second  mem- 
ber of  the  preceding  equation^,  we  sliall  have 

^py^^^-^^,  Ch  ^ifr^^^M  da 

da  Ja   da  da  da 

for  the  complete  value  of  the  difforontial  coefficient  of  ^    frdr. 

When  a  does  not  occur  in/r,  if  this  quantity  Ih»  one  of  the 
two  limits  b  or  a^  and  if  thi^se  two  limits  do  not  de|KMid  the 
one  on  the  other,  thin  expresHion  will  l>e  reduced  to 

—If, =>*  "'  —liT-  =  --f"' 

which  is,  otherwise,  evident  of  itself. 

Similar  remarks  are  applicable  to  multiple  integraU,  of 
which  the  differential  coefficients  with  n^|>ect  to  a  quantity 
which  in  the  first  inntance  is  connideretl  as  con<»tant,  may  like- 
wise  Ik»  (»btaine<U  by  differt»ntiating  under  the  wgnn  €>f  inte- 
gration, and  by  adding  to  the  rt^^ult  the  terms  which  de|H*tiJ 
on  the  variatiiUiH  of  the  limits  when  thev  are  function^  of  x\\is 
qiuintity  considered  an  variablt^ 
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15.  The  integral  calculus  furnishes  rules  which  enable  us 
to  determine  either  exactly,  or  by  approximation,  the  nume- 
rical values  of  definite  integrals,  whether  simple  or  multiple ; 
so  that  a  problem  is  considered  to  be  resolved,  when  we  are 
enabled  to  express  the  unknown  quantities  by  integrals  of  this 
nature.  The  problem  is  then  said  to  be  reduced  to  quadra^ 
turesj  because  on  the  one  hand,  a  multiple  integral  is  nothing 
else  than  a  simple  integral  several  times  repeated,  and  also 

because  on  theother,  an  integral  such  as  ^Jxdx  may  always 

be  represented  by  a  square  equal  to  the  area  of  the  plane  curve, 
in  which  x  and/r  are  the  coordinates  of  any  point  whatever, 
and  a  and  b  the  abscissae  of  the  extreme  points. 

Among  the  different  formulse  which  are  in  use  for  deter- 
mining the  approximate  values  of  this  int^^l  \  fadx^  we 
will  cite  the  following,  in  which  it  is  assumed  that  the  functions 

iSr  and  ^  do  not  become  infinite  between  the  limits  a  and  6. 
ax 

Retaining  the  preceding  notation,  and  moreover  making 

dx  '^'^^       dx"  --^"^  '*''• 

If  the  differences  Si,  S29  ^39  &c.  are  not  infinitely  small, 
but  only  very  small,  when  they  are  all  equal  and  represented 
respectively  by  8,  we  shall  have  by  Taylor's  theorem 

F  (a  +  8)  zz  Fa  +  S/&  +  i8V«  +  &c. 

F  (a  +  25)  =  F(a  +  8)  +  8/(a  +  8)  +  i8*/Xfl  +  8)  +  &e. 

F(a4-32)=:F(a4-28)  +  8/(^  +  28)  +  j8y(«  +  28)  +  &c. 

F  (a  +  «8)  =  F  (a  +  (w8  -  8))  +  S/(a  +  ni-i) 
+  Wf\a  +  w8  -  8)  +  &c. 

Therefore,  if  we  suppose  w8  z:  6  —  «,  we  shall  have,  by 
taking  the  sum  of  these  equations, 

D 
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fA  -  ra  =  S.  y(a  + 18)  +  J  «».  V  («  +i«) 

+  A  g'  V".  (a  +  *■«)  +  &c- 
f  beings  an  integer  number  or  cypher,  and  the  characteratic* 
S  denoting  the  sums  which  extend  to  the  fi  values  of  t,  taken 
between  i  =:  0  and  i  =  »  —  1.  If  we  assume /r  and^\  /ir' 
and  /x'\  &c.  successively,  in  place  of  fx  and  /r,  we  shall 
likewise  have 

fh^fazz  ilf'ia  +  i8)  +  &c- 

This  being  established,  if  we  wish  to  neglect  powers  of 
S  higher  than  the  square,  in  the  value  of  f&  —  Fa,  we  can,  by 
means  of  the  preceding  equations,  assume 

for  the  values  of  its  two  last  terms ;  its  entire  value  will  con- 
sequently become 

or  which  is  the  same  thing(f), 

5^xr/x  =  ?  [  i/ci  +/(«  +  e^)  +  /(«  +  2?) 

+/(«  +  w8  -  ?)+  iy7']  -  ^\^(fb-fa). 

This  formula  will  be  more  exact  according  as  the  differ- 
ence Cy  or  -  [h  —  a)y  is  les<«,  and  as  the  valuta  oi  fx  xwry  le*« 

rapidly  between  the  limits  a  aiul  h.  For  the  most  part  we 
can  neglect  the  term  depi*nding  on  Z^ :  the  formula  will  then 
only  C4intain  the  values  o( /x^  which  may  U*  given  in  num* 
ber*,  althou;;h  the  form  of  thin  function  in  not  known. 

HI.  Ill  tlic  theory  of  iiifmitily  small  (|uaiititii*H,  curve*  are 
trcalctl  as  |»nl\iron«,  %\hich  consist  of  an  infinite  numtnT  of 
infinitely  small  sides.  'I'his  implj^n  thai  the  chord  oi  an  in- 
fini;«ly  small  arc  is  c<iual  t«)  thin  arc,  or  that  wo  can  a«<um<* 
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the  ratio  of  their  respective  lengths  to  be  equal  to  unity; 
vhidi  can  be  plainly  demonstrated  in  the  following  manner. 
Let  vmm^u'  (fig.  3)  be  an  infinitely  small  arc  of  a  curve,  let 
the  chords  Mm,  mm\  m^u*j  be  drawn,  and  let  the  third  be 
produced  to  meet  mt  the  production  of  the  first,  in  a  point  k. 
The  arc  mmf  is  greater  than  the  chord  tntn^j  and  less  than  the 
line  MK  4-  KiM^;  therefore,  if  we  prove  that  this  line  and  this 
chord,  when  infinitely  small,  differ  only  by  an  infinitely  small 
quantity  of  a  higher  order,  and  that  consequently  we  can 
assume  their  ratio  to  be  equal  to  unity,  it  will  follow  d/ortiorij 
that  the  ratio  of  the  arc  mm*  to  its  chord,  is  that  of  equality. 
Now  if  in  the  arc  Mmm'u',  there  does  not  exist  any  Angular 
point  in  which  the  direction  of  the  curve  changes  abruptly, 
chords  drawn  from  one  of  its  points  to  two  other  will  contain 
an  angle  differing  from  two  right  angles  by  an  infinitely  small 
quantity.     Consequently  the  angle  tkm^  the  supplement  of 
If  km'  will  be  an  infinitely  small  quantity,  denoting  it  by  S, 
and  moreover,  making, 

mK  :r  a,  m'lL  zl  6,  mm*  :=  c, 
we  shall  have  in  the  triangle  miLm*^  the  equation 

c»  =  a^  +  6*4-2a6cosS, 
which  can  be  converted  into 

c»=(a  +  ft)*-4a6.sin'48, 
(because  cosS=  1  —  28in^^  S). 

Consequently  we  shall  have 

=:  1  —  ; — T-TTi  •  sm^  \  e, 


which  expresses  the  square  of  the  ratio  of  the  chord  mm*  to  tlio 
line  MK  4-  K»l^     Moreover  as 


Aab     __         /a --by 


it  follows  that  the  coefficient  of  sin^  ^  S,  can  never  become  in- 
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finite,  because  it  is  always  less  than  unity.     Therefore,  if  we 

neglect  infinitely  small  quantities  of  the  second  order,  the 

ratio  of  c  to  a  4-  &  will  be  always  expressed  by  unity. 

17.  Considering  a  curve  as  an  infinitesimal  polygon,  the 

tangents  will  be  the  productions  of  the  infinitely  small  sides ; 

at  the  point  m,  where  the  side  is  Mm,  the  tangent  will  be  the 

indefinite  line  t'miht.     If  x,  y,  jt,  denote  the  three  reetangu- 

lar  coordinates  of  the  point  m,  those  of  the  point  m  will  be 

X  4-  dx;  y  +  djff  z  +  dz.     If  d$  denotes  the  element  of  the 

curve,  i.  e.  its  side  Mm,  the  differentials  <£r,  df^  dz^  will  be  its 

projections  on  the  axes  of  x,  y,  z ;  consequently,  if  «,  ^,  ^t 

be  the  three  angles  which  the  direction  of  the  line  mt  makes 

with  lines  parallel  to  these  axes  respectively,  drawn  through 

the  point  m,  we  have 

dx  j^      da  dz 

cosa  =  ^,      cos0=:^,       coS7  =  2-,  (1) 

and  likewise  at  the  same  time. 

Assuming  on  the  curve  cMmm'M'  a  fixed  point  c,  and 
supposing  that  f  denotes  the  arc  cm  reckoned  from  this  origin, 
this  arc  can  be  considered  as  the  inde|K^ndent  variable ;  con- 
sequently T,  y,  Zy  will  be  given  functions  of  j,  depending  on 
the  equations  of  the  curve.  In  this  case,  ds  will  be  positi%-e, 
but  dlr,  dy^  dzy  and  consequently  cos  a,  cos  ^,  cos  y,  may  be 
either  positive  or  negative.  The  angles  a,  fj,  7,  always  refer  to 
mt  the  production  of  the  side  Mm,  or  to  the  part  mat  of  the 
tangent,  the  angles  relatively  to  the  other  |>art  mt'  will  be  the 
supplements  of  a,  ^3,  7,  (No.  7.)  As  the  direction  of  the 
tangent  at  the  point  m  is  determined  by  equations  (1),  we  can 
deduce  from  them  also  the  equation  of  the  normal  plame  at 
this  same  |>oint ;  but  this  equation  may  he  directly  obtained 
in  the  following  maiiniT.  Let  h  denote  the  radius  of  a  sphere, 
the  centre  of  which  is  at  the  |N>int  m,  its  t*«|uation  will  be 
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x'i  f'j  z*^  denoting  the  coordinates  at  the  other  extremity  of 
the  radius  h.  The  equation  of  the  sphere  having  the  same 
radius,  and  of  which  the  centre  is  at  the  point  m,  may  be 
deduced  from  this,  by  substituting  x  4-  dxj  y^dy^  z  ^dzy 
in  place  of  x^y^z;  and  if  we  subtract  one  of  these  equations 
from  the  other,  we  shall  have,  by  neglecting  infinitely  small 
quantities  of  the  second  order(/), 

whidi  is  the  equation  for  the  intersection  of  two  spherical 
sorfiM^es.  As  it  is  the  equation  of  a  plane  of  which  x',  y',  z\ 
are  the  coordinates,  it  will  be  that  of  the  plane  of  this  curve, 
and  consequently  the  required  equation  of  the  normal  plane, 
because  the  intersection  of  these  two  spheres  is  a  circle  per- 
pendicular to  the  line  tt^  which  passes  through  their  centres  m 
and  M. 

If  we  divide  this  equation  by  d!f ,  and  then  substitute  for 

— ,  ^,  -^,  their  values  given  by  equation  (1),  it  will  become 

(x'  —  x)  cos  a  +  (y'  —  y)  cos  ^  +  (2'  —  2)  cos  7  =:  0. 

Therefore  if 

a(x' -  x) +i(y'- y)  +  c(z^- ;r)  =  0, 

represents  the  equation  of  a  plane  drawn  through  a  point  of 
which  the  coordinates  are  x,  y,  z,  and  perpendicular  to  the 
line  of  which  the  direction  is  determined  by  the  angles  a,  /3,  y, 
it  must  coincide  with  the  preceding ;  this  requires  that  we 
should  have 

a  =  A.cosa,    &  =  Acos/39    c  =  Acos7, 

k  being  an  indeterminate  factor.  Moreover  firom  equation  (1) 
of  No.  6,  we  can  infer 

by  means  of  which  we  are  enabled  to  determine  the  value  of 
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h  in  every  partieulor,  with  the  execption  of  the  lign.  Ilencc 
then  there  results 

C08a  =  ^,     cos^zij,     co87  =  j;  (2) 

which  coincides  with  those  known  formuUc  by  means  of  which 
the  direction  of  a  perpendicular  to  a  given  plane  can  be  de> 
termined.  The  reason  why  the  sign  of  A  is  undetennineil,  is 
because  the  plane  has  two  sides,  and  the  angles  a,  fi^  7,  may 
refer  to  this  line  considered  indifferently  as  existing  on  one 
side  or  the  other, 

18.  The  ant/le  0/ contact  is  the  indefinitely  small  angle 
contained  between  two  consecutive  tangents.  Thus  if  um 
and  mm'  (fig.  4)  be  consecutive  sides  of  the  curve,  this  angle 
at  the  point  tn  is  the  supplement  of  mimim',  or  the  angle 
Tmtj  made  by  the  tangent  rmt  and  the  consecutive  one  mm 7. 
If  we  denote  it  by  S,  and  sup|K>se  that  the  angles  o,  ^,  7, 
refer  always  to  the  direction  of  mt,  and  if  a\  (i\  y'y  denote 
what  they  become  with  respect  to  the  direction  of  mi,  we 
shall  have  in  virtue  of  equation  (2)  of  No.  9> 

sin'  S  =  1  —  (cos  a  cos  a'  +  cos  /3  cos  /3'  +  cos  7  cos  7')'. 

Likewise  by  Taylor's  theorem  we  have 

cos  a'  =:  cos  a  +  ^•cosa  +  ^•^''cosa  +  &<^«« 

cos0'  =  cos/3  +  rf.cosj3  +  J.rf^cos/3  +  &c., 

cos7'  =  cos7  +  d.cos7  +  J.<fcoS7  +  &c. 

Now,  if  we  substitute  these  values  in  those  of  sin'£,  and  if 
we  take  into  account  the  equation 

cos*  a  +  cos*  ^i  4"  cos^  7  =  1 » 

and  its  differential 

cos  a. J. COS  a  -(-  cos^.f/.coHfj  4-  cos  7.c/.co!i7.  =  0« 

it  is  ap|>areiit  tluit  the  finite  quantitie<i,  and  als<i  the  infinitely 
small  quantities  of  the  first  order  mutually  destroy  each  other. 
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hence,  therefore,  if  we  neglect  infinitely  small  quantities  of 
a  higher  order  than  the  second,  we  shall  have 

sin*  S  =  —  (cos  a  cP.  cos  a  +  cos /3c?. cos /3  +  cos ycP.cos  y) ; 

(9) 

Moreover,  if  the  preceding  equation  be  diiSerentiated,  we 
shall  obtain 

006  ac^  cos  a  4- cos /3c/*.  co8/3  4-  cosycf*.  COS7 
+  {d.  cos  a)*+  (d.cosfiy  +  (rf.C0S7)*  =  0, 

henoc  the  preceding  value  of  sin*  S  will  become 

dn*  S  zi  (rf.  cos  a)*  +  C^-  cos  )3)*  +  (rf.  cos  7)*, 

and  this  will  be  also  the  value  of  S*,  because  the  infinitely 
small  arc  is  equal  to  its  sine. 

The  differentials  of  cos  a,  cos/3,  cos  7,  may  be  deduced 
from  formulas  (1)  of  the  preceding  number.  For  if  the  in- 
dependent variable  be  not  specified,  we  shall  have 

,              dfl^.dPx^  dx.dsd^s 
dcma  = ^ , 

and  as  we  have 

ds''-dx''+  di/^+dz\ 
d^d^s  -dxd^x  +  dt/dhj  +  dzd^z, 

consequently  there  results(/i) 

^.  cos  a  =  -^ .  (dyd'^x  —  dxd'^y)  +  ^  {dzd^x  —  dxd^z)  ; 

and  in  like  manner 

</ .  cos  /3  =  ^  [dxdh^  —  dyd^x)  +  jz  (^^^V  —  dyd^z), 

d.cmyzi  ^^{dxd'z^dzd'x)  +  ^i^y^""-  -  d^d^y) ; 

now,  if  we  take  the  sums  of  the  squares  of  these  three  vari- 
able?^, after  some  reductions,  we  shall  find  that  the  expression 
for  sin*  e  or  8*  may  be  exhibited  under  the  form(/) 
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4-  {dyd^z  -  dzd^yY]. 

The  osculating  circle  is  that  which  has  two  consecatire 
sides  common  with  the  curve,  consequently  at  the  point  m,  this 
circle  is  that  which  passes  through  the  three  p<nnts  M,jR,ai', 
therefore  the  centre  is  at  o  the  intersection  of  two  perpendi- 
culars to  Mm  and  mm'  in  the  plane  of  these  two  oonsecutire 
elements  raised  at  their  points  of  bisection,  and  its  radius  is  the 
right  line  mo.  If  these  two  elements  be  supposed  to  be 
equal,  this  line  will  bisect  the  angle  minm';  and  we  may 
assume  this  to  be  the  case,  without  any  apprehension  that  the 
value  of  MO  will  be  altered ;  for  it  is  easy  to  be  assured  that 
the  numerical  ratio  of  the  two  infinitely  small  sides  mm  and  aui' 
can  only  affect  the  magnitude  of  this  radius  by  an  infinitely 
small  quantity,  and  it  is  consequently  the  same,  whether  the 
two  consecutive  sides  be  assumed  to  be  equal  or  unequal* 
Denoting  the  length  of  the  sides  Mm  by  d!t,  and  that  of  the 
radius  mo  by  p,  the  projection  of  p  on  Mm  will  be  \ds ;  so 
that  we  shall  have 

\d$  =  p.cosMmo ; 

and  because  this  angle  Mmo  is  half  the  supplement  of  ^,  or 
equal  to  }w  —  JS,  there  will  result 

\ds  zz  p  sin  JS  =  Jp?, 

the  arc  JS  Wing  sul>stituted  in  place  of  its  sine. 

This  being  established,  if  the  value  of  the  radius  of  cur- 
vature was  known  in  any  other  manner,  we  would  have 

^  ^  ds 
e  —  — , 

P 
for  the  value  of  the  angle  of  contact :  and  conversely,  fn>m  the 
preceding  value  of  e*,  which  has  U^cn  given  above,  there  would 
result  that  of  p 

dM' 


P  = 


[(dx(Py^dy^('jry^^ihd*jc^dxd'z)'+{dyd*z^dza^y^^ 
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19.  In  order  to  have  a  complete  knowledge  of  the  nature  of 
the  curve  at  any  point  m,  its  osculating  plane  should  be  also 
determined,  that  is,  the  plane  of  the  two  consecutive  sides  Mm 
and  mm\  If  this  plane  passes  through  the  point  m,  its  equa- 
tion may  be  represented  by 

A  ( jt'  -  a:)  +  B  (y' — y)  +  c  (2^  —  2)  =  0 ; 

z^y  jf'y  zf  being  any  coordinates  whatever,  and  because  it  must 
pass  through  the  points  m  and  m\  the  first  and  second  differ- 
entials of  this  equation,  namely, 

hdx!  +  Brfy'  +  cdz'  zi  0, 

K^x'  4-  Bdy  4-  cd^z'  zz  0, 

most  be  satisfied  like  the  equation,  itself,  by  making  a/^x, 
y'^y,  z'zz  z ;  so  that  we  shall  have 

Adx  +  Bdy  4-  cdz  =:  0, 

Kd^  +  Bdhf  +  cd^z  =  0. 

The  values  of  a,  b^  c,  which  satisfy  these  two  conditions, 
are,  as  may  be  easily  verified(&), 

c  =  D  {dxdhf  —  dyd^x), 

B  =  D  {dzd^x  —  dxd^z), 

A  =:  D  {dyd^z  —  dzdh/) ; 

D  being  an  indeterminate  £actor.  By  substituting  them  in  the 
equation  of  the  osculating  plane,  and  then  suppressing  the 
factor  which  is  common  to  all  its  terms,  it  becomes 

(^  _  z)  (dxdhf  —  dyd^x)  +  (y'  -  y)  {dzd^'x  -  dxrf^z) 
+  (x'  -  x)  {dyd^z  -  dzd'^y)  zz  0. 

Naming  A,/lc,  v,  the  angles  that  the  normal  to  the  osculating 
plane  makes  with  the  parallels  to  the  axes  of  x,  y,  z,  drawn 
through  the  point  m,  we  shall  have  by  means  of  equations  (2) 
of  No.  1 7, 

E 
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COS  X  =  T  (dyd^z  —  dzd^y),  ^ 

cos  /4  =  T  {dzd^x  —  dxd^z)f 
cos  V  =:  2  (dxd^y  —  dyd^x), 


(3) 


A'  denoting  ttte  sum  of  the  squares  of  the  three  numerators. 

The  Infinitely  small  angle  contwied  between  two  conse* 
cutive  normals,  which  is  the  angle  between  two  contecotiTe 
osculating  planes,  can  be  determined  in  the  same  manner  aa 
the  angle  between  two  tangents  has  been  already  detemined. 
If  we  denote  it  by  t ,  by  a  method  similar  to  that  employed  in 
the  preceding  number,  we  shall  have 

f*=:  (rf.cosX)*  +  (rf.cos/4)'+  (rf-COStr)*. 

20.  As  the  centre  of  curvature  exists  at  the  same  time  on 
the  osculating  plane,  and  on  the  intersection  of  two  conse- 
cutive normal  planes,  we  are  enabled  to  determine  its  oooidi- 
nates  by  means  of  the  equations  of  these  three  planes,  which 
now  we  can  consider  as  known. 

The  equation  of  the  normal  plane  at  M  bring  (Nq.  17) 

that  of  the  consecutive  plane  may  be  deduced  from  it,  by  tob* 
stituting  x  +  dlr,  y  4-d^,z-t-d!;|  in  place  of  x,y,2;  conse- 
quently, the  differential  of  the  equation  of  the  first  of  tbcae 
two  planes  taken  with  respect  to  x,  y,  r,  namely, 

(x' -  X)  d«x  +  (y'- y)  dV  +  (^-)  rf'^  =  A*. 

will  be  that  of  their  intersection. 

From  these  two  equations,  we  infer(0 

(x'-  x)(dWV  -  c/yrfV)=  (z'-  2){d^z^dzd^)^dM9, 
{/-»){d^^x  -  djTii^)  =  (x'-  z)(dxd^s  ^dz4Px)^d^4jtx 

and  by  means  of  the  equation  of  the  osculating  plane,  there 
results 
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z'  -  a  =  £i  [rfy  (dy(Pz  -  dzd^)  -  dx  (dzd*x  -  dxd^z)} , 

p  denoting,  in  order  to  abridge,  the  same  expression  as  in 
No.  18.   We  can  obtain  in  the  same  manner 

y'  -  y  =  ^  [«ir  (dxd*y  -  dyd'x)  -  dz  (dyd'z  -  dzd^)] , 

hence  the  three  coordinates  x',y',z',  of  o  the  centre  of  the 
cnnre  may  be  known,  and,  consequently,  the  direction  of  the 
eurvature  of  which  the  radius  of  the  osculating  circle  only  de- 
termines the  magnitude.  If  the  squares  of  these  valued  of 
x'^Zj  y'-^y,  ^—2^,  be  added  together,  we  shall  obtain, 
after  aU  reductions(m), 

{x'"  xy  +  iy'--  y)»+  {z'  -  zfzzp^i 

hence  it  follows  that  the  quantity  p  is  the  distance  of  the  point 
o  from  the  point  m,  or  the  radius  of  curvature  mo,  as  we  know 
frt>m  other  considerations. 

21.  The  formulae  given  in  the  five  preceding  numbers, 
contain  every  thing  which  respects  the  direction  and  curvature 
o{  any  /ine,  either  of  single  or  double  curvature.  With 
respect  to  any  gurfaccy  we  have  also  to  consider  its  cur- 
vature, and  the  direction  of  the  tangential  plane.  As  to 
the  curvature,  the  reader  will  find  it  fully  discussed  in  the 
twenty-first  volume  of  the  Journal  of  the  Polytechnic  School, 
so  that  here  we  shall  only  concern  ourselves  with  what  res- 
pects the  tangential  plane  and  normal.  At  the  point  m,  of 
which  the  coordinates  are  x,  y,  z,  the  equation  of  the  tangen- 
tial plane  may  be  represented  by 

A  (x'  -  a?)  4-  B  (y^  -  y)  +  c  (z'  -  z)  =  0 ; 

where  x',  y',  z\  are  indeterminate  coordinates.     This  plane 
must  pass  through  m^  another  point  of  the  8ur£etce  infinitely 
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near  to  m,  oonscquently  this  equation  must  be  satisfied  by 
making  x'=:  a:  +  d!r,  y'z:  y  +  rfy,  ;r'=z  z  +  dr,  or,  its  differ- 
ential taken  relatively  to  x',  y",  z\  must  be  true,  when  x,  jr,  r, 
are  substituted  in  place  of  these  variables.   Therefore  we  shall 

have 

Kdx  -t-  Bdy  -V  cdz  =  0. 

The  equation  of  the  surfoce  being 

dz  :z  pdx -^^  qdjf ; 

in  whichp  and  g  are  known  functions  of  x,y,  z,  the  preceding 

becomes 

(a  +pc)  <ir  +  (b  +  jc)  rfy  =  0 ; 

and  as  it  must  obtain  for  every  direction  which  the  line  mm 
can  assume,  and  consequently  for  every  relation  which  can 
subsist  between  dx  and  rfy,  the  coefficients  of  each  of  these 
differentials  must  be  separately  equal  to  cypher ;  hence  resolto 

A  +pc  =  0,  B  4-  9C  z:  0. 

If  the  values  of  a  and  b  be  deduced  from  these  equations, 
and  if  they  be  then  substituted  in  the  equation  of  the  tangea- 
tial  plane,  we  shall  have 

y- z  _p(x'_jr)  -  9 (y- y)  =  0, 

If  a,  &,  c,  denote  the  angles,  which  the  normal  at  the  point 
M,  makes  with  the  productions  of  the  coordinates  x,  y,  r,  we 
shall  have  by  means  of  the  equations  (2)  of  No.  17, 


cosa  =  — 


cos6  =  — 


p 

\^l+p'  +  / 

« 

•l  +p»  +  ^' 

1 

cose  =  — 

•  l  +  //'  +  y' 


w 


The  radical  will  be  positive  or  negative  in  these  three  for- 
mulr,  according  as  the  pari  of  the  normal  in  question  makes 
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an  acute  or  obtuse  angle  c  with  the  line  drawn  through  the 
the  point  M,  in  the  positive  direction  of  z.  If  to  represents  the 
element  of  the  sur&ce,  of  which  the  projection  on  the  plane 
of  X  and  p  is  dx€lyj  we  shall  have 

dxdyzi  ±  <i>cos  c, 

according  as  c  is  acute  or  obtuse ;  for  this  element,  which  is 
infinitely  small  in  every  direction,  lies  in  the  tangential  plane, 
of  which  the  angle  c,  or  its  supplement,  is  the  inclination  to 
the  plane  passing  through  x  and  y ;  and  the  theorem  of  Ko. 
10  is  true  also  in  the  case  of  the  projection  of  an  infinitely 
small  plane  sur&ce.  Consequently  fi*om  what  has  been  just 
established,  we  have 

!»  =  dxdy  /l+p«4.y2, 

the  sign  of  the  radical  being  always  considered  as  positive.  If 
L  be  a  g^ven  function  of  x,  y,  z,  and  if 

represents  the  equation  of  the  surface,  which  we  have  con- 
sidered, we  shall  obtain,  by  differentiating  it  successively 
M-ith  respect  to  x  and  y 

dh   ^      dh      ^        dh  ,      dL      ^ 

If  the  values  of  p  and  q  be  determined  by  means  of  these 
equations,  and  then  substituted  in  the  equation  of  the  tan- 
gential plane,  it  will  assume  the  form 

(x'--)^+(y-y)|+(.'-^)|  =  o. 

At  the  same  time,  formulae  (4)  become 

dh  ,  dL  dh  .^v 

cosa  =  v-r-,       cos6  =  v-r-,       cosc^v-r-,         (5) 

dx  dy  dz  ^  ^ 

in  which  equations,  for  the  sake  of  abridging,  we  put 
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[(£)V(^)'+(S)r=- 

22.  Wc  shall  here  make  a  remark  that  will  be  inefiil  in 
verifying  and  in  deducing  from  one  another,  formube  which 
refer  to  different  axes. 

Suppose  that  in  any  question  all  things  were  alike  with 
respect  to  the  three  axes  of  the  coordinates  x,  y,  jr.  If  an  equa- 
tion X  =1 0,  obtains  with  respect  to  the  axis  of  x,  a  similar 
one  Y  =z  0  will  have  place  for  the  axis  of  y,  and  likewise  a 
third  z  =  0,  for  the  axis  of  x,  and  these  two  last  equataoiit 
T  =  0,  z=0,  may  be  inferred  from  x=:0,  by  simple  changes 
of  the  letters  x^  y,  z.  The  following  is  the  manner  in  which 
these  permutations  are  effected. 

In  X  let  all  quantities  relative  to  the  axis  of  x,  be  tobsd- 
tuted  in  place  of  the  corresponding  quantities  which  reqwct 
the  axis  of  y,  then  substitute  these  quantities  instead  of  those 
which  respect  the  axis  of  z ;  and  finally,  these  last  in  |dace  of 
the  first,  which  respect  the  axis  of  x.  By  this  mutual  per> 
mutation  z  b  deduced  from  x ;  by  a  second  permutatioii  of 
the  same  nature  effected  on  z,  we  shall  obtain  T,  and  by  a 
third  permutation  effected  on  y,  we  shall  light  on  the  first 
equation  x.  For  example,  if  these  operations  were  instituted 
on  equations  (3)  of  No.  19,  of  which  the  first  respects  the 
axis  of  X,  the  second  the  axis  of  y,  and  the  third  the 
of  r,  let  the  coordinates  x,  y,  z,  and  the  angles  X,  ^,  y, 
correspond  to  them  respectively,  be  written  down  in  the 
line,  but  distributed  into  two  classes ;  then  in  a  second 
let  these  six  quantities  be  also  arranged  into  two  chttses,  but 
in  a  different  order,  so  that  we  may  have 

This  being  done,  in  the  first  equation  (3),  let  each  of  the 
quantities  of  the  su{)erior  line  be  replaced  by  a  corresponding 
quantity  b  the  inferior  line ;  it  b  evident  that  by  this 
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tadon  no  change  is  produced  in  hj  and  the  third  equation  (3) 
will  be  obtained.  If  now  in  this  last,  the  quantities  of  the 
infimor  line  be  substituted  in  place  of  those  which  correspond 
to  them  in  the  superior  line,  the  second  equation  (3)  will  be 
given ;  and  by  operating  in  the  same  manner  on  this  equation, 
we  shall  arrive  at  the  first  equation  (3),  from  which  we  set  out. 

Each  of  these  operations  implies  a  change  in  the  axes  of 
the  coordinates,  in  which  we  first  make  the  axes  of  x  and  of  y 
revolve  in  their  plane,  in  such  a  manner  that  the  axis  of  the 
positive  X4  may  fiUl  on  the  axis  of  the  positive  ys^  then  this 
last  on  the  axis  of  the  negative  xs^  and  afterwards  this  axis 
of  the  positive  yt  thus  displaced,  and  the  axis  of  the  positive 
zs  are  made  to  revolve  in  such  a  manner,  that  the  first  may 
&11  on  the  axis  of  the  positive  za^  and  this  last  on  the  primi- 
tive axis  of  the  positive  xa ;  so  that,  finally,  each  axis  of  the 
positive  coordinates  takes  the  place  of  another  axis  of  the 
podtive  coordinates.  It  is  on  this  account,  that  the  equations 
relative  to  the  three  axes  of  the  coordinates  may  be  inferred 
die  one  from  the  other,  by  simple  permutations  of  letters,  and 
without  any  change  of  sign,  which  would  not  be  the  case 
unless  the  three  coordinates,  and  the  quantities  which  relate 
to  them,  were  changed  simultaneously,  in  the  manner  which 
has  been  pointed  out. 

23.  As  the  following  general  observation  is  of  frequent  oc- 
currence, it  will  be  useful  to  advert  to  it  here,  at  the  conclusion 
of  this  introducdon.  The  equations  which  will  come  under 
our  observation  will  frequently  contain  abstract  numbers, 
such  as  the  number  ir,  logarithms,  trigonometrical  lines,  &c. ; 
they  will  also  contain  other  quantities  of  different  natures, 
which  will  likewise  be  represented  by  numbers  expressing 
tbrir  ratio  to  different  units  arbitrarily  selected ;  however  each 
unit  must  be  the  same  for  all  quantities  of  the  same  species. 
But,  if  the  magnitude  of  one  or  more  of  these  units  be  changed, 
the  numbers  which  express  corresponding  quantities,  will  be 
changed  in  the  inverse  ratio  of  this  magnitude ;  notwithstand- 
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ing,  however,  this  changre,  which  is  entirely  arlntnuy,  the 
equations  in  which  they  occur  must  still  subsist*  For  this 
purpose,  it  is  necessary  that  their  form  should  satisfy  cntab 
conditions,  which  may  be  easily  verified  in  each  particiilar 
case,  and  which,  in  the  most  extended  acceptation,  may  be 
termed  the  conditions  of  the  homogeneity  of  quantities.  Every 
equation  that  does  not  satisfy  these,  will,  on  this  sole  aoooont, 
be  inaccurate,  and  ought  to  be  rejected* 

Thus  if  F  denotes  a  given  function,  and  if 

F  (fyf  ..../,/',  ....  iii,m,  ....  tjf....  )  =  0 ;  (a) 

in  which  equation  f,f, ....  denote  forces,  l^l\....  lines,  m,  m\ 
....masses,  /,^, ....  times,  then  \inyn\n'\n"'j  .•••  represent 
abstract  numbers,  and  if,  at  the  same  time,  we  diminish  tlie 
unit  of  force  in  the  ratio  of  one  to  n,  the  linear  unit  in  tlie 
ratio  of  one  to  n\  the  unit  of  mass  in  the  ratio  of  one  to  w^\ 
the  unit  of  time  in  the  ratio  of  one  to  n"\  the  numbers/^,  •  • .  • 
/,/',...•  myfn'y. ...  tyt'j....  will  become  if/^  fi/*,  • .  •  •  n% 
nTj  ....  n"mj n'*m  ....  n"'t^ n"'t  . . . . ,  and  the  equation  (a) 
must  still  obtain,  that  is  to  say,  wc  must  still  have 

F  («/;  n'f, ....  n'l,  n'l'y  ....  n"my  n"m'y .... n'% n'"t  ....)  =  0, 

whatever  may  the  magnitudes  of  n,  n\  n*\  n**\  If  the  equatioQ 
(a)  contains  the  surfaces  «,  «^, . . . .  and  the  volumes  r,  r", .  • .  • 
their  dimensions  must  be  referred  to  the  same  unit  as  the  lines 
/,/',....,  and  these  quantities  will  consequently  become  n^^ 
n'**', ....  n^,  n'^v'y ....  by  the  change  of  this  unit. 

The  equation  of  No.  18,  which  gives  the  value  of />,  evi- 
dently satisfies  this  condition  ;  for  it  only  contains  finite  lines, 
or  infinitely  small  quantities,  p,«i!#,<£r,</y,#/z,</*x,rf*|ffrf'-;  *nd 
wlien  the  linear  unit  is  changed,  and  each  of  the  lines  is  mul- 
tiplied,  in  the  manner  pointotl  out,  by  the  name  number  a', 
this  number  disappears,  and  so  the  equation  will  not  be  changciL 
The  equation  in  the  same  number  which  expresses  the  valos 
of  i^y  also  satisfies  the  condition  of  homogeneity,  since  S*  is 
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an  abstract  number  which  like  this  value  does  not  change 
with  the  m^g^tude  of  the  linear  unit.  It  will  be  impossible 
for  equation  (a)  to  contain  only  one  quantity  of  the  same 
spedes;  when  it  contains  but  two,  for  example  two  forces 
y"andy*,  if  it  be  resolved  with  respect  to  one  of  them,  we 
we  shall  have 

it  Is  necessary  in  order  to  secure  the  homogeneity  of  these  quan- 
tities, thaty  should  be  a  common  factor  to  all  the  terms  of  the 
new  function  f,  or  in  other  words,  we  must  have 

N  being  a  &ctor  which  does  not  contain  any  quantity  of  the 
same  nature  as  y  and  y*,  nor  vary  with  the  unit  of  force. 
Sometimes  the  principle  of  the  homogeneity  of  quantities  will 
appear  not  to  have  place,  when  there  is  taken  for  the  unit  of 
force,  one  of  the  forces  which  are  considered  in  the  question, 
or  for  the  linear  unit,  the  distance  between  two  of  the  mate- 
rial points  to  which  the  question  refers ;  or  for  the  unit  of 
mass  that  of  one  of  the  bodies  of  the  problem,  &c.  But,  then, 
if  these  units  be  arbitrarily  changed,  and  if  the  force,  the  line, 
the  mass,  and  time,  which  have  been  in  the  first  place  taken 
for  units,  be  now  expressed  by  0,  X,  fi,  0,  the  other  quantities 
of  these  different  species  which  occur  in  the  equation  (a)  will 

^^       ff  IV  mm'  t    V 

oecouie  "— ,  *"",  ••.•  ^y\'%*'**  """>      ,  ••••]q»'2i«»»»>  we  musi 
^^  AA  M/^  ^J    \J 

therefore  have 

///  IV  m  m'  t    V  \ 

\^'  ^* '  •  •  •  v  X"  "  V  7"  '  ■  e '  e '  • "  V  "  ' 

which  equation  may  be  written 

and  this  should  now  satisfy  the  condition  of  homogonoity : 
r,  indicates  here  a  function  which,  in  each  case,  may  be  de- 
duced from  the  given  function  f. 

F 
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CHAPTER  I. 

OF  THB  COMPOSITION  AND  EQUILIBRIUM  OF  FORCES 
APPLIED  TO  THE  SAME  POINT. 

24.  When  a  material  point  is  subjected  to  the  simultaneous 
acdon  of  several  forces  which  do  not  constitute  an  equilibrium, 
it  moves  in  some  determinate  direction,  and  this  motion  with 
which  the  point  is  actuated,  may  be  ascribed  to  an  unique 
force  acting  in  this  direction.  This  force  is  termed  the  re- 
ftdtant  of  the  forces  which  produce  motion  in  the  moveable, 
and  these  last  are  called  the  components  of  the  first.  If  the  re- 
sultant be  applied  to  the  point  in  a  direction  directly  opposite 
to  that  in  which  it  acts,  it  will  constitute  an  equilibrium  with 
the  components,  because  it  tends  to  impress  on  the  moveable  a 
motion  equal  and  opposite  to  that  which  it  would  receive  from 
the  simultaneous  action  of  the  components,  and  there  is  no 
reason  consequently  why  it  should  move  in  one  direction(a) 
rather  than  in  the  other.  If  all  the  components  act  in  the 
same  direction  and  along  the  same  right  line,  it  follows  from 
what  has  been  stated  in  No.  5,  about  the  measure  of  forces, 
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that  the  resultant  is  equal  to  their  sum.  If  the  point  is 
licited  by  two  forces  directly  opposed  to  each  other^  and  if 
the  greater  be  resolved  into  two  others,  of  which  one  b  equal 
to  the  less,  this  last  will  be  destroyed,  and  what  remaiiit, 
namely,  the  excess  of  the  greater  above  the  less,  will  be  the 
resultant.  From  these  two  propositions  it  follows,  that  if 
there  be  any  number  of  components,  of  which  some  act  in  the 
direction  of  the  same  right  line,  and  others  in  the  opposite 
direction,  the  resultant  will  be  equal  to  the  sum  of  those 
which  act  in  one  direction,  minus  the  sum  of  those  which  act 
in  the  opposite  direction,  and  it  will  act  in  the  direction  of 
the  greater  sum.  When  the  two  sums  are  equal,  the  resultant 
is  cypher,  and  the  given  forces  constitute  an  equilibrium. 

24.  There  is  also  another  case  in  which  the  magnitude  and 
direction  of  the  resultant  may  be  very  easily  determined. 

Let  MA,  MB,  Mc,  (fig.  5),  be  the  directions  of  three  equal 
forces  applied  to  the  point  m  ;  if  these  forces  exist  in  the  same 
plane,  and  if  the  three  angles  amb,  dmc,  cma,  are  respec- 
tively equal  to  each  other,  or  each  to  120^;  the  point  m  will 
remain  in  equilibrio  ;  for  there  is  no  reason  why  it  should  de- 
viate from  the  plane  in  which  the  three  forces  act,  nor  why  it 
should  move  in  one  rather  than  in  another  of  these  three 
angles.  Consequently,  each  of  the  three  forces  will  be  equal 
and  opposite  to  the  resultant  of  the  other  two.  Now,  if  on 
the  directions  ma  and  mu  of  two  of  the  forces,  the  equal  lines 
mg  and  Mil  be  taken  to  represent  their  intensities,  and  if  the 
rhombus  ciMiiK  be  completed,  the  diagonal  mk  will  fidl  oo 
Mi>  the  production  of  mc  ;  the  angle  mgk  will  be  60*,  as  will 
also  be  each  of  the  other  angles  of  the  same  triangle,  which 
will  be  equilateral ;  hence  we  shall  have  mk  n  mg  ;  conie- 
quently  mk,  the  diagonal  of  the  rhombus  constructed  on  the 
two  forces  mg  and  mii,  represents  the  resultant  of  these  two 
forces  in  magnitude  and  direction. 

This  pro|x>Hition  is  containe<l  in  another,  which  we  now 
pKKCcd  to  demonstrate  in  the  case  of  two  equal  forces,  the 
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direcdonsofwhich  make  any  angle  tc^A/i^et^er  with  each  other^and 
which  we  shall  afterwards  extend  to  the  case  of  unequal  forces. 

-  26.  The  resultant  of  two  equal  forces  always  di\4des  the 
angle  comprised  between  their  directions  into  two  equal  parts ; 
for  there  is  no  reason  why  it  should  be  nearer  to  one  of  these 
two  forces  than  to  the  other,  nor  why  its  direction  should  de- 
viate from  their  plane  on  one  side,  rather  than  on  the  other ; 
therefore,  as  its  direction  is  known,  it  is  only  necessary  for  us 
to  determine  its  magnitude. 

For  this  purpose,  let  ma  and  mb  (fig.  6)  be  the  directions 
of  the  components,  and  let  p  denote  their  conunon  value. 
Likewise  let  the  angle  amb  be  represented  by  2x,  and  let  md 
be  the  direction  of  the  resultant,  so  that  we  may  have  amd 
n  BMD  =:  :r.  Its  intensity  depends  solely  on  the  quantities  p 
and  X ;  therefore,  if  it  be  denoted  by  r,  we  shall  have 

R  =/(p,  x). 

In  this  equation,  r  and  p  are  the  only  quantities  of  which 
the  numerical  expression  varies  with  the  unit  of  force ;  by  the 
principle  of  the  homogeneity  of  quantities  (No.  23),  the  func- 
tion y(p,  x)  must  therefore  be  of  the  form  p0^.     Hence  we 

have 

R  zi  Tipx ; 

and  the  question  is  reduced  to  the  determination  of  the  form 
of  the  function  ^x. 

For  this  purpose,  let  the  four  lines  ma',  ma",  mb',  mb'', 
be  drawn  arbitrarily  through  the  point  m,  so  that  the  four 
angles  a'ma,  a"ma,  b'mb,  b"mb,  may  be  equal  to  each  other, 
and  respectively  represented  by  z.  Let  the  force  p  acting  in 
the  direction  ma,  be  decomposed  into  two  equal  forces,  acting 
in  the  directions  ma',  ma",  that  is  to  say,  let  the  force  p  be  re- 
garded as  the  resultant  of  two  equal  forces  of  which  the  value 
U  unknown,  and  which  act  in  the  directions  ma',  ma";  if  this 
value  be  denoted  by  q  wc  shall  have 

p  zz  Q0r 
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for  the  same  relation  most  exist  between  the  quantities  t^q,:^ 
as  between  the  quantities  r,p,x*  Likewise  the  force  p  aetinf 
in  the  direction  mB)  may  be  decomposed  into  two  forces 
respectively  equal  to  q,  and  acting  in  the  directions  mb'  and 
MB^^;  in  this  manner  the  two  forces  p  will  be  replaced  by  the 
four  forces  q  ;  consequently,  the  resultant  of  these  last  ought 
to  coincide  in  magnitude  and  direction  with  the  force  R, 
which  is  the  resultant  of  the  two  forces  p.  Now,  if  q'  de> 
notes  the  resultant  of  the  two  forces  q,  which  act  in  the 
respective  directions  ma^  and  mb^,  this  force  will  act  in  the 
direction  md,  and  since  a'md  =:  b^md  =  x  —  2r,  we  shall  have 

q'  =  q^  (x  —  «). 

In  like  manner,  the  resultant  of  the  two  other  forces  g 
will  act  in  the  direction  md,  since  this  line  also  divides  the 
angle  a"mb''  into  two  equal  parts ;  and  because  a''md  iz  b"md 
zz  X  +  9i  vre  shall  have 

q''  denoting  this  second  resultant.  As  the  two  forces  q'  and 
Q^^  act  in  the  direction  of  the  same  right  line  md,  their  re> 
sultant,  which  is  likewise  that  of  the  four  forces  q,  must  be 
equal  to  their  sum  ;  consequently  we  must  have 

K  =  q'  -f  q". 

But  we  have  already 

R  =  PfjT  =:  Qfxfx ; 

and  by  substituting  this  value  of  r  and  those  of  q'  and  q"  in 
the  preceding  equation,  there  results,  by  suppressing  the  £iictor 
Q,  which  is  common  to  all  the  terms, 

#x^s  =  #(x  +  *)+^(x-jr).  (I) 

This  is  the  equation  which  must  be  resolved  in  order  to  obtab 
the  expression  of  ^x. 

27.  it  is  evident  that  it  may  be  satisfied  by  assuming 

^  =  2  cos  ax ; 
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a  being  a  constant  arbitrary,  so  that  we  may  have  at  the 

same  time, 

^jp  =  2  cos  azi 

^  (x  +  jp)  r=  2  cos  a  (or  -f  «), 

^  ( x  —  «)  =:  2  cos  a  (a?  —  ar) ; 

and,  in  fBCt,  if  these  values  be  substituted  in  equation  (1), 
there  results  the  known  equation, 

2  cosor  coso?  =  cosa  (or  +  0) -f  cos  a  (or  —  ;er). 

Now  it  is  to  be  remarked,  that  this  expression  of  the  func- 
tion ^  is  the  only  one  which  satisfies  equation  (1),  and  more- 
over, that  in  the  present  question,  the  constant  quantity  a  is 
unity ;  so  that  we  have 

0a;  =  2  cos  x.  (2) 

This  is  evident  when  x=,0  ;  for  then  the  directions  of  the 
two  forces  coincide,  and  the  resultant  r  is  equal  to  2p,  which 
implies  that  ^x  =  2. 

If  we  admit  that  there  is  another  value  such  as  a  of  x,  for 
which  we  have  also  ^a  =  2  cos  a ;  then  equation  (2)  will  like- 
wise subsist  for  all  values  2a,  3a,  4a, ^a,  ^a,  ^a,  . . . .  of  or, 

and  generally  for 

^="2^5  (3) 

m  and  n  being  any  whole  numbers  whatever.     In  fact,  if 
equation  (2)  is  true  for  the  three  angles  x^z^x  —  Zy  so  that  we 

have 

0x  =  2  cos  jT,     i^zzz2co%Zy     0  (x  —  2)  =  2  cos  {x  —  2), 

it  will  be  also  true  for  a  fourth  angle  x  -H  s ;  for,  in  virtue  of 
equation  (1),  we  shall  then  have 

^  (x  +  r)  =:  4  cos  X  cos  c  —  2  cos  (x  —  z)  ; 

which  equation  may  be  reduced  to 

0  (x  +  r)  =:  2  cos  (x  +  -)• 
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Thus,  as  equation  (2)  obtains  forxzzO  aiul  x  z=  «,  it  fol- 
lows that  it  subsists  for  x  =  2ay  and  as  it  obtains  for  x  =:  « 
and  X  zz  2ay  it  will  also  subsist  for  x  r=  3a ;  by  continuinfi^  in 
this  manner,  it  appears  that  it  will  obtain  generally  for  x  =  »«. 

Now  if  we  make  ma  =  /3,  we  shall  have 

^/3  =  2cos/3; 

from  which  it  follows  that  equation  (2)  will  likewise  obtain  (or 
X  =  i/3,  for  assuming  x  =  jr  =:  ^/3,  equation  (1)  will  become 

(#J0)^=2cos/3  +  2; 

consequently  we  shall  have(&) 

#  J/3  =  2  cos  J/3. 

If  in  the  next  place,  we  make  x  =  r  =:  J/3,  we  shall  hare 
by  equation  (1)  and  this  last, 

(^J/3)»=2cosi/3+2,    ^l/3=2cosi/3; 
and  by  continuing  in  this  manner,  equation  (2)  will  be  de- 
monstrated for  X  =  -^ ,  that  is  to  sav,  for  all  values  of  x  com- 

priscil  in  formula  (3). 

Now,  as  the  numbers  m  and  n  may  be  rendered  as  great 
as  we  please,  and  may  even  become  infinite,  these  vaJues  of 
X  may  be  made  to  increase  by  infinitely  small  quantit]c<^. 
Therefore  formula  (3)  embraces  all  )>ossible  ^iduet  of  the 
angle  x,  and  equation  (2)  is  completely  demonstrated,  pro- 
vided it  is  true  for  a  particular  value  x  =  a,  different  from 
zero.  Now  by  the  theorem  of  No.  2o,  the  resultant  r  is  equal 
to  p,  in  the  case  of  x  =  GO® ;  therefore  in  this  case  we  hare 

^x  =  1  =  2  cos  6(K ; 

hence  equation  (2)  obtains  for  x  zz  60%  and  consequently  for 
all  value*  of  jc. 

2H.   By  means  of  this  e<|uation  we  hhall  have 

u  zz  2rco?ix. 
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Hence  if  the  resultant  r  and  the  two  components  p  are 
represented,  as  in  No.  25,  by  lines  taken  in  their  respective 
directions,  reckoning  ^m  their  point  of  application,  the  force 
R  will  be  equal  to  twice  the  projection  of  p  on  its  direction,  or 
equal  to  the  diagonal  of  the  rhombus  constructed  on  the  two 
forces  p. 

Now  let  two  unequal  forces  p  and  q  be  applied  to  the 
point  M  (fig.  7)  in  the  directions  ma  and  mb,  also  let  their  in- 
tensities be  represented  by  the  lines  mg  and  mh,  taken  in 
their  respective  directions,  and  let  the  parallellogram  mghk 
be  completed ;  there  are  two  cases  to  be  considered,  first, 
when  the  angle  amb  is  a  right  angle,  and,  secondly,  when  it 
is  acute  or  obtuse.  In  the  first  case,  let  the  two  diagonals 
MK  and  GH  be  drawn  intersecting  in  the  point  l  ;  and  through 
the  points  g  and  h,  let  gn  and  ho  be  drawn  parallel  to  ml, 
meeting  in  n  and  o,  the  line  drawn  through  the  point  M 
parallel  to  gh.  mk  and  gh  bisect  each  other  at  the  point  l, 
and  since  in  a  rectangle  the  two  diagonab  are  equal,  we  have 

GL  =:  lh  =  lm. 

Hence  each  of  the  parallellograms  glmn,  hlmo  is  a  rhombus, 
consequently  it  follows  from  the  preceding  proposition  that 
the  force  mg  may  be  considered  as  the  resultant  of  the  two 
forces  MN  and  ml,  and  the  force  mh,  as  the  resultant  of  mo 
and  ML.  Therefore,  if  instead  of  the  two  g^ven  forces  there 
be  substituted  their  components,  we  shall  have  for  mh  and 
MG  the  two  forces  mn  and  mo  (which  since  they  are  equal 
and  opposite,  they  mutually  destroy  each  other)  and  the  two 
forces  ML,  which  added  together  give  a  resultant  represented 
in  magnitude  and  direction  by  the  diagonal  mk.  In  the 
second  case,  let  gb  and  hf  be  drawn  through  the  points  g 
and  H,  perpendicular  to  the  diagonal  mk  (fig.  8,)  and  the  lines 
ON  and  HO  parallel  to  this  diagonal ;  likewise  let  nmo  be  drawn 
through  the  point  m  perpendicular  to  the  same  line.  The  two 
paralleUograms  gemn  and  hfmo  will  be  rectangles,  and  their 
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sides  MN  and  mo  will  be  equal,  as  being  the  alUtodet  of  the 
two  equal  triangles  gmk  and  hmk.  By  the  fint  case,  we  can 
replace  the  forces  mg  and  mh  by  their  rectangular  components 
ME  and  MN,  MF  and  mo  ;  therefore,  in  place  of  the  two  giren 
forces  we  shall  have  the  two  forces  mn  and  mo,  which  destroy 
each  other,  as  being  equal  and  opposite,  and  the  two  forces 
MB  and  MF  acting  in  the  same  direction,  which  being  added 
together  will  give  (because  me  =:  fk)  a  resultant  ex 
in  magnitude  and  direction  by  the  diagonal  mk*  Henee 
may  conclude  generally,  that  the  resultant  of  any  two  fafets 
whatever,  applied  to  the  same  point  and  represented  by  fines 
taken  on  their  directions,  reckoning  from  this  point,  is  repi«» 
sented  in  magnitude  and  direction  by  the  diagonal  of  the 
parallellog^m  constructed  on  the  two  given  forces* 

29*  The  following  consequences  may  be  immediately  de^ 
duced  from  this  theorem. 

In  the  first  place,  it  appears  that  all  questions  whidi  can 
be  proposed  relatively  to  the  composition  of  two  forosa  nrto 
one  or  relatively  to  the  decomposition  of  one  force  into  two 
others,  are  reduced  to  the  resolution  of  a  triangle.  In  focii 
the  magnitudes  of  the  resultant  and  of  the  two  components 
are  represented  by  the  three  sides  mk,  mg,  gk,  of  the  triangle 
mgk  ;  and  the  three  angles  of  this  triangle  are  those  which 
the  resultant  makes  with  each  of  the  components  and  the 
supplement  of  the  angle  comprised  between  the  components* 
It  follows  therefore,  that  any  three  of  these  six  quantities* 
namely,  the  three  forces  and  the  three  angles  compriMd 
between  their  directions,  being  given,  the  three  remaining 
quantities  may  be  found  by  the  resolution  of  the  triangle 
MGK ;  this,  however,  supposes  that  in  the  number  of  data, 
there  is  one  force  at  least.  For  example,  let  p  and  q  be  the 
values  of  the  two  componenu,  and  m  the  angle  contained 
between  their  directions ;  it  is  required  to  determine  their  re- 
sultant K  and  X  the  angle  which  it  makes  with  the  forte  r . 
In  the  fint  place,  we  have  the  equation 
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R*=  p'4-  Q^4-  2pq  cos  W, 

by  means  of  which  the  value  of  r  can  be  determined ;  and  that 
of  X  can  be  deduced  from  the  proportion 

sin  a; :  sin  m : :  Q :  R. 

If  the  three  forces  p,  q,  s,  applied  to  the  same  point  m, 
(fig*  9,)  in  the  directions  ma,  mb,  mc,  are  in  equilibrio,  each 
of  these  forces  must  be  equal  and  directly  opposite  to  the  re- 
sultant of  the  two  others ;  and  as  this  resultant  exists  in  the 
plane  of  these  two  forces,  it  follows  that  these  three  forces 
must  also  exist  in  the  same  plane.  Let  md  be  the  production 
of  MC ;  the  resultant  of  p  and  q  will  act  in  the  direction  of  md, 
and  if  it  be  represented  by  r,  we  shall  have  r  =:  s.  More- 
over^ if  the  force  r  be  compared  with  each  of  its  components, 
we  have,  agreeably  to  what  is  stated  above. 


R :  Q  : :  sm  amb  :  sm  amd, 

R :  p  : :  sin  amb  :  sin  bmd  ; 
and  since 

sin  AMD  =  sin  amc,  sin  bmd  =  sin  bmc, 

there  results 

s :  Q :  p  : :  sin  amb  :  sin  amc  :  sin  bmc  ; 

dus  shows  that  when  three  forces  are  in  equilibrio  about  the 
same  point,  the  magnitude  of  each  of  then)  may  be  represented 
by  the  sine  of  the  angle  comprised  between  the  directions  of 
the  other  two. 

If  from  o,  a  point  assumed  on  the  direction  of  the  resultant 
R^  or  on  its  production,  the  perpendiculars  oe  and  of  be  let 
£dl  on  the  directions  of  the  components  p  and  q  ;  we  shall 
have 

OB  =  MO  sin  AMD,  OF  zz  MO  sin  bmd. 

It,  therefore,  the  two  last  terms  of  the  proportion 

r :  Q  : :  sin  bmd  :  sin  amd, 
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be  multiplied  by  mo,  there  will  result 

p :  Q  : :  or :  ob  ; 

;t>m  which  it  appears  that  the  components  are  in  the  inrene 
ratio  of  perpendiculars  let  &11  on  their  directions,  from  any 
point  in  the  direction  of  the  resultant.  Conversely,  if  tlie 
components  p  and  q  are  in  the  inverse  ratio  of  ob  and  or,  per* 
pendiculars  let  fall  on  their  directions,  from  any  point  o 
in  their  plane,  this  point  will  exist  on  the  direction  of  the 
sultant ;  for  if  the  two  last  terms  of  the  last  proportion  be 
divided  by  mo,  the  preceding  will  be  obtabed,  which  deter* 
mines  this  direction. 

30.  The  resultant  of  two  forces  being  known,  it  is  easy  to 
(Seduce  that  of  any  number  of  forces  applied  to  the  same  point 
and  situated,  or  not,  in  the  same  plane.  First,  the  resultant 
of  two  of  these  forces  is  taken,  then  this  resultant  is  coos- 
pounded  with  a  third  force,  this  will  give  a  second  resultant, 
which  is  compounded  in  the  same  manner  with  a  fourth  Ibree^ 
and  so  on,  until  all  the  given  forces  are  exhausted.  In  tUa 
construction  it  is  easy  to  perceive,  that  if  the  magnitudes  of 
all  the  forces  are  represented  by  the  sides  of  a  portion  of  a 
polygon  parallel  to  their  respective  directions,  and  traced  in 
the  direction  of  their  actions,  the  resultant  will  be  represented 
in  magnitude  and  direction  by  the  line  which  connects  its  two 
extreme  points,  and  consequently  closes  the  polygon.  It  is 
indifferent  in  what  order  the  sides  parallel  to  the  forces  succeed 
each  other.  When  the  polygon  is  closed  of  itself,  the  resultant 
vanishes,  and  the  given  forces  constitute  an  equilibrium. 

Hence  it  followii,  that  when  there  are  but  three  foroa 
which  do  not  exist  in  the  same  plane,  their  resultant  is  repc«^ 
sentod  in  magnitude  and  direction  by  the  diagonal  of  a  paiml* 
lelopi)>ed,  of  which  the  three  forces  constitute  the  adjacent 
sidt'A. 

31.  This  reduction  of  any  number  of  forces  to  one^  may 
ho  cffcctiHl  in  a  simpler  manner,  by  considering,  first,  the  par- 
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dcular  case  of  three  rectangular  forces,  to  which  the  general 
case  may  then  be  reduced. 

Let  X,  T,  z  be  the  three  components,  r  their  resultant, 
Ojbj  c  the  angles  which  it  makes  with  x,  y,  z.  From  what 
has  been  already  observed,  r  is  evidently  the  diagonal  of  a 
parmllelopiped  of  which  x,  y,  z  are  the  three  adjacent  sides, 
now  as  this  paraUelopiped  is  rectangular,  it  follows  that 

r«=x«4.y'+z«,  (a) 

It  likewise  follows  that  if  the  extremity  of  the  diagonal  r  be 
joined  to  those  of  the  three  sides  x,  y,  z,  three  right  angled 
triangles  will  be  formed,  of  which  r  will  be  the  common 
hypothennse ;  hence  we  have 

X  =  R  cos  a,  Y  =  R  cos  ft,  z  =  R  cos  c;  (b) 

which  equations  agree  with  the  preceding,  for  the  three 
angles  ti^bjC  are  connected  by  the  equation  (No.  6.) 

cos'  a  +  cos'  b  +  cos*  c  iz  1. 

When  the  components  x,  y,  z  are  given,  equation  (a)  deter- 
mines the  value  of  the  resultant,  and  equations  (b)  determine 
the  direction,  by  means  of  the  three  angles  a^byCy  if,  on  the 
other  hand,  the  force  r  is  g^ven,  and  it  is  required  to  decom- 
pose it,  into  three  rectangular  forces  x,  y,  z,  which  make  with 
it  the  given  angles  a,  &,  c,  the  values  of  the  required  forces 
will  be  immediately  determined  by  means  of  equation  (b). 
If  one  of  the  components,  the  force  z  for  example,  vanishes, 
R  is  then  only  the  resultant  of  two  forces  x  and  y;  it  exists  in 
their  plane,  and  its  direction  depends  solely  on  the  two 
angles  a  and  b.  These  angles  and  the  value  of  r  are  then 
determined  by  the  equations 

r'  =:  x'+  y',    X  n  r  cos  a,    y  =  r  cos  ft. 

32.  Let  us  now  suppose  that  m  (fig.  1)  is  the  point  of 
application  of  any  number  of  given  forces.  Let  these  forces 
be  represented  by  p,  p',  v*\  &c.,  and  for  greater  clearness,  let 
the  line  5ID  be  the  direction  of  the  force  p.     It  is  unnecessary 
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to  indicate  the  directions  of  the  other  forces  in  the  figure. 
Let  o,  /3>  7  be  the  angles  which  the  direction  mo  makes  wttk 
the  three  rectangular  axes  ma,  mb,  mc,  drawn  arbiumrily 
through  the  point  m.  Likewise  let  a'l  fi'f  y'  be  ike  anflra 
which  the  force  p'  makes  with  the  same  axes,  af\  fi'\  y'\ 
those  which  correspond  to  the  force  p'^  &c.  AU  ikese  angles 
are  given,  and  are  supposed  to  include  every  angle  from  acva 
to  180^  (No.  7),  in  order  that  the  forces  p,  p%  t'\  &c^  may 
have  all  possible  positions  about  the  point  m*  If  each  of  these 
forces  be  resolved  into  three  others  in  the  direction  of  the 
axes  MA,  MB,  MC ;  the  components  of  the  force  p  will  be 
pcosa,  Pcos/3,  pcosy;  those  of  the  force  r'  will  be  r'  oca  «^ 
p'  cos  /3^  p'  cos  y'j  &c. ;  and  these  components  will  act  in  ^ 
direction  of  the  axes  or  of  their  productions,  according  aa  they 
are  positive  or  negative.  For  example,  as  the  direclioa  UB 
fidls  like  the  axis  mc  above  amb,  the  plane  of  the  two 
axes,  the  component  p  cos  y  of  the  force  p  tends  to 
the  point  m,  that  is  to  say,  it  acts  in  the  direction  MC ; 
in  this  case  p  cos  y  is  a  positive  quantity,  because  y  is  lem 
than  90®.  On  the  contrary,  if  this  direction  md  fiJls  below 
the  plane  amb,  we  would  have  y  >  90® ;  and  the  component 
p  cos  7  will  be  negative,  and,  at  the  same  time,  it  will  Umi 
to  depress  the  point  m,  that  is  to  say,  it  will  act  along  ^ 
production  of  mc.  Therefore,  taking  into  account  the  sjgws 
of  the  components,  it  appears  from  what  has  been  stated  ia 
No.  24,  that  all  forces  acting  in  the  direction  of  the  same 
axis  and  its  production,  are  reduced  to  one  sole  force,  equal  to 
their  difference. 

In  this  manner  the  given  forces  r,  v\  r  \  &c.,  may  be 
replaced  by  three  rectangular  forces ;  and  if  these  last  be  de> 
nott^i  by  x,  v,  z  we  shall  have 

X  =  !>  cos  a  -f  P'  cos  a'  +  P''  cos  a"  +,  &C.        1 

^  =  PCO!*^3-|.  p'co«0'-|.  p"co*/3"+,&c.        i      (c) 

/  =  r  co<i  7  +  p'  cos  7  -)-  v"  coh  7  '  +,  &c.       j 

The  values  of  x,  y,  z  may  be  either  po^tive  or  negmtirc. 
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and  their  aigns  make  known  the  direction  of  their  action.  If 
the  force  x  is  positive,  it  follows  that  it  acts  in  the  direction 
of  the  axis  ma,  or  in  the  direction  of  the  components  p  cos  a, 
f'  cob  a',  &c.,  which  are  positive ;  if  it  is  negative,  we  must 
infer  that  it  acts  along  the  production  of  ma  or  in  the  direction 
of  the  n^^ative  components,  and  the  same  is  true  for  the 
forces  T  and  z. 

This  being  agreed  on,  let  r  be  the  resultant  of  the  given 
forces  p,  p^  t",  &c.,  or  of  the  three  forces  x,  y,  z ;  let  also 
Ojbyche  the  angles  which  its  unknown  direction  makes  with 
the  axes  ma,  mb,  mc.  The  values  of  r,  a,  6,  c  will  be  given 
by  equations  (a)  and  (b),  in  which  the  formulae  (c)  are  sub- 
stituted in  place  of  x,  y,  z.  The  angles  a,  d,  c  may  be  acute 
or  obtuse ;  but  because  the  force  r  must  be  always  a  positive 
quantity,  the  signs  of  their  cosines  must  be  always  the  same 
as  those  of  the  quantities  x,  y,  z,  in  virtue  of  equations  (b). 
In  this  manner,  the  force  r  will  be  completely  determined  in 
magnitude  and  direction. 

33.  The  magnitude  of  the  resultant  r  does  not  depend  on 
the  arbitrary  direction  of  the  axes  ma,  mb,  mc,  it  depends 
solely  on  the  magnitude  of  the  given  forces  and  on  the  angles 
comprised  between  their  directions,  and  in  fact,  we  may  find 
an  expression  for  it,  which  contains  these  quantities  only. 

For  this  purpose,  let  pmp',  pmp'^  p^mp'^',  &c.,  denote  the 
angles  contained  between  the  directions  of  the  forces  p  and  p', 
p  and  p'',  p'  and  p'",  &c.  By  equation  (2)  of  No.  9,  we  shall  have 

cos  PMP'  =  cos  a  cos  a'  +  cos  /3  cos  j3'  -f  cos  y  cos  y'j 
COS  PMP''  ZZ  COS  a  COS  a'^  +  cos  (i  cos  /3"  +  COS  y  cos  y'', 

COS  p'mp''  =z  cos  a' cos  a'^  +  cos  /3'  cos  /3'^  +  cos  y^  cos  7^^ 
&c. 

We  shall  likewise  have 

cos'  a  +  cos'  j3  +  cos'  7  =  1, 
cos'a'+  cos'j3'  +  cos'7'=:  1, 
co8'a''+cos'/3''+cos'7"=  1, 
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and,  this  being  the  case,  if  the  squares  of  formulM  (c)  be 
added,  we  shall  obtain,  by  taking  into  accoant  equation  (a)^ 

-f  2pp'  cos  PMP'  +  2pp''  cos  pmp" 
+  2p  V  cos  P'MP''  +,  &c. 

for  the  value  of  the  square  of  r  which  was  required  to  be  de- 
termined. 

34.  We  may  also  deduce  from  a  consideration  of  equatioiit 
(b)  and  (c),  a  property  of  the  resultant  which  will  be  useful  m 
one  of  the  following  numbers. 

Let  there  be  drawn  through  the  point  M,  in  any  diiectioo 
whatever,  a  right  line,  of  which  let  the  point  o  be  the  other 
extremity,  and  let  g,  A,  k  denote  the  angles  amo,  bmo,  cmo, 
which  this  line  makes  with  the  three  axes  ma,  mb,  mc,  if  iIm 
angles  comprised  between  this  same  right  line  mo  and  tlie 
directions  of  the  forces  r,  p,  p,  &c.,  be  denoted  by  rmo,  fmo, 
p^Mo,  &c.,  we  shall  have,  as  has  been  just  stated,  by  equatmi 
(2)  of  No.  9, 

cos  RMO  z:  cos  g  cos  a  +  cos  h  cos  b  +  cos  A  cos  r, 

cos  PMO  =Z  cos  (/  cos  a  +  cos  h  cos  /3  +  cos  A  COS  7, 

cos  p'mo  =:  cos  (/  COS  a'  +  cos  h  cos  /3'  +  cos  A  cos  y,  fte. 

From  the  first  of  thetie  formuUs  and  equations  (b),  ve 
obtain 

R  cos  RMO  =  X  cos  ff  +  Y  COS  A  -f-  Z  COS  A ; 

and  in  virtue  of  the  subsequent  formulie,  if,  after  having  mul- 
tiplied the  first  of  equations  (c)  by  cos  j/,  the  second  by 
COS  A,  the  thinl  by  cos  A,  we  add  them  together,  there  will 
result (r) 

R  .  COft  HMO  =    P .  cos  PMO  +  P'  COS  P'MO  +  &C.  ; 

which  shows  that  the  resultant  R,  resolved  in  any  directaoa 
MO,  in  cH|ual  to  the  sum  of  the  com|H>ncnts  p,  p',  p'\  &e«,  rs^ 
solv(*tl  in  the  same  dirt*ction. 
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This  being  established,  let  the  line  mo  be  projected  on  the 
directions  of  the  forces  r,  p,  p',  p^^,  &c.,  and  let  these  pro- 
jections be  denoted  respectively  by  ryp^p^,p"y  &c.,  so  that 

r  =  MO  cos  RMO, 
p  =  MO  cos  PMO,      p^  =Z  MO  COS  P^MO,  &C., 

each  of  the  quantities  Typ^p^p^'y  &c,,  being  considered  as 
positive  or  negative,  according  as  the  projection  which  it  repre- 
sents, £edls  on  the  direction  of  the  force,  or  on  its  production. 
Then,  if  the  preceding  equation  be  multiplied  by  mo,  we  shall 
have 

Rr  =  pp  +  Pp  +  py  +  &c. ;  (d) 

which  expresses  the  property  of  the  resultant  that  was  pro- 
posed to  be  demonstrated. 

35.  In  order  that  the  forces  p,  p',  p^,  &c.,  may  be  in  equi- 
librio,  it  is  sufficient  that  the  resultant  R  should  vanish,  and 
this  condition  is  necessary^  if  their  point  of  application  M  is 
entirely  free ;  but  the  equation  r  =  o,  or 

x«+Y«+z»=o, 

cannot  have  place,  unless  we  have  separately 

X  =  0,     Y  =  0,     z  =:  0, 

that  is  to  say,  in  virtue  of  equation  (c), 

p  cos  a  +  p'.cos  a!  +  v*'  cos  a!'  +  &c.  =  0, 

p  cos  /3  +  P'  cos  /3'  +  v"  cos  /3''  +  &c.  =  0,  (e) 

p  cos  7  +  P^  cos  7^  +  V*'  cos  y**  +  &c.  =  0. 

Therefore  these  are  the  equations  of  equilibrium  of  a  ma- 
terial point,  which  is  supposed  to  be  entirely  free.  In  this 
state,  each  of  the  forces  that  solicit  it,  must  be  equal  and 
directly  contrary  to  the  resultant  of  all  the  others,  which  may 
be  easily  verified  in  the  following  manner. 

Let  e'  be  the  resultant  of  the  forces  p',  p^^  &c.  Denoting 

H 
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the  angles  which  it  makes  with  the  axes  ma,  mb,  mc,  by 
a',  b\  c\  kcj  and  in  order  to  ab/idge,  making 

x'  =  p'  COS  o'  +  p''  cos  a"  +  &Cn 
T'  =  p'  cos  0'  +  p"  cos  /J"  +  &c^ 

Z'  =  P'  cos  7'  -f  P'^  COS  y"  +  &c. ; 

we  shall  have,  by  No.  32, 

x'nR'cosa',    y'^r'cos*',    z'  —  r'cosc', 

and  consequently,  in  virtue  of  the  equations  of  equiHbiiiUB, 

p  cos  a  =  —  R^  coso^ 
Pcos/3  =  —  R'.cosi', 
PcosY=  —  R^cosr'. 

If  the  squares  of  each  of  the  members  of  these  equatioos 
be  taken,  and  if  they  be  then  added  together,  we  shall  have 

p'^r', 

because  by  (No,  6) 

cos^a  +  cos'/3  +  cos*7=  1, 
cos'a'  +  cos*6'+cosFe^=:  I; 

therefore  we  shall  have  p  iz  ±  R^;  but  as  these  forces  mutt  be 
respectively  positive,  we  must  take  p  =:  r'.     Tlie  preccffing 

equations  will  then  become 

cos  a  zz  —  cos  a',     cos  /3  =  —  cos  b\     cos  7  rz  —  cos  c'; 

consequently,  the  angles  a,  /3, 7,  are  the  supplements  of  a',  A',  c^t 
and  belong  to  a  force,  of  which  the  direction  b  the  productioii 
of  the  force  r'  (No.  7).  It  follows,  therefore,  that  the  fetoe  P 
is  equal  and  directly  opposed  to  r^  the  resultant  of  all  the 
other  forces  p',  p'',  &c. ;  which  it  was  proposed  to  establish. 

3(i.  If  the  point  m,  to  which  the  forces  p,  p',  r'\  &e.,  aie 
applied,  be  subjected  to  exist  on  a  given  surfiice,  it  is  ao 
longer  necessary,  in  order  to  the  equilibrium,  that  their  r^ 
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sultant  fthould  vanish ;  it  is  sufficient  if  it  be  normal  to  the  sur* 
&cej  because  then  the  point  m  cannot  slide  in  any  direction  on 
this  sur&ce ;  and  moreover,  this  condition  will  be  necessary ; 
for  if  it  was  not  satisfied,  the  resultant  might  be  decomposed 
into  two  forces,  the  one  normal  to  the  sur&ce,  which  will  be 
destroyed,  the  other  a  tangent  to  the  surface  which  there  is 
nothing  to  prevent  firom  causing  the  moveable  to  slide.  It  is 
only  therefore  necessary  to  determine  in  each  case,  the  direc- 
tion of  the  resultant  of  the  forces  p,  p',  p",  &c.,  and  then  ex- 
amine if  it  is  perpendicular  to  the  g^ven  surfetce,  in  order  to 
know  whether  the  equilibrium  exists ;  but  it  is  more  conve- 
nient in  practice  to  express,  as  has  been  done  in  the  case  of  a 
free  point,  the  conditions  of  the  equilibrium  by  means  of  the 
equations  which  exist  between  the  data  of  the  question.  Now 
the  normal  component  of  each  of  the  forces  which  acts  on  the 
point  Uf  is  destroyed  by  the  resistance  of  the  surface ;  conse-^ 
quently,  this  resistance  is  equivalent  to  a  force  equal  and  con- 
trary to  all  the  forces  destroyed.  Hence  it  appears,  that  we 
may  abstract  firom  the  consideration  of  the  given  surfitce,  and 
regard  the  material  point  as  entirely  firee,  provided  that  to  the 
given  forces  p,  p^,  p",  &c.,  a  new  force  of  an  unknown  mag- 
nitude and  perpendicular  to  this  surfiice  be  added. 

Therefore,  if  n  represents  this  force,  and  if  X,fi,  v,  denote 
the  angles  which  its  direction  makes  with  the  axes  ma,  mb,  mc  ; 
each  of  the  equations  of  equilibrium  already  given,  will  be  in- 
cieesed  by  a  new  term,  so  that  instead  of  equations  (e),  we 
shall  have 

M.COSA  -J-P.COSa+P^COSa'  +  P".COSa"  +  &c.  =  0,' 
N.COS;4+P.COS/3+P'.COS/3'+P"-CO8/3"  +  &C.  =  0,  >    (f) 
N.COS  V  +  P.COS7  +  P'.C0S7'+ P".  COS7"  4- &C.  =  0,. 

Let  X,  y,  Zy  denote  the  three  coordinates  of  m  referred  to 
the  axes  parallel  to  ma,  mb,  mc,  and  let  l  z:  o,  denote  the 
equation  of  the  given  sur&ce  ;  the  direction  of  the  force  being, 
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by  hypothesis,  that  of  the  nonnal  at  the  point  st,  we  shall 
have,  by  means  of  equations  (5)  of  No.  21, 

.  dh  dh  dis 

dx  '^  dy  dz 

in  which,  in  order  to  abridge,  we  suppose 

The  sign  is  undetermined,  because  we  do  not  know  before* 
hand  in  what  direction  of  the  normal,  the  force  v  acts ;  but  t 
disappears  in  the  elimination  of  n  between  equations  (f) ;  and 
by  means  of  the  formulae  (c),  we  obtain(c) 

dh         dh      ^  dh         dL      ^  ,  ^ 

for  the  two  equations  which  are  necessary  and  sufficient  fer 
the  equilibrium  of  a  material  p<Hnt  subjected  to  exist  oo  a 
given  sur&ce. 

37.  If  the  position  of  this  point  on  this  surfiice,  is  not 
known,  equations  (g)  combined  with  the  given  equation  lso, 
will  enable  us  to  determine  the  coordinates  of  the  diflSncnt 
points  of  this  surface,  in  which  the  material  point  may  be  in 
equilibrio.  When  this  position  is  given,  we  shall  only  hmrt 
to  verify  whether  x,  y,  z,  the  coordinates  of  the  points  of  ap- 
plication of  the  given  forces,  satisfy  equations  (g).  But,  in 
this  case,  these  equations  may  be  simplified  by  making  one  of 
the  axes  ma,  mb,  mc,  as  for  instance  the  first,  to  coincide  with 
one  of  the  two  parts  of  the  normal ;  hence  there  wiU  result 

cosX=±l,     COS;i=0,     cosy^O; 

and  this  changes  equations  (f)  into  the  following 

±  N  +  p .  cos  a  +  P'  cos  o'  +  P*.  cos  a*  +  &c.  =r  0, 
P.  COS0  +  p'cos/3' +  P*  cos/3' +  &c  =  0, 
p.cos7-f  p.cosy  ^-P^COSy^-f  &C.  8  0. 
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From  the  two  last  of  these  equations  it  appears,  as  is  in- 
deed evident  of  itself,  that  in  the  plane  which  touches  the 
given  8ur£atce  at  the  point  where  the  normal  meets  it,  the 
components  of  the  forces  applied  to  the  material  point,  con- 
stitute an  equilibrium,  in  the  same  manner  as  if  this  surface 
did  not  exist  at  all. 

The  resistance  n  which  the  sur&ce  opposes  to  the  forces 
p,  p^,  p*,  &c.,  is  equal  and  contrary  to  the  pressure  that  it 
experiences  from  them.  From  equations  (f)  it  appears,  that 
in  the  case  of  equilibrium,  this  pressure  is  the  resultant  itself 
of  these  forces.  In  practice,  the  magnitude  of  this  force 
ought  to  be  calculated  by  means  of  equation  (a),  in  order  to 
know  whether  the  surface  is  capable  of  supporting  it.  If  the 
moveable  is  merely  laid  on  this  surface,  which  is  that  of  a 
solid  body,  it  is  moreover  necessary  that  the  direction  of  this 
]ve8sure  should  be  such  as  to  press  the  moveable  against  this 
varhce ;  which  condition,  as  it  cannot  be  expressed  by  any 
equation,  must  be  verified  in  each  case  by  determining  the 
diiecdon  of  this  force,  by  means  of  equations  (b).  This  veri- 
fication can  be  effected  in  a  simpler  manner,  by  means  of  the 
first  of  the  three  preceding  equations. 

In  bdj  let  us  suppose  for  greater  clearness,  that  the  part 
of  the  normal  with  which  the  axis  ma  coincides,  is  situated  in 
the  concave  part  of  the  surface.  As  it  is  known  whether  the 
given  angles  a,  a\  a"j  &c.,  are  acute  or  obtuse ;  the  sign  of 
X,  the  sum  of  the  components  acting  in  the  direction  of 
this  line  will  be  known,  and  as  the  quantity  n  should  be 
positive,  it  is  necessary  that  in  the  equation  in  question,  that 

is  to  say, 

±  N  +  xc=  0, 

we  should  take  the  sign  —  or  the  sign  -|-  before  n,  according 
as  the  sum  x  is  positive  or  negative.  In  the  first  case,  we 
shall  have  cos  X  =  ^  1 ,  and  the  pressure  contrary  to  n  will 
act  in  the  direction  ma;  in  the  second  case,  we  shall  have 


54      ON  THI  COMPOSITION  AND  IQUILIBRIUM  OF  FORCES 

COB X  =  I9  and  the  pressure  will  act  along  the  prodoctioQ  of 
this  determinate  part  of  the  normal. 

38.  When  the  material  point  m,  on  which  the  forees  f,  K,  r*, 
&c.,  act,  is  constrained  to  exist  on  two  given  surfiieea,  or  oo 
their  cunre  of  intersection,  it  is  sufficient,  in  order  to  insure 
the  equilibrium,  that  the  resultant  of  all  these  forces  slMmld 
be  decomposable  into  two  forces  perpendicular  to  the  given 
surfitces,  and  which  will  be  destroyed  bj  their  resislAiiees. 
Consequently,  if  there  be  added  to  the  forces  FfF^^T^^  tte^  two 
forces  perpendicular  to  these  sur£eu:es,  but  of  an  oknown 
magnitude,  we  may  then  altogether  abstract  bom  the  coo* 
sideration  of  these  surfaces,  and  consider  the  material  point  as 
entirely  free. 

N,  N^  being  therefore  these  new  forces ;  X,  ^,  v,  the  angtes 
which  determine  the  direction  of  N  with  respect  to  the  axes 
MA,  MB,  Mc,  and  X',  fl^  v^  those  which  determine  the  difeetiM 
of  n' with  respect  to  the  same  axes,  equations  (c) 


N•cosX+N^cosX^+P•<^osa+I^•co8a^+p''•cosa''+&c•=0, 
N.COSfl-|-N'.COS^'+  P•cos/3+P^cos/3'+I^•c<^'+&c•^0, 
N.cos  1; + n'.cos  v' + P.C08  y + p'.cosy + p'.cosy +&c,srO, 


(fc) 


Moreover,  if  x,  y,  r,  denote  the  coordinates  of  the  point  M 
referred  to  axes  parallel  to  ma,  mb,  mc,  and  if  l  =  o,  l^  =  o, 
represent  the  equations  of  the  two  given  sur&ces,  the  values 
of  cos  X,  cos  |i,  cos  y,  wiU  be  the  same  as  in  the  last  case,  and 
those  of  cos  X',  cos  ^\  cos  v\  will  be  obtained  firom  them  by 
changing  L  into  l\  If  these  values  be  substituted  in  the 
three  equations  (h),  and  if  n  and  n'  be  then  eliminated  be* 
tween  them,  the  equation  of  equilibrium  which  the  given 
forces  p,  p',  p'',  &c.,  ought  to  satisfy,  will  be  obtained ;  alio» 
if  the  position  of  the  moveable  on  the  intersection  of  the  two 
surfaces  is  not  given,  this  equation  of  equilibrium  combined 
with  equations  L  =  o,  1/  =  o,  will  determine  its  three  coor- 
dinates r^ifyZ. 
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When  the  position  of  the  moveable  is  given  on  the  curve 
on  which  it  should  remain,  the  equation  of  equilibrium  of 
the  forces  p,  p',  p',  &c.,  may  be  obtained  cU  onccj  by  taking 
the  axes  mb  and  mc«  to  which  the  angles  fi,/3»/3',  &c.  vyy^y'j 
&c.,  refer,  in  the  plane  of  the  normals  to  the  two  given 
sorfMes*  The  third  axis  ma  will  then  fsil  on  the  tangent  to 
their  curve  of  intersection,  it  is,  therefore,  perpendicular  to 
the  normal  forces  n  and  n^,  so  that  we  have  X  =:  90^,  X'=  90^, 
and  likewise,  in  virtue  of  the  first  equation  (h), 

P.cosa  +  p'.cosa'4-  P^cosa^-f  &c,  =  0, 

for  the  required  equation. 

This  equation  indicates,  that  the  sum  of  the  components 
of  p,  P^,  P%  &c.,  acting  tangentially  to  the  intersection  of  the 
given  surfiices,  is  equal  to  cypher;  this  is  in  &ct  the  con- 
dition which  must  be  satisfied,  in  order  that  the  point  m  shall 
not  slide  on  this  curve.  After  having  assured  ourselves  that 
it  is  satisfied,  the  values  of  the  forces  n  and  n',  and  the  di- 
rection in  which  they  act,  can  be  determined  by  means  of  the 
two  last  equations  (h).  If  then  two  forces  equal  and  contrary 
to  N  and  n'  be  taken,  and  if  these  are  reduced  to  one  by  the 
rule  for  the  composition  of  forces,  this  will  be  the  resultant  of 
the  forces  p,  p',  p^',  &c.,  and  will  make  known  the  pressure 
exerted  on  the  given  curve,  to  which  it  will  be  perpendicular. 

39.  It  appears  from  what  precedes,  that  when  the  move- 
able is  constrained  to  exist  on  a  given  curve^  there  is  only  one 
equation  of  equilibrium,  that  there  are  two  when  it  is  restricted 
to  move  on  a  g^ven  turface^  and  three  when  the  point  is  alto- 
gether free ;  so  that  the  number  of  these  equations  increases, 
as  they  evidently  ought,  according  as  the  possible  movements 
of  the  moveable  are  less  restricted.  These  different  equa- 
tions may  be  all  embraced  in  one  formula,  which  will  con- 
sequently be  the  general  equation  of  equilibrium  applicable 
to  any  system  whatever  of  material  points.  In  order  to  obtain 
this  formula^  let  us  suppose  that  the  moveable  is  transferred 
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from  the  point  m,  which  it  occupied  in  its  position  of  equili- 
brium, to  o  another  point  infinitely  near  to  m,  and  such  that 
this  displacement  may  be  compatible  with  the  conditioii  to 
which  the  moveable  is  subjected,  if  it  is  not  altogether  free* 
Let  r,p,p  \p^f  &c.,  denote  the  projections  of  the  infinitely  small 
line  Mo  on  the  directions  of  the  forces  a,  p,  p',  r'\  &e.,  in  the 
first  position  of  the  material  point,  and  let  each  of  thcw  pio» 
jections  be  considered  as  positive  or  negative,  according  as  it 
fidls  on  the  direction  itself  of  the  force  to  which  it  refers,  or 
on  its  production.  If  the  force  a  be  supposed  to  be  the  re- 
sultant of  p,  p^  p'^  &c.,  the  product  ar  will  a/irayt«  vamsh  in 
the  case  of  equilibrium ;  it  will  vanish  for  a  material  point 
entirely  free,  because  then  the  resultant  a  should  be  equal  to 
cypher ;  it  will  also  vanish,  for  a  point  subjected  to  exist  oa 
a  g^vcn  surface  or  curve,  because  the  force  a  must  act  in 
the  direction  of  the  normal,  hence  as  the  infinitely  small  Hue 
MO  exists  in  the  tangent  plane,  or  on  the  tangent,  r  its  pro- 
jection on  the  direction  of  r  will  be  equal  to  cypher.  Therefore 
by  equation  (d),  which  has  been  already  demonstrated,  and 
which  obtains  equally  when  the  line  MO  is  infinitely  small,  we 

have 

rp  +  vy  +  v'p"  +  &c.  =  0,  (i) 

as  often  as  the  forces  i>,  v\  p'',  &c.,  constitute  an  equilibrium. 
Conversely,  the  equilibrium  will  subsist,  when  this  equation 
obtains  for  all  possible  displacements  of  a  material  point  en* 
tircly  free,  or  conntrained  to  exist  on  a  given  surface  or  curve. 
Every  infinitely  Hmall  line,  such  as  no,  which  the  material 
point  can  be  made  to  describe,  consistently  with  the  conditions 
to  which  it  is  subjected,  is  called  its  virtual  vflociiy  ;  and  the 
principle  of  equilibrium  contained  in  the  equation  which  hm 
been  just  expresse<l,  is  termed  the  principle  ofririmal  rrkxi* 
ties.  Now,  if  it  be  succesMvcly  applied  to  the  case  of  a 
material  jKiint  entirely  free,  to  one  subjected  to  exist  on  a 
surfaci*,  or  coiihtruined  to  remain  on  a  given  cui^'e,  we  can, 
without  any  difficulty,  arrive  ut  the  equations  of  equilibriufli 
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whidi  hare  been  already  obtained.  Each  of  the  equations 
(e)  may  be  deduced  from  formula  (i),  by  taking  for  mo,  the 
disphioement  of  m  on  one  of  the  axes  ma,  mb,  mc  ;  the  equa- 
tions of  equilibrium,  which  have  place  in  the  case  of  a  point 
subjected  to  exist  on  a  given  surface,  will  be  obtained  by  con- 
sidering its  displacements  in  the  direction  of  two  axes  traced 
in  the  tangential  plane ;  and  formula  (i)  furnishes  immediately 
the  equation  of  equilibrium  of  a  point  constrained  to  exist  on 
a  given  curve,  by  assuming  for  mo  the  element  of  this  curve, 
and  forp,p^,p^^,  &c.y  the  projections  of  this  element  on  the 
directions  of  the  forces  p,  p^  t"j  &c.  The  angles  which 
these  diiecdons  make  with  the  tangent  to  the  curve  being 
a,  a,  a'\  &c.,  we  shall  then  have 

/»=MOC0«a,     p^=lMOCOSa^     p^' =  MO  COS  a^',  &c. ; 

and  if  MO,  which  is  a  common  &ctor  to  all  the  terms  of  equa- 
tion (i),  be  suppressed,  there  will  result 

pcosa  -|-p'cosa'+  p^' cos  a^' +  &c.  =:  o, 

as  before. 


CHAPTER  II. 

OF  THE  EQUILIBRIUM  OF  THE  LBVBB* 

40.  In  this  chapter  the  lever  is  supposed  to  be  an  inex« 
tensible  right  line  or  curve,  of  an  invariable  form^  which  can 
only  turn  in  a  plane  about  c,  (fig.  10«)  one  of  its  points 
that  is  supposed  to  be  fixed,  and  which  is  termed  the  prop  of 
the  lever.  Most  commonly  there  are  only  two  forces  applied 
to  this  machine^  of  which  one  is  employed  in  keeping  the 
other  in  equilibrio;  the  first  is  terme<l  the  f^ower^  and  the 
second  the  resistance.  But,  in  order  that  our  conclusions  may 
be  as  general  as  possible,  we  shall  suppose  that  any  number 
of  forces  whatever  directed  in  the  plane  of  the  lever«  act  on 
different  points  of  this  line ;  and  the  object  of  this  chapter  ii 
to  find  the  conditions  of  their  equilibrium. 

It  is  not  proposal,  in  the  pre?H»nt  treatise,  to  apply  the 
laws  of  cHiuilit)rium,  which  will  he  explained  here,  to  the  dif> 
ferent  mechanic  jwwers  or  machines.  The  student  is  referred 
to  the  various  elementar)'  treatises  on  statics  for  information 
on  this  sulyoct ;  l)ut  as  the  law  of  the  equilibrium  of  the  lercr 
is  a  fundamental  principle  of  mechanics  it  will  be  necessary 
for  us  to  dwell  on  it  here  ;  and  we  now  proceed  to  show  how 
this  principle  is  connected  with  that  of  the  composition  of 
forci»s  which  act  on  a  detache<l  ]>oint. 

4 1 .  When  several  forces  are  applied  to  a  body  which  is 
sup]KMe<l  to  l>e  of  an  invariable  form,  the  point  of  application 
of  each  of  thi»se  forces  may  be  transferreil  to  another  point  of 
the  IkmIv,  assumed  either  on  its  direction  or  on  its  production. 
For  example,  if  a  given  force  i*  acts  at  E,  the  extremity  of  the 
lever,  in  the  direction  of  the  line  ab,  and  if  m  be  another  pobt 
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belonging  to  this  direction,  which  is  supposed  to  be  connected 
with  the  lever  in  an  invariable  manner,  then  we  may  replace 
the  force  p  by  another  force  of  the  same  intensity,  acting  at 
the  point  m  in  the  direction  of  the  line  ma.     In  hct,  we  can, 
in  the  first  place,  apply  to  the  point  m  two  equal  forces,  and 
acting  in  opposite  directions,  the  one  along  ma,  the  other 
along  its  production  ma^  ;  moreover,  if  each  of  these  forces  be 
supposed  equal  to  p,  that  which  acts  in  the  direction  ma^  will 
destroy  the  force  p  applied  to  the  point  e  in  the  direction  ea, 
because  these  two  equal  forces  act  in  opposite  directions  at  the 
cxtrenuties  o£  the  line  me,  which  by  hypothesis  is  of  an  in* 
▼aiiable  length ;  therefore,  the  only  force  which  remains  is  p 
acting  at  the  point  m  in  the  direction  ma,  by  which,  therefore, 
the  given  force  p,  which  acts  at  the  point  e,  is  replaced. 

Forces  act  firequently  on  those  bodies,  in  which  they  excite, 
or  have  a  tendency  to  excite,  motion,  either  by  puUing  them  by 
means  of  a  string  which  is  attached  to  them,  or  by  pushing  them 
bymeansofabarthat  presses  against  their  sur&ce.  As  this  string 
or  this  bar  may  be  more  or  less  extended  or  contracted,  it  is  only 
when  they  cease  to  extend  or  contract  that  they  are  considered 
as  invariable  lines,  which  represent  the  direction  of  each  force, 
the  action  of  which  is  then  the  same  as  if  it  was  exerted  im- 
mediately at  the  points  of  the  surface  of  the  body  at  which 
these  lines  terminate.     Strictly  speaking,  a  lever  is  not,  as 
has  been  supposed  above,  a  line  of  an  invariable  form,  it  is  a 
bar  which  is  susceptible  of  flexure,  however  small  it  may  be, 
and  which  also  contracts  or  extends  by  a  small  quantity  in 
consequence  of  the  forces  which  are  applied  to  it.     It  would 
be  extremely  difficult  to  determine  before  hand,  the  form 
which  it  should  assume ;  but  it  is  only  when  it  has  attained 
this  form,  that  it  is  considered  as  invariable ;  and  it  is  to  this 
figure,  which  diflfers  very  little  from  its  natural  form,  that  the 
conditions  of  equilibrium  which  we  propose  to  investigate,  are 
referred.  « 

42.  Let  a  second  force  q  act  at  f,  the  other  extremity  of 
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the  lever,  in  the  direction  fb,  and  let  the  two  directioot  ba 
and  FB  be  comprised  in  the  plane  in  which  the  lerer  can 
torn  ;  these  two  right  lines,  or  their  prodactionSy  must 
in  a  certain  point  m,  which,  from  what  has  been  already 
tablished,  may  be  assumed  as  the  common  point  of  appUca* 
tion  of  p  and  q.  This  being  agreed  on,  we  can  determine  by 
the  rule  of  the  paralleilogram  of  forces,  the  resultant  ot  these 
two  forces,  of  which  resultant  u  will  also  be  the  point  of  ap- 
plication. Now,  in  order  that  it  may  be  destroyed,  and  that 
the  lever  may  remain  in  equilibrio,  it  will  be  necessary  that 
its  direction  should  pass  through  the  prop  c ;  and  this  will  be 
suflScient,  because  by  transferring  this  resultant  to  this  poiat* 
which  is  fixed,  it  will  be  destroyed  by  its  reustance*  Frooi 
what  has  been  stated  in  No.  29,  it  appears  that  if  from  the 
point  c,  the  perpendiculars  co  and  ch  be  let  fidl,  on  the  di- 
rections of  the  forces  p  and  q,  we  shall  have  in  the  case  of  an 
equilibrium 

p :  Q  : :  cu  :  CO ; 

and  conversely,  the  equilibrium  vrill  subsist,  when  thb  pro- 
portion obtains.  Consequently,  if  we  denote  the  perpendi- 
culars CG  and  cii  by  p  and  q^  the  equation  of  equilibrium  will 

be 

rp  zz  Qq. 


By  the  moment  of  a  force  with  respect  to  a  poimi,  u 
the  product  of  this  force  into  the  perpendicular  let  fidl  from 
this  point  on  its  direction.  Hence  the  condition  of  equili- 
brium  in  the  case  of  the  lever  consists  in  this,  that  the  mo- 
ments of  the  power  and  resistance,  taken  relatively  to  the 
prop  or  point  on  which  the  lever  turns,  are  equal ;  these  two 
forces  tending  besides  to  make  the  lever  turn  in  opposte 
directions. 

If  the  lines  cu  and  cii  be  sup|)ose<i  to  bo  invariably  al- 
tachetl  to  the  lever,  <•  and  ii  may  Ik*  taken  fur  the  |)oints  of 
application  of  the  forces  p  and  g,  and  whatei'er  be  the  figure 
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BCF  of  the  lever,  it  may  be  replaced  by  the  bent  lever  gch 
(fig*.  11.)  The  perpendiculars  cg  and  ch,  are  termed  the  arms 
of  the  lever.  The  condition  of  equilibrium  does  not  depend 
at  all  on  the  magnitude  of  the  angle  gch  ;  this  indeed  is  evi- 
dent d  priori. 

In  fsici^  if  from  the  point  c  as  centre^  and  with  a  radius 
equal  to  ch,  we  describe  an  arc  of  the  circle  hh^^  which  is 
supposed  to  be  invariably  attached  to  the  lever,  and  if  at  the 
point  H^  two  forces  equal  to  q  be  applied,  acting  in  opposite 
Erections  along  the  parts  h^b^  and  h^b'^  of  the  tangent  at  this 
point,  it  is  evident  that  the  force  q  acting  in  the  direction 
BfB"y  will  be  destroyed  by  the  force  q  acting  in  the  direction 
HB ;  for  as  the  two  forces  tend  to  make  the  system  revolve  in 
opposite  directions,  there  is  no  reason  why  it  should  obey  one 
in  preference  to  the  other.  Hence  the  second  of  these  two 
fioroes  will  be  replaced  by  the  force  q  acting  in  the  direction 
h'b%  and  the  angle  gch  will  be  changed  into  the  angle  gch', 
which  may  be  gpreater  or  less,  without  the  equilibrium  being 
deranged. 

By  this  change,  the  angle  of  the  two  arms  may  become 
180**  or  aero ;  the  lever  will  then  be  strait ;  the  power  and  re- 
sistance will  be  parallel  forces,  acting  in  the  same  or  in  con- 
trary directions ;  and  in  order  to  an  equilibrium,  it  is  always 
necessary  that  their  intensities  should  be  in  the  inverse  ratio 
of  the  lengths  of  the  arms  of  the  lever. 

43.  If  R  denotes  the  resultant  of  the  two  forces  p  and  q, 
which  meet  at  the  point  m  (fig.  10),  and  m  the  angle  amb 
comprised  between  their  directions,  we  shall  have  (No.  29) 

R^  =  p'  +  q'  +  2  PQ  cos  m  ; 

and  the  value  of  r  will  make  known  the  load  which  the  prop 
sustains  in  the  case  of  equilibrium.  The  direction  of  the  force 
a  applied  to  this  point,  will  be  along  the  line  cd,  the  pro- 
duction of  Mc.  In  figure  10,  the  point  c  is  supposed  to  be 
situated   between  e  and  f,  the  points  of  application  of  the 
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power  and  of  the  resistance.  In  figure  12,  the  oootimry  b 
the  case ;  but  the  same  reasoning  is  applicable  to  both  cases ; 
they  differ  from  each  other  in  this  only,  that  in  the  first  cMe, 
the  forces  p  and  q  act  on  different  sides  of  the  lever,  and  the 
angle  amb  is  acute,  while  in  the  second,  they  act  on  the  same 
side,  and  the  angle  amb  is  obtuse. 

I^  the  three  points  b,f,c,  remaining  the  same,  the  pout 
of  concourse  of  the  three  forces  p,  q,  a,  be  supposed  infinitely 
distant,  these  forces  will  become  paralleL  In  the  case  of 
fig.  10,  as  the  angle  m  becomes  then  infinitely  smallf  we  have 
cosm  =:  1,  and  consequently 

R  =:  p  +  Q. 


In  the  second  case,  it  is  the  supplement  of  the  angle  m 

which  becomes  infinitely  small ;  hence  we  have  cos  m  =  —  I, 

and 

R  =  Q  —  P, 

p  being  supposed  Z  q.  Consequently,  the  resultants  of  two 
parallel  forces  is  equal  to  their  sum,  when  they  act  in  the 
same  direction,  and  to  their  difference,  when  they  act  in  op> 
posite  dirtHTtions,  and  in  the  last  case,  the  resultant  acts  in  the 
direction  of  the  greater  force.  In  these  two  cases,  the  com* 
ponents  i*  and  Q  are  in  the  inverse  ratio  of  their  distances  from 
the  resultant. 

This  being  so,  if  a  common  perpendicular  to  the  three  forces 
be  drawn,  and  if  a  denotes  gu  the  {lart  of  this  line  (fig.  13 
and  14)  comprised  between  the  two  components  p  and  a,  and 
.r  the  distance  cii  of  the  resultant  k  from  the  component  Q, 
which  is  supposed  to  l>e  the  greater,  we  shall  have 

the  HU|HTi«)r  or  inferior  sijjii  is  to  In?  taken,  acconling  as  p  and 
g  act  in  the  same  (fi^.  13),  or  in  opposite  directions  (fig.  14!. 
Hence  we  obtain, 

r  :  g  ±:  v  :  :  ,t  :  a. 
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and,  consequently, 


X-  — — — ; 

Q±P 


by  means  of  which,  the  position  of  the  resultant,  of  which  the 
value  is  Q  ±:  p,  will  be  determined. 

44,  When  the  forces  p  and  q  act  in  opposite  directions, 
and  differ  very  little  from  each  other,  their  resultant,  which 
always  acts  in  the  direction  of  the  greater,  will  be  situated  at 
a  very  great  distance  from  the  given  forces.  But  when  they 
are  rigorously  equal,  this  distance  becomes  infinite ;  which  in- 
dicates that  two  equal  and  parallel  forces,  acting  in  opposite 
directions,  cannot  be  replaced  by  a  single  force ;  and  in  point 
of  fifcct,  there  is  no  reason  why  this  unique  force  should  act  in 
one  direction  in  preference  to  the  other. 

Two  such  forces  acting  at  the  extremities  of  the  same 
fine  GH,  (fig.  15,)  will  cause  this  line  to  revolve  about  its 
middle  point  K  ;  which  effect  cannot  evidently  be  produced  by 
the  action  of  a  single  force.  They  may  be  replaced  in  an  in- 
finite variety  of  different  ways  by  two  other  forces,  which  pre- 
sent the  same  case,  for  their  action  is  not  at  all  changed,  by 
applying,  for  example,  to  the  points  o  and  h  along  ge  and 
HF  the  productions  of  the  line  gh,  equal  forces  of  any  magni- 
tude whatever ;  now  the  resultant  of  the  forces  acting  in  the  di- 
rectionsGAand  ge,  and  that  of  the  forces  acting  in  the  directions 
HB  and  HF,  will  be  also  equal  and  parallel  forces,  acting  in 
opposite  directions  along  the  lines  go  and  hd,  and  these  re- 
sultants will  replace  the  primitive  forces,  which  act  along  ga 
and  HB.  If  p  denotes  the  common  magnitude  of  these  two 
forces,  and  a  their  mutual  distance,  each  of  these  two  quan- 
tities will  be  changed  by  the  operation  that  has  been  indi- 
cated ;  but  their  product  av  will  remain  constant,  as  will  be 
proved  immediately. 

45.  In  fine,  this  particular  case  is  the  only  one  in  which  a 
system  of  any  number  of  forces  p,  p',  p^',  &c.,  existing  in  the 
same  plane,  and  acting  on  material  points  connected  together 
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in  an  invariable  manner,  cannot  be  reduced  to  a  single  force. 
For  whether  the  two  forces  p  and  v'  meet  in  a  point,  or  are 
parallel  to  each  other,  they  may  be  reduced  to  a  single  force 
Q,  by  the  rule  of  the  parallelogram  of  forces,  or  by  thai  of 
the  preceding  number.  In  the  same  manner,  this  first  resultanl 
Q  and  p"  the  third  given  force,  may  be  reduced  to  a  single  force 
q';  then,  the  second  resultant  q^  and  v*"  the  fourth  force  to  a 
single  force  q'^  ;  and  so  on  until,  all  the  given  forces  aie  lt^- 
duced  to  two  only,  which  may  themselves  be  reduced  to  a 
single  force  r,  unless  they  fiedl  under  the  case  of  exceptioo  of 
which  we  have  been  treating. 

In  the  general  case,  this  force  r  is  the  resultant  of  iht 
given  forces  r,  p',  p'',  &c.,  and  if  to  the  components  a  foret 
r'  equal  and  contrary  to  r  be  joined,  there  will  be  an  equi* 
librium  in  the  system.     The  magnitude  of  r,  and  its  podtioai 
in  the  plane  of  the  g^ven  forces  does  not  depend  at  all  on  the 
order  in  which  these  forces  are  taken,  in  the  successive  t^ 
ductions  which  have  been  indicated  ;  for  if,  in  changing  this 
order,  we  should  arrive  at  s  a  force  different  from  r  in  magni- 
tude and  direction,  one  of  these  two  forces  taken  in  an  oppo- 
site direction  would  constitute  an  equilibrium  with  the  other, 
which  is  impossible.     In  order  to  an  equilibrium  of  the  forces 
p,  p',  p",  &c.,  when  they  are  applied  to  a  lever  situated  in 
their  plane,  it  is  necessary,  in  the  first  place,  that  they  should 
Ik*  re<lucil)le  to  one  sole  force ;  for  if  they  were  reduced  to 
8  and  s',  two  panillol  forces  not  retlucible  to  a  single  force,  and 
if  s'  was  the  nearer  to  the  prop,   s'  may  l>e  resolved  into  two 
parallel  forces  q  and  q',  acting  in  the  same  direction,  of  whidi 
the  first  will  Ih*  directly  opi)osed  to  s,  and  the  second  will  paM 
through  the  prop ;  each  of  these  two  forces  will  be  less  tliaa 
s'  or  s,  tlie  force  q'  will  Ik*  detitroyed,  and   there  will  only 
remain  the  force  s  —  q,  which  will  cause  the  lewr  to  turn  ia 
the  <lirection  of  s(/i).     The  given  forces  Inking  retluced  to  a 
unic|ue  force  ii,  it  in  moreover  necessary  ft>r  the  equilibrium  of 
till*  leviT,  tliat  this  forci*  should  |>a^H  thmugh  the  prop.    This 
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condition  will  be  expressed  by  an  equation,  by  means  of  the 
following  theorem  which  we  proceed  to  demonstrate. 

46.  Let  us  first  only  consider  two  forces  and  their  resultant. 
The  moment  of  this  result&nt  with  respect  to  a  point  situated  in 
the  plane  of  the  three  forces,  is  equal  to  the  sum  or  difference  of 
the  moments  of  the  two  components  with  respect  to  the  same 
point ;  to  the  difference  when  the  centre  of  the  moments  is 
situated  within  the  angle  of  the  components,  or  within  its 
Tertically  opposite  angle,  and  to  the  sum  when  this  point 
lies  without  these  two  angles.  In  fact,  let  p  and  p^  be  these 
two  forces,  ma  and  ma^  (fig.  16  and  17)  their  directions,  q 
their  resultant  acting  along  mb,  c  the  centre  of  the  mo- 
ments, Pip'^q^  the  perpendiculars  ca,  ca^,  c6,  let  fall  from 
the  point  c  on  the  directions  of  p,  p^  q.  Let  each  of  these 
three  forces  be  resolved  into  others,  in  the  direction  of  the 
line  MC  and  of  kmk^  perpendicular  to  this  line ;  and  let  the 
perpendicular  components  be  considered.  We  have  evidently 

.  q 

cos  BMK  =  Sm  BMC  =  -, 

c 
c  denoting  the  length  of  the  line  mc  ;  hence  the  component  of 

Q  in  the  direction  mk  will  be  equal  to  — .      In  like  manner, 

c 

pn 

the  components  of  p  and  p^  perpendicular  to  mc  will  be  —  and 

— ^.  They  act  in  opposite  directions  when  the  line  mc  tra- 
verses the  angle  ama^  (fig.  16),  and  in  the  same  direction, 
when  it  &lls  without  this  angle.  Now,  the  sum  of  these  com- 
ponents in  the  second  case,  and  the  excess  of  the  greater  over 
the  less,  in  the  first,  ought  to  reproduce  the  component  of  q, 
because  q  is  the  resultant  of  p  and  v* ;  consequently,  if  the 
component  of  p  be  supposed  to  be  greater  than  that  of  p',  we 
shall  obtain,  by  suppressing  the  common  divisor  c, 

Qg  zz  p/)  ±:  v'p*\ 
which  was  required  to  be  proved. 


66  OF  THB  BQUILIBRIUM  OF  THB  LBTBR. 

If  the  point  c  be  supposed  to  be  fixed,  and  if  the  pcrpen* 
diculars  ca,  ca\  cbt  constitute  an  invariable  system,  the  forces 
r,  i>',  Q,  which  may  be  conceived  to  act  at  a,  a\  &,  the  ex- 
tremities of  these  lines,  can  only  produce  a  motion  of  rotation 
about  the  centre  of  the  moments.  Now,  it  appears  from  the 
inspection  of  fig.  17,  to  which  the  superior  sign  of  the  pre- 
cciling  equation  refers,  that  when  the  point  c  hih  without 
the  angle  amb,  or  its  vertically  oppoute,  the  three  foroea 
p,  p^,  Q,  tend  to  cause  their  points  of  application  to  turn  in 
the  scime  direction  about  the  point  c ;  on  the  contrary,  when 
this  point  falls  within  one  of  these  two  angles,  figure  16, 
which  refers  to  the  inferior  sign,  shows  that  the  forces  p  and 
p^  tend  to  cause  the  points  a  and  a'  to  turn  in  opposite  di- 
rections  ;  and  it  is  likewise  evident,  that  in  this  case,  the  ^^> 
sultant  Q  tends  to  make  its  point  of  application  turn  in  the 
same  direction  as  the  component  which  has  the  greater  mo^ 
ment.  It  appears  from  this  remark,  that  the  theorem  whidi 
which  has  been  now  demonstrated  implies,  that  the  mooMot 
of  the  resultant  of  the  two  forces  is  equal  to  the  sum  or  dif* 
ference  of  the  momentH  of  these  two  forces,  according  as  the 
com{>oneiits  toiui  to  make  their  points  of  application  turn  in 
the  same  or  in  opposite  directions  about  the  centre  of  the  no> 
ments,  and  that  the  resultant  tends  to  make  them  turn  in  thi 
direction  of  the  component,  which  has  the  greater  moment. 

As  this  theorem  obtains  for  forces  of  which  the  directions 
make  any  an^le  whatever,  it  must  obtain  also  when  they 
iH'come  parallel ;  this  is,  in  fact,  what  it  is  easy  to  infer,  from 
the  compoMtion  of  forces  of  this  kind  (No.  43). 

47.  The  advantage  of  this  last  mode  of  stating  the  problem 
is,  that  it  c;in  thus  l>e  easily  extende*!  to  any  number  of  forees 
IS  !•'»  !•",  &c,,  >\liich  act  in  the  same  plane.  'ITie  centnp  of 
mtuneiits  Wing  ro4^ardcd  as  a  fixctl  |Hnnt,  al>out  inhich  the 
forci*s  tontl  to  make  the  nyntoni,  whose  |N>iiits  of  applicatioQ 
are  connccteti  to^i'thcr  in  an  invariable  manner,  to  turn,  the 
moment  of  the  resultant  is  e<iual  to  the  sum  of  the  momeotsof 
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the  forces  which  tend  to  make  the  system  to  turn  in  the  same 
direction  as  it  turns,  minus  the  sum  of  the  moments  of  the 
forces  which  tend  to  make  it  to  turn  in  a  contrary  direction. 

For  greater  clearness,  let  the  three  first  forces  p,  p',  p",  be 
supposed  to  make  the  system  turn  in  one  direction,  and  all  the 
other  forces  in  a  contrary  direction.  Let  the  series  of  reductions 
of  No.  45  be  resumed,  and  let  q  be  the  resultant  of  p  and  p^, 
and  q'  that  of  q  and  p'^  or  of  p,  p^,  f".  Likewise,  let  p,p^  p'', 
9,  q^,  be  perpendiculars  let  fall  from  the  centre  of  moments  oa 
the  directions  of  p,  p^,  p^^  q^  q  ;  by  what  has  been  already 
established,  we  have 

Qq  =  Fp  +  v'p'j     ay  =  Q  y  +  v"p'\ 

and,  consequently, 

Q  Y  =  pp  +  p'p  +  v"p". 

In  like  manner,  if  we  denote  by  Qi  the  resultant  of  all  the 
other  forces  ¥"\  p'*",  &c.  ;  by  ji,  the  perpendicular  let  fiUl  from 
the  centre  of  moments  on  its  direction,  by  p%p'%  &c.,  the 
perpendiculars  let  fiEdl  from  the  same  point  on  the  directions  of 
p"',  p"^,  ike.,  we  shall  have  also 

Qi  qi  =  v"'p'"  +  v^^p'^  +  &c. 

Now,  R  the  resultant  of  all  the  given  forces  will  be  that  of 
the  two  forces  q'  and  Qi  ;  hence  if  r  denotes  the  perpendicular 
let  fall  from  the  centre  of  moments  on  the  direction  of  r,  and 
if  we  consider  that  these  forces  q^  and  q^  tend  to  produce  a 
revolution  in  opposite  directions,  we  shall  have 

Rrz:  ±  (Q'g'— Qiji), 

according  as  qfq*  will  be  greater  or  less  than  Qi  ji .  In  the  first 
ease,  the  force  r  will  tend  to  cause  the  line  to  turn  in  the 
same  direction  as  the  force  q^  and  consequently  in  the  same 
direction  as  the  three  forces  p,  p',  p".  Let  the  first  case  be 
that  which  obtains,  by  substituting  for  q'^^  and  Qi^i  their 
values,  we  shall  tlicn  liave 
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RT  =  rp  +  r^p'^f^'p' -  p'V' -  HV'^&c. ;        (1) 

which  equation  contains  the  theorem  we  proposed  to  establkb. 
If  the  centre  of  the  moments  be  supposed  to  be  at  the  prop 
of  the  lever  to  which  the  forces  p,  p^,  v'^\  &c.,  are  applied,  it 
is  necessary  in  order  to  insure  an  equilibrium  in  this  lef^er, 
that  we  should  have 

ly +  py+  P'y-  p"y -  p'V''-  &C.  =  0,         (2) 

since,  in  this  case,  these  forces  must  have  a  resultant  which 
should  pass  through  the  prop  (No.  45),  and  for  whidi  we  have 
therefore  r  =  0. 

48.  Equation  (1)  can  be  rendered  more  general,  by  sop* 
posing  that  by  resolutions  and  recompositions  of  the  fortes 
p,  p^,  p'^  &c.,  they  are  transformed  into  other  forces  s,  s^,  s'', 
&c.,  which  taken  together  are  equivalent  to  the  given  fareet. 
USfS^ys"^  &c.,  denote  the  perpendiculars  let  fidl  from  the 
centre  of  moments  on  the  directions  of  s,  s^  s^^,  &c.,  we  shall 
find  by  the  same  mode  of  reasoning,  as  in  the  [HPeoediiig 
number, 

s^+sY+sV+&c  =iy+p>'+P*p*-p''y''--P'V''-*c-t(3) 

in  which  equation  the  moments  of  the  forces  s,  s',  s',  &c., 
which  tend  to  turn  in  the  same  direction  as  p,  p",  p",  should 
be  aflfccted  with  the  sign  +,  and  the  moments  of  the  forces 
which  tend  to  turn  in  the  same  direction  as  p'^,  p''',  ftc-,  with 
the  sign  — .  The  particular  case  in  which  the  forces  P^r',?", 
&c.|  are  irreducible  to  a  single  force,  is  comprised  in  tUs  last 
equation.  Let  then  s  and  s'  be  two  eqiuJ  and  parallel  fortes, 
not  directly  opposeil  to  each  other ;  and  let  A  denote  their 
mutual  distance.  If  the  centre  of  the  moments  is  situated 
lH*twot*n  their  directions,  we  shall  have  «  +  «'  =  A ;  they  will 
tend  tt)  pruiluce  a  revolution  in  the  same  direction  about  this 
pt)iiit ;  therefore,  their  moments  must  Ik;  affected  with  the 
same  si^n,  and  there  will  result 
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1^  on  the  oontraryy  the  centre  of  moments  does  not  exist 
between  8  and  s^,  and  if  we  suppose  s  >  8'j  we  shall  have 
J  —  /=  A ;  these  two  forces  will  tend  to  produce  a  revolu- 
tion in  opposite  directions ;  the  moment  of  s  must  be  affected 
with  the  sign  +  and  the  moment  of  s'  with  the  sign  —  ;  and 
there  will  jresult 

s«  —  sV  z:  sA. 

Consequently,  equation  (3)  will  always  become 

8*  =  p/>  +  p>'+  v"p"-  P'V-  P^V-  &c. 

As  the  second  member  of  this  equation  consists  entirely  of 
given  quantities,  it  follows  that  if  the  values  of  s  and  h  undergo 
any  change,  their  product  must  remain  constant,  as  has  been 
already  stated.  It  appears  likewise  from  this  last  equation, 
that  when  its  second  member  vanishes,  the  given  forces  cannot 
fiJl  under  the  case  of  exception,  in  which  they  are  irreducible 
to  a  single  force ;  it  follows,  therefore,  that  equation  (2)  ex- 
presses at  the  same  time  that  the  forces  p,  p^,  p'',  &c.,  have 
an  unique  resultant^  and  also  that  this  resultant  passes  through 
the  centre  of  moments,  consequently  this  equation  is  necessary 
and  sufficient  to  insure  an  equilibrium  of  the  lever,  of  which 
this  centre  is  the  prop.  The  resultant  r  which  is  obtained  by 
the  series  of  reductions  indicated  in  No.  45,  will  express  the 
pressure  or  load  which  the  lever  will  have  to  support ;  when 
it  vanishes,  the  forces  p,  p',  p'',  &c.,  will  be  in  equilibrio  in 
their  plane,  without  the  aid  of  this  fixed  point. 

49.  The  condition  of  equilibrium  in  the  lever  may  also 
be  expressed  by  an  equation  analogous  to  formula  (t)  of 
No.  39. 

For  example,  let  m,  m',  m'^  (fig.  18,)  be  the  points  of  ap- 
plication of  three  forces  p,  p',  p'',  which  act  on  the  lever  ecf 
in  the  directions  ma,  m'a',  m"a'',  comprised  in  its  plane.  Let 
the  lever  turn  by  an  infinitely  small  quantity  about  its  prop  c, 
in  such  a  manner  that  m,  m^  m^^  may  assume  the  positions 
wi,  m\  w".      By  the  definition  of  No.  39,  the  infinitely  small 
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arcs  Mm,  M'm\  M"m'\  which  may  be  assumed  to  be  ri|i^ht 
lines,  will  be  the  virtual  velocities  of  m^m^m",  the  poinu  of 
application  of  the  three  forces,  p,  p^,  f'\  Let  the  perpencliculan 
nut,  m'a'f  mV,  be  let  &11  from  m,  m'j  m'\  on  the  lines 
MA,  M^A^  m'V^  or  on  their  productions  ;  Ma  will  be  the  pro. 
jection  of  Mm  on  the  direction  of  the  force  p,  which  tends  to 
make  the  lever  turn  in  the  direction  of  rotation  that  ensues ; 
M'a'  and  m'W  will  be  the  projections  of  m'm^  and  m''bi"  on 
the  productions  of  the  two  other  forces  p'  and  v'^  which  tend 
to  make  the  lever  turn  in  the  opposite  direction.  On  this 
account,  the  first  of  these  projections  may  be  considered  as  a 
positive,  and  the  two  others  as  n^pUive  quantities.  Let 
these  three  quantities  be  denoted  by  «>,  ir^,  r'^  It  is  evi. 
dent,  in  virtue  of  the  prindple  of  virtual  velodties,  that  the 
sum  of  the  given  forces  multiplied  respectively  by  the  pro- 
jections, thus  defined,  of  the  virtual  velocities  of  their  pobts 
of  application,  vanishes  in  the  case  of  equilibrium ;  and  ooo* 
versely,  the  equilibrium  obtains  when  this  sum  is  cypher;  so 
that  the  equation  of  equilibrium  of  the  lever  is 

p^  +  pV+p'V'zsO;  (4) 

and,  in  fact,  it  is  easy  to  show  that  it  coincides  with  that 
which  has  been  deduce<l  from  the  consideration  of  moments. 

For  this  purpose,  let  Pyp\p'\  denote  the  perpendiculars 
C(;,  C(s^  C(t'',  let  fall  from  the  point  c  on  the  directions  of  tlie 
forces  r,  p',  p";  lot  r,  r',  c",  be  the  dL<tances  cm,  cm',  c'  m", 
of  thi'ir  |K)iiits  of  application  from  the  |>oint  c  ;  and  7,  7',  7", 
the  virtual  velocities  Mm,  M'm',  M'^m''.  As  the  infinitely  small 
arc  Mm  may  be  considere<l  as  coincident  with  its  tangent,  the 
triangles  Mma  and  cmg  have  their  sides  peqHrndicular  to  each 
other  and  are  similar,  hence  we  have 

Ma  :  Mm  : :  C(» :  cm  ; 
and  l>ocau!u.* 

M  /I  z:  ir,      M  W  z:  7,      (  li  z:  /i,      t  M  1=  r, 
He  obtain  trom  it 
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IT  ^  '  • 

c 
In  the  same  manner  we  shall  have 

w\  w^'j  being  by  hypothesis  negative  quantities.  Moreover, 
the  form  of  the  lever  being  supposed  invariable^  the  three 
arcs  Mfli,  M^fn\  m^Wj  described  in  the  same  time,  correspond 
to  the  same  angle,  and  if  they  be  divided  by  their  respective 
radu  CM,  c'u\  d'iA"j  we  shall  have  three  equal  ratios.  De- 
noting by  9,  the  common  magnitude  of  these  ratios,  there 
will  consequently  result 

and,  therefore, 

wzzpO,    ir'  =  -  j/e,     w"  =  -  p''0. 

Now,  if  these  values  be  substituted  in  equation  (4),  and  if 

0,  the  £Etctor  conmion  to  all  its  terms,  be  suppressed,  it  will 

become 

pp  —  p'p  —  v'^p"  zz  0 ; 

which  is  in  fact,  the  equation  of  equilibrium  that  we  have  been 
considering.  Conversely,  if  this  last  equation  be  multiplied 
by  0,  it  will  be  changed  into  equation  (4).  The  reasoning 
will  be  precisely  the  same,  whatever  be  the  number  of  given 
forces  p,  p',  p'^  &c.,  and  the  direction  in  which  they  tend  to 
make  the  lever  to  turn. 


CHAPTER  III. 

OF  TUB  COMPOSITION  AND  EQUILIBRIUM  OF  PARALLBL 

FORCES. 

50.  It  appears  from  No.  43,  that  the  conpoiitioii  of  pa» 
rallel  forces  may  be  deduced  from  the  rule  of  the  pttrmlMo* 
gram  of  forces,  by  considering  the  point  of  applieation  at  aa  . 
infinite  distance,  but  by  means  of  this  same  rule,  we  may  abo 
obtain  the  resultant  of  two  parallel  forces,  by  another  way 
which  it  will  be  useful  to  know. 

Let  p  and  q  be  the  two  components  acting  at  the  pobts 
B  and  F  of  the  inflexible  line  bf,  along  the  parallel  directions 
EA  and  FB,  either  in  the  same  direction  as  is  represented  in 
(fig.  19),  or  in  opposite  directions  as  in  (fig.  20).  No  change 
will  be  produccil  in  this  system  of  forces,  by  applying  to  the 
extremities  of  this  line,  equal  forces  respectively  denoted  by 
s  and  acting  in  opposite  directions,  along  its  productions, 
EC  and  FD.  Let  the  force  p',  which  is  suppose<l  to  act  in 
the  direction  of  ea',  that  is  comprise<l  within  the  angle  abc> 
he  the  resultant  of  the  forces  p  and  s  applied  to  the  point 
E ;  in  like  manner,  let  the  force  q'  acting  in  the  direction 
of  the  line  fu',  whieh  is  comprisetl  within  the  angle  bfd«  be 
the  resultant  of  the  forct»s  g  and  s,  then  if  the  case  of  No.  44, 
in  whieh  the  given  forces  p  and  q  are  c<jual  and  act  in  oppo> 
site  directions,  be  exeopte<l,  the  two  lines  ea'  and  FB'  will  not 
1k»  pandlel.  Consequently,  if  K  their  |>oint  of  intersection  be 
sup|H>HO(i  to  1h'  invariably  attached  to  the  line  EF,  it  may  he 
iLHHUtned  a>  the  common  p<»int  of  application  of  the  two  forcr* 
p' and  u'  (No.  11).  'I  hroii^h  x\n>  jHiint  K,  let  the  liiu**  iV 
and  Kir  )k  ilraun   {wiralK-l  tt>  the  line  i:i  and  to  the  <lirectk»B 
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of  the  forces  p  and  q,  and  if  then  each  of  the  forces  p'  and  q' 
be  decomposed  in  the  direction  of  these  parallels,  it  is  evident 
that  we  shall  find  again  the  components  s  and  p  directed  along 
KB^  and  KH,  and  the  components  s  and  q  directed  along  kf^ 
and  KH  (fig.  19),  or  along  kf^  and  kh^  (fig.  20).  Therefore, 
we  shall  have  the  same  four  forces  as  before,  but  all  applied  to 
the  same  point  k.  And  if  the  two  forces  s  be  suppressed, 
there  will  remain  the  two  forces  p  and  q  acting  in  the  direction 
of  the  same  line  kh  in  the  case  of  fig.  19,  or  along  this  line 
and  its  production  ku^  in  the  case  of  fig.  20,  in  which  it  is 
supposed  that  q  is  the  greater  of  the  two  given  forces.  Hence, 
the  resultant  of  these  two  forces  will  be  parallel  to  them ;  and 
if  it  be  denoted  by  r,  we  shall  have 

R  :=  Q  dt  p, 

according  as  they  act  in  the  same  or  in  opposite  directions. 
In  order  to  determine  the  point  o,  where  its  direction  cuts  the 
line  bf  or  its  production,  let  b'  and  f^  be  the  intersections  of 
the  lines  as  and  bf  with  the  line  e'f^;  then  the  two  quadri- 
laterals be'ko,  ff^ko  will  be  parallelograms,  and  if  their 
diagonals  eb  and  kf  be  taken  to  represent  the  resultants  p^ 
and  Q^,  we  shall  have 

s :  p  : :  EG  :  kg, 
s :  Q  : :  FG  :  kg, 

for  the  ratios  of  the  components.     Hence  we  infer 

p:  q:  :  fg:  eg; 

by  means  of  which  the  position  of  the  point  g,  which  may  be 
assumed  as  the  point  of  application  of  the  resultant  r,  can  be 
determined.     We  can  likewise  infer 

p:  Q  ±  p  : :  FG  :  ef; 

Q  :  Q  dz  p:  :  bg:ef; 

in  which  the  superior  signs  refer  to  figure  19,  ajid  the  inferior 

L 
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signs  to  figure  20 ;  therefore,  if  the  preceding  value  of  r  l>e 
taken  into  account,  we  shall  have  in  the  two  cases, 

p:  q:  R  ::  fo:bo:bf; 

which  shows  that  each  of  the  three  forces  is  proportional  to 
the  distance  comprised  between  the  points  of  applicalion  of 
the  two  others. 

This  proportion,  and  consequently  the  poution  of  the 
point  Oy  are  independent  of  the  angle  at  which  the  diiecckws 
of  the  given  forces  are  cut  by  the  line  bp,  which  may  be  aay 
line  whose  extremities  terminate  at  these  two  directioiis. 

5 1 .  We  can  now  resolve,  without  any  diflEculty,  all  qnertkw 
which  may  be  proposc<l  on  the  composition  of  two  parmUd 
forces  into  one,  and  on  the  decomposition  of  a  force  into  two 
others  parallel  to  it.  However,  we  will  not  enter  into  any 
details  on  this  subject ;  neither  will  we  hereafter  revert  to 
the  particular  case  of  forces  which  are  equal,  but  not  directly 
opiK)sed  to  each  other,  wliich  has  been  excluded  from  the  pi^ 
ceding  demonstration,  since  it  has  been  sufficiently  examined 
in  No.  44.  We  proceed,  therefore,  to  consider  any  number 
whatever  of  parallel  forces,  of  which  one  part  acts  in  one 
direction,  and  tho  other  part  in  the  op|>osite  direction,  and 
which,  while  they  may  or  may  not  exist  in  the  same  plane, 
are  8up|><)HiMl  to  be  applied  to  points  connecte<l  together  in  an 
invariable  manner,  as  for  example,  to  different  points  of  the 
same  solid  IknIv. 

The  magnitude  and  i>osition  in  s|)ace  of  the  resultant  of 
uU  the  (i^iven  forci^s,  will  |»e  ohtaine«l  by  c^omjxmnding  two  of 
tliene  forces  into  a  single  (»ne,  then  thin  la^nt  and  a  third  into  a 
single  one,  and  so  on,  until  all  the  f(»rces  are  exhausted*  pr^ 
vided  that  the  two  lixsi  forces  wliich  are  c(Hi*«idered,  do  notUl 
under  the  eaM>  t»f  exception  of  No.  44.  This  resultant  will  be 
evidently  parallel  to  the  eommon  direi*tion  of  the  com|H>nents: 
moreover,  it  will  Iv  ecjual  to  the  *ium  of  thi>M.*  whieh  act  in 
one  direction,   imnN.*  the  duni  of  thoM;  \^hich  aet  in  the  i*|^l^»^ 
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Site  direction,  and  it  will  act  in  the  direction  of  the  greater 
sum.  If,  therefore,  the  first  be  considered  as  positive,  and 
the  other  as  negative  quantities  (No.  1 1),  and  if  they  be  repre- 
sented by  p,  p',  p",  &c.,  and  their  resultant  by  r,  we  shall  have 
always 

r=:p+p'+p"+&c. 

52.  U  while  the  given  forces  are  made  to  turn  about  their 
points  of  application,  their  parallelism  continues,  the  result- 
ant of  these  forces  will  also  turn  about  one  of  the  points  of  its 
direction ;  for  its  point  of  application,  which  is  found  by  com- 
pounding the  given  forces  one  after  another,  in  the  manner 
already  pointed  out,  does  not  at  all  depend  on  the  common 
direction  of  these  forces,  and  consequently,  it  remains  the  same, 
when  this  direction  changes.  Thus,  for  example,  let  us  sup- 
pose that  the  given  forces  are  three  in  number,  namely  p,  p',  p^\ 
acting  in  the  direction  of  the  lines  ma,  m^a',  m^'a'^,  (fig.  21.) 
Firsty  let  nb  be  the  direction  of  the  resultant  of  p  and  p^, 
which  resultant  will  be  equal  to  p  +  p';  let  then  n'b'  be  the 
direction  of  the  resultant  of  p  +  p'  and  p'';  this  last  force  p" 
being  supposed  in  the  figure  to  act  in  the  opposite  direction 
from  p  and  p',  and  to  be  greater  than  their  sum.  If  now  the 
three  forces  p,  p',  p'',  be  supposed  to  turn  about  the  points 
M,  m^m",  retaining  their  parallelism  and  the  relative  direction  in 
which  they  act,  and  if  Ma,  M'a^  M^'a'',  be  their  new  directions ; 
In  this  new  state,  the  resultant  of  the  forces  p  and  p'  will  meet 
the  line  mm'  at  the  same  point  n  as  before,  since  the  position 
of  this  point  depends  solely  on  the  ratio  of  the  components, 
and  not  at  all  on  the  angle  which  the  line  mm'  makes  with 
their  directions  (No.  50),  it  will  now  be  directed  along  the  line 
sb  parallel  to  Ma,  and  M'a',  and  it  will  be  still  equal  to  p+p'. 
For  the  same  reason,  the  resultant  of  p  +  p'  and  p''  will  meet 
the  production  of  the  line  mm'  in  n'  the  same  point  as  before, 
and  it  will  act  in  the  direction  of  the  lino  n7/  parallel  to  n^; 
consequently,  while  the  tlurec  forces  p,  p',  v'\  turn  about  their 


76  OF  TUB  COMPOSITION  AMD 

points  of  application  m,  m',  m'^,  their  resultant  will  also  turn 
about  the  same  point  n^ 

53.  The  centre  of  parallel  Jbrces  is  termed  the  poinl  id 
which  all  the  successive  directions  of  the  resultant  tnCenect* 
when  its  components  revolve  about  their  points  of  applioatioiiy 
which  are  supposed  to  be  invariable. 

We  shall  see  in  the  sequel,  of  what  importance  the  con- 
sideration of  the  centre  of  parallel  forces,  is,  espedally  in  all 
questions  respecting  the  equilibrium  and  motions  of  hmrj 
bodies.  We  can  already  perceive,  that  if  a  solid  body  it  toB* 
cited  by  any  parallel  forces  whatever,  and  if  the  centie  of 
these  forces  is  determined  and  supposed  fixed,  the  eqvi- 
librium  will  obtain  in  all  positions  which  the  body  can  mmmm 
about  this  point,  provided  that  the  given  forces  continne 
always  parallel  and  applied  to  the  same  points  of  tUs  body ; 
for  then  their  resultant  will  constantly  pass  throogh  the  fixed 
point,  which  is  sufficient  in  order  that  it  may  be  destroyed* 

The  rectangular  coordinates  of  the  centre  of  parmlld  fiifcei 
depend,  as  we  now  proceed  to  shew,  on  the  products  cf 
these  forces  multiplied  by  the  coordinates  of  their  points  cf 
application.  As  these  products  occur  in  a  great  nnmber  cf 
cases,  a  |)articular  denomination  has  been  g^ven  to  them ;  ths 
proiluct  of  a  force  into  its  distance  from  a  plane,  is  termed  iJke 
moment  of  the  force  tcith  respect  to  this  plane.  Thai,  f 
l)ein|2^  the  intensity  of  a  force  applie<l  to  a  point  of  which  ths 
coordinates  are  x,  y,  *,  the  prcxlucts  vz^vy^vx^  will  be  the 
moments  with  respect  to  the  planes  of  the  axes  of  x  and  jr,  of 
the  axes  of  j:  and  Sy  and  of  the  axi*s  of  y  and  x.  In  genersl, 
this  s|>eeii*i^  of  moments  has  notliing  in  common  with  mo> 
nients  whieh  refer  to  a  i>oint,  and  which  have  been  defined 
in  Ni>.  42.  ThiiH?  de|HMMl  u|>on  the  tlirection  of  the  fioffte, 
anil  lire  inde|H'n(leiit  of  \is  |M>int  of  application ;  on  the  coo> 
trary,  monientN  uith  rrs|Kct  to  a  plane  (ie|H'ntl  on  the  posalion 
of  the  point  of  ap|)lioatIt»ii  ot'  the  torcv,  and  are  inde|iendfnt 
n{\\<  <lirecticn'       'I'hr*««    I.i>t   .ir^  only  niaHe  usf  t»|  in  the 
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of  parallel  forces ;  so  that  they  may  be  either  positive  or  ne- 
gative, according  to  the  sign  of  the  force  and  of  the  coordi- 
nates of  the  point  at  which  it  is  applied. 

64.  Let  M,  m',  m'',  &c.  (fig.  22),  be  the  points  of  applica- 
tion of  the  parallel  forces  p,  p',  p'',  &c.,  of  which  it  will  be 
unnecessary  to  indicate  the  directions.  Let  the  three  rectan- 
gular axes  oar,  oy,  o;ar,  drawn  arbitrarily,  be  the  axes  of  the 
coordinates ;  let  x,  y,  jr,  be  the  coordinates  of  m,  a/f  j^,  x\ 
those  of  m',  ap",  y*\  m'\  those  of  m'',  &c.  ;  and  let  these  coor- 
dinates and  forces  be  supposed  to  be  ^ven  quantities,  which 
may  be  other  positive  or  negative.  Likewise,  let  q,  q^,  q!'^ 
&c.,  be  the  projections  of  the  points  m,  m',  m^,  &c.,  on  the 
plane  of  the  axes  of  x  and  y ;  so  that  we  may  have 

MQ  =  Zj     M  V  =  2/,     m"q''  =:  ssf\  &c. 

Finally,  let  x^y^jZu  represent  the  three  coordinates  of 
the  centre  of  parallel  forces,  of  which  it  is  required  to  find 
the  values. 

p  4-  ^^j  which  18  equal  to  the  resultant  of  the  two  forces 
p  and  p'  will  meet  at  the  point  n,  the  line  mm%  or  its  pro- 
duction, according  as  these  two  forces  have  the  same  or  op- 
podte  ngns,  but  in  each  case  we  shall  have 

p' :  p  4-  p' : :  MN  :  mm'.' 

Let  K  be  the  projection  of  n  on  the  plane  of  the  axes  of 
X  and  y.  Through  the  point  m,  let  mgh  be  drawn  parallel  to 
the  line  qkq^  meeting  the  lines  nk  and  mV  at  the  points  g 
and  H,  so  that  we  may  have 

MG  z:  GK  =  hq'; 
we  shall  also  have 

MN :  mm'  : :  ng  :  m'h  ; 

and  from  this  proportion,  combined  with  the  preceding,  we 
obtain(a) 

(P  +  P').NG  =  p'm'iI. 

If  to  this  equation,  wc  add  the  identical  equation 
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(p  -f  pO  oE  z:  p  MQ  4-  p'hq'; 
there  will  result 

(p  +  O  NK  =  pz  +  p'jr'. 

The  resultant  of  the  two  forces  p  -4-  p^  and  p*  will  meet  in 
a  point  N^  either  the  line  nm'',  or  its  producdon,  accordinf( 
as  these  two  forces  have  the  same  or  contrary  sigiis ;  and  if  k' 
be  the  projection  of  v^  on  the  plane  of  the  axes  of  x  and  y,  we 
shall  find,  as  in  the  preceding  case, 

(?  +  j/+v^)  nV=  (p  +  p*)  ne  +  v^z'; 

consequently  we  shall  have 

(p  +  p'+  p*^  nV=  rz  +  p'z'^  v^z'. 

In  this  manner  we  can  continue,  until  all  the  given  forces 
p,  p',  p'^  &c.,  arc  exhausted,  and  if  a  is  their  total  resultant, 
we  shall  have  finally 

HZ,  =  pz  +  pV  +  v"z"  -f  &c« 

Figure  22  supposes  that  all  the  points  m,  u\  u'\  &Ct  y,  %\ 
&c.,  are  situated  on  the  same  side  of  the  plane  of  the  axes  of 
X  and  y,  or  that  their  ordinates  parallel  to  the  axis  of  r,  have 
all  the  same  sig^  ;  but  it  is  easy  to  perci*ive,  that  if  the  pre^ 
ceding  equation  i»  true  in  this  case,  it  will  be  also  true  wbcs 
these  ordinates  are  partly  positive  and  partly  negative.  In  fiKi, 
if  the  plane  of  the  axes  of  x  and  y  l)e  transferred  parmllel  to 
iUk.4f,  to  any  distance  A  from  its  primitive  position,  and  if 
z,  z\  z'\  &c.,  be  the  coordinates  of  m,  m%  m'',  &c.,  and  X|  thai 
of  the  centre  of  parallel  forces  relatively  to  this  new  fJaae,  so 
that  we  may  have 

z,=:ri-  A,  2  =  r  -  A,  2'=  r'- A,  7/  =:  c'— A,  Ac.; 
and  if  from  the  pa»ce<ling  equation  the  identical  one 

kA  =  pA  4.  p  A  4.  r  A  4.  &c., 
be  subductctly  tlicre  uill  result 

u/,  =  rz  4.  p'z'  4.  p"z  '  4.  &c. ; 
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in  whidi  equation  the  ordinates  z,  z'^  z"^  &c.,  may  be  either 
positive  or  ii^;ative. 

It  appears^  therefore,  that  in  all  cases,  the  moment  of  the 
rwoltant  of  any  number  of  parallel  forces  with  respect  to  a 
plane  arbitrarily  selected,  is  equal  to  the  sum  of  the  moments 
of  these  forces,  with  respect  to  the  same  plane. 

55.  If  the  moments  with  respect  to  the  three  planes  of  the 
coordinates,  be  taken  successively,  we  shall  have  by  the  pre- 
ceding notations, 

RJ?,  =  px  +  p  V  +  p' V  +  &c., 

Byi  =  py  +  py  +  pV'+  &c.,  >    (!) 

RZi  =  pz  +  v'z'  +  v'*z"  +  &c. ; 
and  since 

R  =  p  +  p'+p''+&c.,  (2) 

the  three  coordinates  of  the  centre  of  parallel  forces  will  be 
completely  determined.  If  through  this  point  a  line  be  drawn 
parallel  to  the  given  forces,  in  the  direction  of  the  sign  indi- 
cated by  R,  the  direction  of  the  resultant  will  be  obtained. 
These  four  equations  embrace,  in  the  most  general  manner, 
the  theory  of  parallel  forces. 

The  sum  of  the  moments  of  the  forces  is  zero,  with  respect 
to  every  plane  passing  through  the  centre  of  parallel  forces ; 
for,  if  this  plane  be  assumed  to  be  that  of  the  axes  of  x  and  y, 
it  is  necessary  that  we  should  have  Zy  •=.  0,  and  consequently 

vz  -h  v'z'  4-  v"z*'  +  &c.  =  0, 

In  the  particular  case  in  which  p,  p^  v"^  &c.,  are  reduced 
to  two  equal  forces  acting  in  opposite  directions,  their  sum 
a  r=  Oy  hence  the  values  of  ^i » ^i ,  ;(ri ,  will  be  infinite.  Con- 
iequently,  the  centre  of  parallel  forces  is  at  an  infinite  distance, 
or  rather  it  does  not  exist  at  all,  no  more  than  the  resultant. 

56.  When  all  the  points  of  application  m,  m^  m'',  &c.,  of 
the  g^ven  forces  are  situated  in  the  same  plane,  it  is  evident, 
from  the  nature  of  the  centre  of  parallel  forces  (No.  52),  that 
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this  centre,  if  it  exists,  must  also  lie  in  thb  plane,  Ihia  la  ia 
fiAct  what  may  be  inferred  from  equations  (1)  and  (2). 

Let  a,  by  e,  be  three  given  constants,  in  this  case  we  shall 
have 

z  =  ax  +  *y  +  ^f 

y=  ox'  +  fry'+e, 

&c. 

If  these  values  of  Zy  z\  z*'y  &c.,  be  substituted  in  the  third 
equation  (I),  it  becomes 

HZ,  =  (px  +  p'x'+  P'V  +  &c*)  a 

+  iyy  +  py  +  pV  +  &c)  a 

4.(P  +  P'4.p'^4.&c.)e. 

By  means  of  the  two  other  equations  (1),  and  of  equatiaa 
(2),  the  coefficients  of  a^^^r,  may  be  replaced  by  bjti,  Bfi,  a; 
and  if  then,  the  common  factor  a  be  suppressed,  lliere  mwlts 

Ci  zi  ax,  +  feyi  +  c  ; 

from  which  it  appears  that  the  centre  of  parallel  forces  erats 
in  the  same  plane  as  the  points  m,  m',  m",  &c. 

This  contre  may  bo  likewise  found,  when  all  these  points 
exist  on  tlic  same  right  line,  and  then  the  first  of  equations  (1) 
suffices  to  enal)le  as  to  determine  its  |)osition,  provided  thai 
this  line  be  assumed  to  be  the  axis  of  x.  Moreover,  if  the 
forces  p,  p',  p'',  &c.,  are  perpendicular  to  this  line,  the  mooMfits 
which  have  been  considered  at  page  76,  are  the  same  with 
those  which  refer  to  a  point  o,  the  origin  of  the  absctw  s% 
and  the  first  equation  (1)  coincides  with  equation  (I)  of  No. 
47.  In  fact,  it  is  easy  to  perceive,  that  among  the  givca 
force*  p,  p',  p",  &c.,  those  which  tend  to  produce  a  revolulioA 
alM>ut  the  |>oiiit  o,  in  the  same  direction  as  the  resultant  a,  ut 
all  t'orct^s  of  which  the  sign  is  the  same  as  that  of  their  dis- 
tances X, x\  x\  &;c.,  from  this  {)oint,  and  tluit  those  which 
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tend  to  produce  a  revolution  in  the  opposite  direction,  are 
forces  of  which  the  sign  is  contrary  to  that  of  these  same  dis- 
tances ;  consequently,  the  moments  of  the  first  must  be  added, 
and  those  of  the  second  subtracted,  agreeably  to  what  has 
been  stated  in  the  number  abeady  cited. 

57.  The  equations  of  equilibrium  of  the  parallel  forces 
p,  P',  v"^  &c.,  may  be  easily  deduced  from  the  theorem  which 
has  been  just  established. 

If  there  is  no  fixed  point  in  the  system,  it  is  necessary,  in 
order  to  an  equilibrium,  that,  if  one  of  these  forces  be  ab- 
stracted, for  example  the  force  p,  r'  the  resultant  of  all  the 
others  should  be  equal  and  directly  opposed  to  p.  Since  then 
the  forces  p  and  r'  are  equal  and  directly  opposed  to  each 
other,  they  must  be  equal  and  affected  with  contrary  signs,  or 
in  other  words,  we  must  have  p  -|~  r'=:  0.  But  r'  is  the  sum 
of  the  components  p',  p'^,  &c.,  it  therefore  follows,  that 

p  +  p'+p"+&c.  =  0,  (a) 

which  is  the  first  equation  of  equilibrium.  In  order  to  express 
besides,  that  the  forces  p  and  r'  are  directly  opposed  to  each 
other,  let  a,  /3,  7,  be  the  three  coordinates  of  the  centre  of 
parallel  forces  p',  p",  &c.,  30  that  we  may  have 

R'a  =  pV+p'V'-h&c., 
R'^=py+pY'+&c., 
R7  =  pV+pV+&c.; 

then  this  centre  being  the  point  of  application  of  their  result- 
ant R^  it  is  necessary  that  it  should  lie  on  the  direction  of  the 
8woe  p,  in  order  that  r'  may  be  directly  opposed  to  this  force, 
or,  which  comes  to  the  same  thing,  this  centre  and  m  the  point 
of  application  of  the  force  p  should  exist  on  the  same  line 
parallel  to  the  common  direction  of  the  given  forces.  If 
therefore,  for  greater  simplicity,  the  plane  of  x  and  y  be  as- 
sumed perpendicular  to  this  direction,  it  is  necessary  that  these 
two  points  should  exist  on  the  same  perpendicular  to  this 

M 
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plane,  they  will  then  have  the  same  projection  on  this  phuM; 
consequently,  their  coordinates  parallel  to  the  axes  of  x  and  | 
will  be  the  same,  so  that  we  shall  have 

hence,  if  x  and  y  be  substituted  in  place  of  a  and  ^  in  the 
first  two  of  the  preceding  equations,  there  results,  becauie 
r'  =:  —  p, 

px  -f  p'x'  +  p"x''  +  &c-  =:  0, 


1 


py  +  py  +  PV+&c.  =  0;  '       ^' 

which  equations  indicate  that  the  sum  of  the  moments  of  ill 
the  forces  p,  p',  p",  &c.,  is  cypher,  relatively  to  the  planet  cf 
the  axes  of  x  and  z,  and  of  the  axes  of  y  and  r,  parallel  to  their 
direction. 

Thus  it  appears,  that  in  order  to  an  equilibrium  of  thcM 
forces,  it  is  necessary  that  equations  (a)  and  (b)  shoaU  ob> 
tain  simultaneously.  Conversely,  when  these  three  eqnalioai 
are  satisfied,  the  equilibrium  has  place ;  for  we  shall  have,  in 
virtue  of  these  equations, 

r'  =  —  P,     R'a  =  —  PX,     r'/3  zt  —  py, 

and,  consequently, 

a  =  X,     0  =  y ; 

so  that  this  resultant  will  be  equal,  and  directly  contrary  to 
the  force  p  which  has  been  omitted.  It  is  not  necci^aarv.  in  the 
precetiing  proof,  that  the  two  planes  relntively  to  which  the  son 
of  the  moments  of  the  given  forces  is  zero,  should  be  perpcn* 
dicular  the  one  to  the  other ;  it  h  suOiciont  if  they  are  paralU 
to  the  direction  uf  these  ftirci's,  and  it  is  eaisy  to  percetrev  thai 
if  thin  condition  is  KatiHfiiHi  with  rcH|)cct  to  two  planei^i) 
paniUi'l  t4i  tliiH  direction,  it  will  Ik*  cH^uully  so  wiih  rv»peci  to 
all  others. 

llcniv  uc  may  imVr,  that  in  order  to  the  equilibrium  of  a 
•»> Hteni  of  jKiralul  torce^  applitnl  to  a  lolid  boily  entirely  ffrf» 
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it  is  necessary  and  it  suffices — first,  that  the  sum  of  these  forces 
be  equal  to  zero  ;  secondly,  that  the  sum  of  their  moments  be 
nothing,  with  respect  to  any  two  planes  parallel  to  their  com- 
mon direction.  When  all  the  forces  exist  in  the  same  plane, 
this  second  condition  will  be  already  satisfied  with  respect  to 
this  plane,  and  it  suffices  that  it  be  so  likewise  with  respect  to 
some  one  other  plane. 

58.  If  one  of  the  points  of  this  solid  body  is  supposed  to 
be  fixed,  it  will  suffice  for  the  equilibrium  of  parallel  forces, 
that  the  sum  of  their  moments  should  be  cypher  with  respect 
to  two  planes  passing  through  this  point  and  parallel  to  their 
direction,  and  it  will  be  no  longer  necessary  that  their  result- 
ant should  be  equal  to  cypher ;  for  then  the  distances  of  this 
resultant  fix)m  these  two  parallel  planes  will  be  cypher,  it  will 
therefore  coincide  with  their  intersection,  and  be  destroyed  by 
the  resistance  of  the  fixed  point(c). 

When  this  point  is  the  centre  of  parallel  forces,  the  sum  of 
the  moments  will  be  zero  with  respect  to  all  planes  passing 
through  this  point ;  consequently  the  given  forces  constitute 
an  equilibrium,  whatever  be  their  common  direction,  which  we 
already  know  firom  other  considerations  (No.  53). 

If  the  solid  body  is  retained  by  a  fixed  axis,  about  which 
it  has  solely  liberty  to  turn,  it  will  suffice,  in  order  to  the  equi- 
librium of  parallel  forces  applied  to  its  difierent  points,  that 
the  sum  of  their  moments  should  be  zero,  relatively  to  the 
plane  drawn  through  this  axis  parallel  to  their  direction  ;  for 
as  then  their  resultant  lies  in  this  plane,  it  will  meet  the 
fixed  axis,  and  must  be  destroyed  by  its  resistance.  When  the 
fixed  axis  is  itself  parallel  to  the  given  forces,  the  plane  in 
question  is  indeterminate ;  consequently  the  condition  of  equi- 
librium does  not  obtidn,  which  indeed,  it  is  evident  of  itself, 
must  be  the  case,  since  the  forces,  which  are  all  parallel  to  a 
fixed  axis,  cannot  cause  a  solid  body  to  turn  about  this  line,  so 
that  in  this  case  the  equilibrium  obtains  independently  of  their 
intensities,  and  of  their  distances  from  this  axis. 


CHAPTER  IV. 

GBNBRAL  CONSIDERATIONS  RBSPBCTINO  BBAVT   BODIES  AND 

CENTRES  OF  GRAVITY. 

59.  The  force  which  precipitates  bodies  to  the  snrfiMe  of 
the  earth  when  they  arc  let  to  descend,  is  termed  indifferaillj 
gravity  or  weight.  It  acts  on  all  material  points,  in  diiectioQi 
perpendicular  to  this  surface,  or  in  the  direction  of  rtrtital 
lines.  The  directions  of  gravity  in  different  places  of  the 
earth,  must  therefore,  when  produced,  converge  towards  iu 
centre,  because  its  form  is  nearly  spherical ;  but  considering 
the  magnitude  of  the  radius  of  the  earth,  relatively  to  the 
dimensions  of  those  bodies,  which  arc  generally  considered, 
we  may,  without  sensible  error,  assume  that  for  all  the  ma* 
terial  |>oints  of  the  same  body,  granty  acts  in  parmllel  di* 
rcctions. 

Direct  ex|)erimont  proves,  that  the  intensity  of  thi«  force 
at  the  surface  of  tlie  earth  varies  with  the  latitude  ;  and  that 
in  the  same  vertical,  it  likewise  varies  with  the  eUratiam 
a)>ove  this  surface.  Hut  it  is  necessary  that  the  changes  of 
height  and  latitudo  should  be  very  considerable,  in  order  tliat 
these  variations  may  become  sensible,  and  they  are  eTidcntly 
not  so,  in  the  extent  of  a  body  of  onlinarj'  dimensions. 

60.  It  follows  from  this  that  the  resultant  of  the  parallel 
forces,  that  act  on  all  the  |M)ints  of  a  heavy  body,  (whidi 
forcHH)  art*  infinite  in  iiumbtT,)  is  independent  of  its  fomi;  this 
resultant  is  what  in  termi^d  the  weight  of  the  body.  In  Aomo- 
gtneuua  XkhWk^^  the  woight  is  evidently  proportional  to  ikr 
volume ;  but  daily  experience  shows,  that  bodies  of  diflmnt 
natures  have  not  the  same  weight  under  the  same  rob 
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this  may  either  arise  from  this,  that  the  attraction  of  the 
earth,  which  is  the  principal  cause  of  gravity,  as  will  appear 
in*  the  sequel,  depends  on  the  nature  of  the  material  points  on 
which  it  acts,  or  from  the  circumstance  that  heterogeneous 
bodies  contain,  under  equal  volumes,  different  quantities  of 
material  points  which  are  equally  heavy.  We  will  explain  in 
another  chapter,  how  philosophers  have  inferred  from  the  ob- 
served motion  of  heavy  bodies,  that  it  is  the  second  of  these 
cases  which  obtains  in  nature. 

It  results  from  this,  that  the  weight  of  any  body  is  in  a 
ratio  compounded  of  its  mass  and  of  the  intensity  of  gravity 
in  the  place  where  it  is  situated.  Hence,  if  we  denote  this 
wdght  by  p,  the  mass  by  m,  and  the  measure  of  gravity  by  g^ 
we  have 

This  quantity  ^,  which  is  independent  of  the  particular 
nature  of  each  body,  is  thus  the  weight  of  what  has  been 
arbitrarily  assumed  to  represent  the  unit  of  mass.  In  the  sequel 
it  will  appear  how  its  value  has  been  determined  in  different 
points  of  the  earth,  by  means  of  the  motion  of  bodies  sub- 
jected to  the  sole  action  of  gravity.    We  may  likewise  write 

p  =  irv, 

tr  denoting  the  weight  of  the  body,  which  represents  the  unit 
of  volume,  and  v  its  volume.  The  weight  w  is  what  is  termed 
the  specific  gravity  of  the  body  that  is  considered,  a  denomi- 
nation which  is  evidently  improper,  for  gravity  is  common  to 
all  bodies  of  different  species,  and  therefore,  there  ought  to  be 
substituted  for  it,  the  denomination  specific  weight. 

FinaUy,  if  d  represents  the  mass,  imder  the  unit  of  volume 
of  the  body  which  is  considered,  d  will  be  what  is  termed  the 
density  of  this  body,  and  we  shall  have 

M  =  DV,      P  =  gDY. 

The  preceding  are  the  equations  which  obtain  between  the^ 
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five  quantities,  p,  g^  m,  d,  v,  each  of  which  fthoold  be 
numerically,  by  referring  it  to  a  unit  of  its  spedea. 

6 1 .  The  gramme^  or  unit  of  weight,  is  that  of  a  cube  of 
distilled  water,  of  which  one  side  ii  a  centimetie,  taken  at  ill 
greatest  density;  which  we  know  has  place  at  about  the 
temperature  of  4®  of  the  centigrade  thennometer.  This  weight 
varies  with  the  latitude  and  elevation  of  the  place,  in  wUch  it 
exists ;  however  as  the  weights  of  odier  bodies,  wfaick  it  ii 
made  use  of  to  ascertain,  vary  exactly  in  the  tame  ratia,  it 
follows  that  the  weight  of  any  body  expresaed  in  g'lMifi^  is 
every  where  the  same,  and  that  there  is  no  occaaion  to  apedfy 
in  what  latitude,  or  at  what  elevation  it  has  been  deteraynedL 
According  to  the  experiments  of  M.  Hallstrom,  the  weight  af 
a  cube  of  distilled  water,  of  which  one  side  is  a  centiflMtie»  at 
the  temperature  zero,  is 

0«~,  9998918. 

The  density  of  distilled  water  at  this  last  temperatim,  ii 
most  commonly  assumed  as  the  unit  of  density.  Tlie  denshics 
of  a  great  numl>er  of  substances  have  been  determined  bj 
experiment,  and  exprcssc<l  in  numbers  by  means  of  thb  oait 
Thus,  for  example,  the  density  of  mercury  at  this  same  toa* 
perature  in, 

13,5975, 

aiul  it  increases  or  diminishes  by 

1 
5550' 

for  each  degree  of  increase  or  diminution  of  the  teapcrature. 
Hie  density  of  air,  taken  also  at  that  of  melting  ice,  and  when 
the  barometrieal  pri»ssurt>  is  7*>  ccntimetn?s  at  the  obacrratory 
of  PariH,  U  found  to  be  equal  to 

I 
7*i9,l' 
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and  br  each  variation  of  a  degree  in  the  temperature,  it  varies 

in  a  contrary  sense,  by 

0,00375, 

like  that  of  every  other  gas. 

As  the  wdgfat  of  a  column  of  mercury  which  expresses  the 
barometrical  pressure,  varies  with  the  latitude  and  elevation 
above  the  sorfiice  of  the  earth,  the  density  of  the  air,  sub- 
jected to  a  pressure  of  a  given  height,  varies  at  the  same 
time.  It  is  on  this  account,  that  it  is  not  sufficient  merely  to 
assign  this  height,  it  is  likewise  necessary  to  specify  in  what 
place  the  observation  has  been  made.  The  ratio  of  the 
d^iaily  of  mercury  to  that  of  air,  corresponding  to  the  pre* 

ceding  nombers,  is 

10462. 

Whenever  a  phenomenon,  such  as,  for  example,  caloric,  can 
be  ascribed  to  a  material  substance,  this  substance  must  be 
acted  on  by  gravity,  and  the  expression  imponderable  should 
lefier  solely  to  matter  of  which  the  density  is  so  feeble  as  to 
elude  all  our  means  of  investigation  ;  so  that  its  presence  does 
not  increase  in  an  appreciable  manner  either  the  weight  or 
wmm  of  the  body  of  which  it  constitutes  a  part,  however  con- 
siderable the  quantities  of  it  are,  that  may  be  supposed  to 
exist  in  the  body. 

62.  As  weights  are  forces  with  which  we  are  most  fiamiliari 
and  of  which  the  relative  values  may  be  determined  by  means 
of  the  balance,  with  the  greatest  precision  and  facility,  it  is 
natural  for  us  to  make  use  of  them,  in  comparing  forces  of 
diflkrent  natures.  Thus,  when  the  muscular  force  of  an 
animal,  or  any  other  force,  acts  on  a  body  by  the  intervention 
of  a  chord  attached  to  its  surface,  we  can  always  conceive 
that  this  force  is  equivalent  to  a  certain  determinate  weight, 
or  we  can  even,  without  changing  its  direction,  substitute  for 
its  action,  that  of  this  weight,  by  suspending  it  at  the  extre- 
mity of  the  chord,  this  chord  having  been  previously  made  to 
pass  over  a  fixed  pulley  properly  placed. 

The  weight  furnishes  us  with  the  most  commoilious  measure 
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of  the  mass ;  in  fact,  without  the  aid  of  g^Tity  it  wodU  be 
extremely  difficult  to  detennine  the  ratio  of  the  inaMfi  of  two 
bodies.  It  will  appear  in  the  sequel,  that  this  mgamre  wmj 
also  be  strictly  inferred  from  the  mutual  collitioii  of  two 
bodies ;  but  it  is  much  simpler  to  substitute  for  the  rmdo  of 
the  masses,  that  of  the  weights,  to  which  it  is  equal  in  every 
part  of  the  earth,  in  virtue  of  the  equation  p  =  gu.  Ncrer- 
theless,  as  the  weight  is  only  a  secondary  property  of  bodies 
which  may  be  rendered  altogether  insensible,  by  timnsllerTiag 
them  to  a  sufficiently  g^reat  distance  from  the  earthy  wiilwai 
any  change  whatever  taking  place  in  the  masaen,  we  sliovld 
be  able  to  obtain  a  conception  of  the  equality  and  reintioa  of 
the  masses,  independently  of  the  consideration  of  the  weight ; 
this  point  will  be  adverted  to  in  a  subsequent  part  of  tUf 
treatise. 

63.  Since  all  the  points  of  a  heavy  body  are  solicited  by 
parallel  forces,  it  follows,  that  if  it  be  nutde  to  assume  suecei* 
si vely  different  positions  with  respect  to  the  direction  of  these 
forces,  their  result<int  will  constantly  pa<«s  through  a  given  poiaC 
of  this  body  ;  this  point,  which  in  general  has  lieen  doMgnated 
the  centre  of  parallel  forces  (No.  53),  is  in  tliis  particular  caie 
termed  the  centre  of  gravity.  Its  characteristic  property  in  solid 
txKlies,  which  are  subjecte<l  to  the  sole  action  of  gravity,  oon» 
sists  in  this,  that  if  it  bo  supposed  fi.Te<U  the  body  to  which  it 
appertains  remains  in  equiiibrio  in  all  possible  positions  about 
this  [K)int,  since  in  all  these  {xisitions,  the  resultant  of  the  forces 
applied toall  the  points oftheho<iy  {Kisses throui^hthefixed  point. 

It  also  np|H\irs,  that  when  a  heavy  soljtl  IxMiy  is  retained  by 
another  fixinl  |H>int,  it  is  necessary,  and  it  suffices  in  order  to 
an  cH|uilihriam,  that  the  right  line  which  ctmnects  this  point 
with  tlie  cvntre  of  gnivity  shoulil  Ik»  vertical ;  this  centrv  may 
however  exini  inditrereiitly,  above  or  1h?1ow  the  fixed  |ioinL 
In  fact,  as  the  weijrht  of  the  ImhIv  is  a  vertical  force  appL<d 
at  its  centra*  of  j^nivity,  its  dirt*etion  will  eoineiile  in  ihi*  h\pi>- 
thesis  wiili  the  ri;j:lit  line  which  connect-  this  cx'ntrv  with  the 
fixwl  point,  or  with  its  pro<iuction,  conso<]uently  this  fotct 
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will  be  destroyed  by  the  resistance  of  the  fixed  point,  just  as 
if  it  was  immediately  applied  to  it. 

For  the  same  reason,  if  a  heavy  solid  body  be  sn^ 
pended  to  a  fixed  point,  by  means  of  a  thread,  of  which  the 
inferior  extremity  is  attached  to  a  point  of  its  surface,  the  di- 
rection of  this  thread  will  be  vertical  in  the  state  of  equilibrium, 
and  its  production  will  pass  through  the  centre  of  gravity  of 
the  body.  This  will  be  also  the  case  when  the  same  body  is 
suspended  from  the  fixed  point  by  attaching  any  other  point 
of  its  surfiu^  to  the  inferior  extremity  of  the  thread,  and  the 
successive  productions  of  the  thread  drawn  in  the  interior  of 
the  body,  will  intersect  in  its  centre  of  gravity  ;  this  furnishes 
us  with  a  practical  method  of  determining  the  position  of  this 
centre  in  a  body  of  any  form  whatever,  whether  homogeneous 
or  heterogeneous. 

In  all  questions  relating  to  the  equilibrium  of  a  solid  body, 
we  may  abstract  from  the  consideration  of  the  weight  of  its 
different  parts,  provided  that  there  be  added  to  the  given* 
forces  which  act  on  the  body,  a  force  equal  to  its  weight,  and 
applied  vertically  to  its  centre  of  gravity.  Thus,  for  example, 
in  the  case  of  the  equilibrium  of  the  lever,  in  the  number  of 
given  forces  of  which  the  sum  of  the  moments  is  cypher,  with 
respect  to  the  prop,  there  should  be  included  the  weight  of 
the  lever,  acting  in  the  direction  of  gravity,  at  its  centre  of 
gravity  (No.  47). 

64.  When  g  and  g',  the  centres  of  gravity  of  the  two  parts 
of  a  body  are  known,  and  also  their  weights  p  andp\  k  the 
centre  of  gfravity  of  this  body  may  be  immediately  obtained  ; 
for  this  centre  is  the  point  of  application  on  the  line  gg',  of 
the  resultant  of  the  parallel  forces  p  and  p\  which  act  in  the 
saaie  direction  at  its  extremities  g  and  g^;  and  wc  conse- 
quently have,  in  order  to  determine  it, 

gk  :  gg':  :p^:p+p'' 

In  like  manner,  if  k  and  g,  the  centres  of  gravity  of  a  body 

N 
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und  of  one  of  its  parte,  be  known,  and  if  p  and  p  be  ihe  reiipectiTr 

weights  of  the  body  and  of  this  part,  g'  the  centre  of  gmvit j 

of  the  other  part  may  be  deduced  from  them ;  for  this  point  will 

be  situated  beyond  the  point  k  on  the  production  of  the  line 

GK,  and  its  distance  from  the  point  o  will  be  determined  bjr 

the  proportion 

go':  gk  :  :p:  p  — /I. 


If  a  body  is  divided  into  any  number  of  parts  of  which  the 
weights  and  the  centres  of  g^vity  are  known,  its  oentie  of 
gravity  may  be  deduced  by  a  series  of  proportions ;  but  it  ii 
more  convenient  to  determine  its  three  coordinates  by 
of  the  theorem  which  has  been  established  respecting  the 
ments  of  parallel  forces  (No.  54). 

For  this  purpow,  let  />,  p',  p',  &c.,  be  the  weights  of  the 
different  parts  of  the  body,  and  p  the  total  weight,  so  that 

Likewise,  let  x,  y^  z,  be  the  coordinates  of  the  centre  of 
gravity  of  the  part  of  which/;  is  the  weij^ht,  x\  y\  z\  those  of 
tlie  centre  of  gravity  of  the  part  of  which  //  is  the  weight,  &c. 
All  these  qiiantities  are  8up|)osiHl  to  l>e  given  ;  andif  x,,jf|,X|« 
be  the  coordinates  of  the  centre  of  gravity  of  the  entire  bodr, 
referretl  to  the  same  axes  as  the  preceding,  we  shall  have,  by 
the  theorem  just  cited, 

p-r,  =  px  +p'x'  +  p"x'  +  &c., 
py,  =  py  +  py  +  //'y'  +  &c., 
pr,  zzpz  +  p V  +  p'r"  +  &c. ; 

Uy  means  of  w  hich  the  values  of  X| ,  yi , «, ,  can  be  iliHiMinfJ 
<>3.  In  these  i^| nations,  the  weights  may  be  replaced  by  the 
ina^^si's  to  which  they  an*  pro|)ortional.  Therefore,  if  ■i,fli',fli', 
\r.,  <li'iiot<'  the  niaHHiHi  ot*  the  different  |>arts  of  the  bodv  to 
\\  hirh  the  ueii^htH  ri'pri»HeiittMl  l»y/>,p\//,&c.,  are  prt»portiooaL 
and  it  M  (Iriioti^  the  entire  ma^s,  so  that 
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M=,m  +w'+l»"  +  &C., 

here  will  result 

MX,  =  mx  +  m  V  +  w  V  +  &c., 
My,  =  iwy  +  my  +  my+  &c., 


MZi  =:  fur  -f-  in  V  +  m"z"  +  &c. ; 


(1) 


rom  which  it  appears,  that  the  centre  ofg^vity  is  independent 
f  the  intensity  of  gravity,  and  that  it  will  be  always  the  same 
Kimt  of  the  body,  in  different  latitudes  and  at  different  ele- 
vtioiis  above  the  sur£Eice  of  the  earth.  It  was  the  consider- 
tion  that  this  point  does  not  imply  the  action  of  g^vity, 
nd  that  it  depends  solely  on  the  ma3ses  and  on  their  respective 
lotitions,  which  induced  Euler,  and  other  authors,  to  term  it 
be  centre  qf  inertia  ;  however  the  denomination  of  centre  of 
javity  has  more  generally  obtained. 

If  the  mass  m  be  supposed  to  be  divided  into  an  infinite 
lumber  of  infinitely  small  parts  nt,  m\  m'\  &c.,  we  may 
ssume  whatever  point  of  each  of  these  we  choose  for  its  centre 
f  gravity,  since  the  coordinates  of  all  the  points  of  the  same 
lement,  parallel  to  the  same  axis,  differ  only  from  each  other, 
y  infinitely  small  quantities.  In  this  case,  the  second  mem-* 
ers  of  equations  (1)  will  consist  of  an  infinite  number  of  in- 
nitely  small  terms,  the  sums  of  which  will  be  definite  inte- 
rals,  extended  by  the  theorem  of  No.  13  to  multiple  inte- 
rals.  Consequently,  we  can  always,  by  the  rules  of  the 
itegral  calculus,  determine,  exactly  or  by  approximation,  the 
entre  of  gravity  of  any  body  whatever,  without  knowing  that 
f  any  of  its  parts. 

In  a  body  of  which  all  the  parts  are  homogeneous,  their 
iMSCi  are  to  each  other  as  their  respective  volumes  ;  we  may, 
leiefore,  substitute  the  volumes  for  the  masses  in  equations 
I);  and  if  the  entire  volume  be  represented  by  v,  and  the 
irts  corresponding  to  wi,  m\  m'\  &c.,  by  t?,  v',  r",  &c.,  we 
all  have 
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v=:  r  +  t^'+c^  +  fcc, 
vxi  =r  rx  +  r  V  +  tfx'  -f  &c. 

vzj  =  rz  +  r'z'+  17*^^4.  &c. 

The  point  which  is  determined  by  means  of  tlieae  equa- 
tions, is  the  centre  of  parallel  forces  applied  to  all  the  poiots 
of  a  body,  and  proportional  to  the  elements  of  its  voltioMB-f 
this  point  is  termed  the  centre  of  grami}f  of  the  rohamey 
although  a  volume  has  neither  weight  nor  massi  In  like 
manner,  the  centre  of  parallel  forces  applied  to  all  the  points 
of  a  sur&ce,  or  a  line,  and  proportional  to  their  elements,  is 
termed  the  centre  of  gravity.  Its  coordinates  are  determined 
by  substituting  in  the  preceding  equations,  for  the  roloncs 
V,  r,  t/,  t/^  &c.,  either  the  areas  of  the  surfiice  and  its  parts,  or 
the  lengths  of  the  line  and  its  parts. 

66.  The  masses  m,  m,  m\  m'\  &c.,  and  the  mutual  di»- 
tances  of  their  centres  of  gravity,  are  connected  together  iiy 
an  equation  which  may  be  easily  deduced  from  equations  ( 1 ). 
For  this  purpose,  let  the  origin  of  the  coordinates  be  placed 
at  the  centre  of  gravity  of  m  ;  and  these  equations  will  theo 
become 

mx  +  wV+  mV  -f  &c.  =  0, 

my  +  wy  +  my  +  &c.  =  0, 

mz  -f  m'z'  +  mV  +  &c.  =  0. 

Uy  squaring  the  first,  there  results 

t#iV+  m'^x'^^  m^'x^'-f  &c.  =  -  •imm'xx'-  SatM^'TX^ 

-  2iwWVx''-&c. 

If  to  the  two  members  of  this  equation,  there  be  added  the 
quantity 

w(iii  +»!''+ &c.)^ +!»'(*«  +  wi"+&c.)x'» 
^  m'  (w  +  m'  +  &c.)  J^''  +  &c., 

there  will  result  «j 
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M  (iiu!»+  iii'ar^+m'V^+  &c.)  =z  mrnXx--  «0H  mm'*  {x--xy 

In  the  same  manner,  the  second  and  third  equations  (1)  will 
give 

M(«u*+m'z^+  m'V'^+  &c.)  =  mm'(z— zO'+m»i''(z-«Y 

Now,  if  these  three  last  equations  be  added  together,  and 
if  we  make 

&c., 

&c., 

we  shall  have 

M  {mr^  +  m'r'^+m''r*'^+  &c.)  =  mm'p'  +  mm''p^ 

+  rn'm^'p''^  +  &c., 

for  the  equation  which  it  was  proposed  to  obtain,  and  in 
whidi  p,  p\  p'\  &c.,  are  the  mutual  distances  of  the  centres  of 
gravity  of  iw,  m\  m'\  &c.,  and  r,  r',  r'',  &c.,  the  distances  of 
these  points  from  the  centre  of  gravity  of  m. 

67.  We  can  also  infer  frt)m  equations  (1)>  a  remarkable 
property  of  the  equilibrium  of  a  material  point  entirely  free. 
It  may  be  stated  in  the  following  manner. 

Let  o  be  the  point  in  equilibrio  (fig.  23);  and  let  the 
forces  which  solicit  it  be  represented  in  magnitude  and  di- 
rection  by  the  lines  oa,  oa',  oa'^,  &c.  ;  if  their  extremities 
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A,  A^  a'^  &c.,  be  the  centres  of  gravity  of  equal  maates,  the 
point  o  will  be  the  centre  of  gravity  of  this  entire  system. 
In  £ict,  if  equations  (1)  be  applied  to  these  masses,  and  if 
their  number  be  supposed  to  be  a,  we  shall  have 

ax,  =:x4.z'+x''4.&c., 

nzizzz  +  z'  +  z^'+ke. 

On  the  other  hand,  if  the  angles  which  the  force  a  make^ 
with  three  rectang^ular  axes  drawn  through  the  point  o,  be 
Qt  fit  Ji  and  ^  o^  ^^  7^  he  what  those  angles  become  rela- 
tively to  the  force  oa';  and  af\  /3",  7",  what  they  become  re- 
latively to  the  force  oa'^,  &c.,  the  equations  of  cquilibrimn  of 
these  forces  will  be 

OA  cosa  4-  oa'  cos  a'  4-  oa"  coso''  +  &c.  =  0, 
OA  cos  /3  +  oa'  cos  /3'-J-  oa"  cos  fi"  4-  &c.  =  0, 
OA  cos  7  +  oa'  cos  7'  +  oa"  cos  7"  +  &C.  =1  0, 

Now,  if  the  origin  of  the  coordinates  be  placed  at  the  point 
o,  the  coordinates  of  the  points  a,  a',  a**,  &c.»  will  be 

X  =  OA  cos  a,      y  z:  o\  cos^,      r  z:  oa  cos  7, 
a:^=:oA'cosa,     y'  =  OACos/3',     ^  =  <>\'cos7\ 

X^ZZ  OA^COS  a^      1^  =  OA^COS  ^,       z"  =  O A^COS  7', 

&c., 

therefore  we  shall  have,  in  virtue  of  the  equations  of  cqm- 

librium, 

x  +  x'+x"-f  &c.  =  0, 

s  +  y  +  y  +  &c.  =  0 ; 

hence  we  infer 

X,  =  0,    yi  =  0,     c,  =  0, 

for  the  coonlinates  of  the  centre  of  gravity  of  equal 
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consequently,  this  centre  will  coincide  with  the  point  o ;  which 
was  proposed  to  be  demonstrated. 

68.  There  are  several  particular  cases  in  which  the  centre 
of  g^vity  is  immediately  known.  Thus,  the  centre  of  gravity 
of  a  sphere,  or  of  an  ellipsoid,  is  evidently  the  centre  of  the 
figure ;  that  of  a  paraUellopiped  is  at  the  intersection  of  its 
four  diagonals,  that  of  a  cylinder  whose  bases  are  parallel,  at 
the  middle  point  of  its  axis.  The  centre  of  gravity  of  a 
circle,  or  of  an  ellipse,  is  likewise  in  the  centre  of  the  figure, 
and  that  of  a  parallellogram  at  the  intersection  of  the  two 
diagonals.  The  centre  of  gravity  of  a  right  line  is  in  the 
middle  point  of  this  line ;  hence  may  be  inferred,  without  any 
difficulty,  the  centre  of  gravity  of  the  perimeter  of  any  polygon, 
whatever,  either  by  a  series  of  proportions  (No.  64),  or  by  the 
equations  of  the  moments  of  parallel  forces.  It  appears  in 
like  manner,  that  when  the  centres  of  gravity  of  a  triangle  and 
of  a  triangular  pyramid  are  known,  we  can  deduce,  by  one  or 
other  of  these  methods,  the  centres  of  gravity  of  any  given 
polygon,  or  polyhedron,  since  they  may  be  respectively  de- 
composed into  triangles,  or  triangular  pyramids. 

But  in  general,  the  determination  of  centres  of  gravity 
requires  the  application  of  the  integral  calculus,  and  in  the 
following  chapter,  we  propose  to  furnish  all  the  requisite  de- 
tails for  this  purpose. 


CHAPTER  V. 

DETERMINATION  OF  CENTRES  OF  ORAVITT. 

Centres  qfGramty  qf  curved  Lines. 

69.  Let  «  be  the  arc  of  the  giyen  curve,  tcrmiiuiting  at 
any  point  m,  and  measured  firom  a  fixed  point  c.  Likewise, 
let  Xj  y^  Zy  be  the  three  rectangular  coordinates  of  m •  Tlib 
*  curve  may  be  considered  as  a  polygon  of  an  infinite  nooibfr 
of  sides,  ds  will  be  the  side,  or  the  element,  of  the  cant 
which  corresponds  to  the  point  m  ;  and  in  whatever  point  the 
centre  of  gravity  of  this  element  may  be,  we  can  assume  ',JF»^ 
for  its  three  coordinates,  as  they  cannot,  in  point  of  fiict,  diSer 
from  those  of  m,  except  by  infinitely  small  quantities. 

Let  /  denote  the  length  of  the  determinate  part  of  the 
curve,  of  which  it  is  required  to  determine  the  centre  of  gr^ 
vity,  and  let  «o  ^'^d  «,  represent  the  given  values  of  s  which 
refer  to  the  two  extremities  of  /.  Let  Jri,yi,r|,  be  the  eo» 
ordinates  of  the  centre  of  gravity  of  this  are  /,  referred  to  the 
axes  jT,  y,  z.  By  the  thiM^rem  of  No.  13,  the  sum  of  the  values 
of  each  of  the  pro*luets  xdsy  ydjt,  z(hy  in  the  entire  extent  of  il, 
will  be  a  definite  integrul  txiken  from  ^  =  «09  to  «z:«t,  Jr,jF,  r, 
l)eing  considered  as  functions  of  .t,  depending  on  the  natim 
of  the  curve  in  question.     Hence  we  shall  have  (No. 65) 

JSq  wJ»o  *"• 

for  the  three  equations,  by  means  of  which  x,  jf, ;,  can  be  de> 
terminal. 

Sup|>oH4*,  for  example,  that  the  given  line  is  a  right  one, 
and  that  its  |iart  /  terminates  at  the  point  i\  so  that  we  harr 
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«o  =  Oi ,  Sizz  L  Let  a,  /3>  y,  denote  the  three  angles  which 
this  part  /  makes  with  the  axes  drawn  through  the  point  c,  in 
the  direction  of  the  positive  xs^  ys,  zs.  Likewise  let  a,  b^  c,  be 
the  three  coordinates  of  the  point  c ;  for  any  point  m  we  shall 
have 

x  =  a4-^*cosa9    y  zzb  +  s.cosfij    z  :^  c  +  s,cosy. 

By  substitating  these  values  in  equations  (1),  integrating 
and  then  dividing  by  /,  there  re8ults(a) 

Xi^a  +  ^lcoBaj    ^1  =  6  +  ^/cos/Sf     Zizzc +llco%y  ; 

which  indicates  that  the  centre  of  gravity  of  the  line  /,  is 
otnated  at  its  middle  pointy  as  we  know  ought  to  be  the  case. 
70.  When  it  is  proposed  to  find  the  centre  of  gravity  of  a 
plane  carve,  if  its  plane  be  assumed  to  be  that  of  the  axes  of 
X  and  y,  the  two  first  equations  (1)  suffice  to  enable  us  to  de- 
termine the  position  of  its  centre  of  gravity  in  this  plane. 
Moreover,  if  the  portion  /  of  the  curve  be  symmetrical  on 
each  side  of  the  point  c,  we  shall  have  Sq^ — ^l  and  Si  =  ^/i ; 
the  centre  of  gravity  will  be  situated  on  the  normal  raised  at 
the  point  c  ;  and  if  this  line  be  taken  for  the  axis  of  x^  it  will 
be  sufficient  to  determine  the  value  of  :ri,  which  will  be  fur- 
mshed  by  the  equation 

foi  =:  \*   ..xds. 

The  arc  of  a  circle  is  comprised  in  this  particular  case,  by 
aasoming  for  the  axis  of  x,  the  diameter  which  passes  through 
its  middle  point.  If  the  origin  of  the  coordinates  be  at  the 
eentre  of  the  circle,  and  if  we  denote  its  radius  by  a,  we  shall  have 

s 
X  =  a.cos— • 
a 

for  the  abscissa  of  any  point  m  ;  hence  we  infer(&) 

Ixi  zz  2a*  sin  s-  ; 

2a 

and  if  c  be  the  chord  of  the  arc  /,  we  shall  have 

o 
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c  =  2aBin— ,    £ri  =  ar; 

from  which  it  appears  that  Xi ,  the  distance  of  the  eentie  of 
gravity  of  an  arc  of  a  circle  from  the  centre  of  the  cirde,  is  a 
fourth  proportional  to  the  radius,  the  chord,  and  the  arc. 

7 1 .  As  the  equation  of  a  plane  conre  makes  known  one  of 
the  two  variables  in  a  function  of  the  other,  if  the  value  of  jr 
is  supposed  to  be  given  in  a  function  of  x,  we  shall  have 

and  if  a  and  /3  denote  the  values  of  j?,  which  refer  to  the  two 
extremities  of  the  arc  I,  instead  of  the  preceding  equatioQS, 
we  shall  have 


.^f^v'T^M. 


dj* 


/..  =  fxl/l  +  ^.dr. 


rfx» 


,y.  =  fyy/'^^ 


l  +  -.rf.. 


(«) 


If  the  given  cur\'c  be  a  conic  section,  we  can  obtain  bj 
the  onlinary  rules,  the  values  of  the  integrals  contained  in  the 
two  last  equations  (2),  under  a  finite  form.  And  in  the  esse 
of  the  paralK)la9  we  can  likewise  obtain  the  value  of  the  in- 
tegral of  the  first  of  these  equations,  so  that  the  two(r)  eo- 
ordinates  of  the  centre  of  gravity  of  an  arc  of  a  parabobi  mxj 
be  always  obtained  in  functions  of  a  and  fi  the  abscbsv  of  its 
extn^mities.  By  a  thtK>rem  of  Landens  the  arc  of  the  hyper» 
bola  may  be  expressed  by  means  of  two  arcs  of  the  ellipse  aad 
of  an  ulgel)ra]c  p:urt ;  as  to  the  arc  of  the  ellipse,  it  must  be 
considerefl  as  a  function  irreducible  to  other  simpler  functioQf; 
however,  by  means  of  very  extensive  tables  of  thU  function, 
computetl  by  M.  Legendre,  their  numerical  values  may  be 
computed  to  a  very  close  approximation.     Henoe,  wbeo  the 
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numerical  values  of  a  and  /3»  and  those  of  the  axes  of  the 
ellipse  or  hyperbola  are  given,  it  will  be  easy  to  compute  the 
value  of/,  and  consequently,  Xi  and  tfiy  the  coordinates  of  the 
centre  of  gravity  of  an  arc  belonging  to  one  or  other  of  these 
two  curves. 

72.  Let  the  arc  of  the  cycloid  be  taken  for  another  ex- 
ample of  the  application  of  equations  (2).  In  this  curve,  the 
leng^  the  area,  the  sur£Eu;e,  the  volume  generated  by  its 
reyolution,  and  the  coordinates  of  their  centres  of  gravity,  can 
be  determined  exactly.  The  drawing  of  a  tangent  at  any 
point  of  this  curve  is  also  extremely  simple ;  its  evolute  is 
another  cycloid,  and  moreover  it  may  demonstrated,  that  by 
a  series  of  successive  developments,  any  curve  whatever  ap- 
proximates more  and  more  to  coincide  with  the  cycloid,  and  it 
rigorously(d)  coincides  with  it  after  an  infinite  number  of  de- 
velopments. We  shall  likewise  see  in  the  sequel,  that  the 
cycloid  is  a  curve  which  possesses  very  remarkable  properties 
with  respect  to  the  curvilinear  motion  of  heavy  bodies.  This 
singular  combination  of  such  a  number  of  curious  proper- 
ties of  different  descriptions,  all  appertaining  to  the  same 
curve,  has  rendered  the  consideration  of  it  extremely  useful, 
and  of  very  firequent  application  in  geometry  and  mechanics. 
Its  equation  may  be  obtained  in  the  following  manner. 

As  the  cycloid  is  a  plane  curve  acb  (fig.  24),  generated  by 
a  given  point  m  of  the  circumference  of  a  circle,  while  it  rolls 
without  sliding  on  the  right  line  ab,  if  the  generating  point 
ccminiences  to  move  at  the  point  a,  when  it  arrives  at  the 
point  B  of  this  line,  the  interval  ab  will  be  equal  to  the  circum- 
ference of  the  given  circle.  We  may  also  perceive,  that  its 
diameter  will  be  equal  to  the  perpendicular  cb,  let  £dl  from 
the  summit  of  the  cycloid  on  ab,  and  that  it  divides  the  curve 
into  two  parts  symmetrically  equal.  Therefore,  if  c  denotes 
the  radiuB  of  the  given  circle,  we  shall  have 

AB  =  2irc,     CD  =  2c. 
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In  any  position  whatever  of  the  circle,  let  ho  be  its  £- 
ameter  perpendicular  to  the  base  ab,  and  h  its  pmnt  of  con- 
tact with  this  line.  From  the  point  m  let  the  perpendiculars 
M K  and  MP  be  let  fidl  on  oh  and  ab^  and  let 

AP=:p,     FMzzq; 
we  shall  have 


AH  =  AP  4-  MK  =: p  +  V^2cgr  — g^. 


arcMH  =  e.arc(sin=: ]** 

But  as  the  generating  circle  rolls  without  sliding  on  the 
line  AB|  it  follows  that  we  have  constantly 

AH  =arcMH; 
hence  the  required  equation  of  the  cycloid  will  be 

p+  ^2cq  —  y«— c.arcfsin  = — —]% 

for  the  point  of  which  the  coordinates  are  p  and  q. 
By  differentiating,  we  obtain(f) 

for  its  differential  equation.  From  which  it  appears,  that  the 
two  chords  mg  and  mh  of  the  generating  circle  are  the  tan> 
gent  and  normal  to  the  cycloid  at  the  point  M.  If  the  radios 
of  curvature  at  the  same  point  be  determined  by  the  known 
formulae,  it  will  be  found  equal  to  twice  mu  ;  hence  it  follows, 
that  if  Mil  be  produced  so  that  iin  =  mh,  the  point  n  will  be 
the  centre  of  curvature.  If  in  the  same  manner,  the  line  coB 
be  mmle  double  of  i:d,  the  point  B  will  be  the  centre  of  cur- 
vature of  the  cy cloitl  at  c  the  summit  of  the  cycloid  ;  and  benoe 
it  is  easy  to  |>erceive,  that  anb,  the  evolutc  of  the  scmi-cy- 
cloid  AMc,  is  an  equal  cycloid,  reversed  in  such  a  manner,  that 


CSKTRB8  OP  GRAVITY  OF  CURTBD  LINKS.  101 

its  summit  c  is  transferred  to  a,  and  its  origin  a  to  s.  It  fol- 
lows also  that  length  of  ame,  or  of  amc,  is  equal  to  the  right 
line  CDS,  and  consequently,  the  entire  length  of  the  cycloid  is 
equal  to  four  times  the  diameter  of  the  generating  circle. 

73.  In  the  different  applications  of  the  preceding  equation, 
it  will  be  more  convenient  to  transfer  the  origin  of  the  coordi- 
nates to  the  summit  c  (fig.  25),  and  to  take  for  the  axes  of  x 
and  y,  the  lines  ex  and  cy,  which  are  respectively  perpendicular 
and  parallel  to  the  base  ab.  Hence,  if  from  any  point  m  a 
perpendicular  mp  be  let  fidl  on  ex,  we  shall  have 

cp  =  x,     MP  =  y. 

By  comparing  these  coordinates  with  the  preceding,  it 
appears  that 

/i=:^ira  — y,    j  =  a  — x; 

(a  denoting  the  diameter  en  of  the  generating  circle.)  Hence, 
if  these  values  be  substituted  in  the  differential  equation  of  the 
cycloid,  and  if  a  be  put  instead  of  2  c,  it  will  become 

(a  —  x)  dr 

firom  which  we  obtain(/) 

dszz.  V  -  dr, 

X 

and  if  the  integral  of  this  equation  be  taken  so  that  it  may 
vamsh  when  x  =  0,  there  results 

for  the  length  of  the  arc  cm,  of  which  the  origin  is  at  the 
summit.  At  the  point  a  we  have  x  =:  a ;  which  gives,  as 
before,  2a  for  the  length  of  the  semi-cycloid  cma.  It  may  be 
remarked  here,  that  the  equation  «^=  4ax  of  the  cycloid  is 
similar  to  that  of  the  parabola,  from  which  it  only  differs  in 
this,  that  the  ordinate  y  is  replaced  by  the  arc  «. 


102  C1MTB18  OF  OKAVITY  OP  CUKTBD  LIHBS. 

If  the  two  last  equations  (2)  be  applied  to  the  detenninatioii 
of  the  centre  of  gravity  of  the  arc  cm,  we  shall  have 


fx, 


=j.v^^,  ^,=5,a/|^. 


in  which  the  integrals  must  be  taken  in  such  a  manner  that 
they  may  vanish  with  x.  By  substituting  for  « its  value,  there 
results 

Hence  we  obtain 

iti  =  ia: ; 

from  which  it  appears,  that  the  centre  of  gravity  of  an  arc 
m'cm,  which  is  symmetrical  on  each  side  of  the  summit  c,  and 
which  must  therefore  eiust  on  the  line  cd,  is  distant  from  the 
point  c,  by  one-third  of  cp,  reckoning  from  the  pcHnt  c.  By 
integrating  by  parts,  we  obtain(5f) 

Therefore,  if  we  substitute  for  dy  its  value  g^ven  by  equ»> 
tion  (a),  we  shall  have 

yi/x  =  y/x—  y/a^xdsy 

and,  consequently, 

and  this  combined  with  the  value  of  X|,  completely  determines 
the  centre  of  gravity  of  the  arc  cm.     In  the  case  of  the 
cycloid,  we  have  xzza  and  y  =  ^ira ;  hence  there  results 

X|=  \a,    y,=:a(ir- J). 

74.  When  a  plane  curve  revolves  about  a  line 
in  its  plane,  which  line  may  be  taken  as  the  axis  of  the  ab> 
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9<a86»9  it  will  generate  a  surface  of  revolution,  the  area  of 
which  can  be  expressed  in  terms  of  the  length  of  this  curve 
and  of  the  ordinate  of  its  centre  of  gravity. 

In  order  to  demonstrate  this,  let  x  and  y  be  the  abscissa 
and  ordinate  of  m  any  point  of  this  curve,  and  s  the  arc  cm 
terminating  at  this  point,  and  measured  from  the  fixed  point 
c  ;  the  element  ds  will  generate  the  surface  of  a  tnmcated  cone, 
and  its  middle  point  will  describe  a  circumference  equal  to 
2»'(y  +  i^y)>  or  simply  to  27r|^,  because  dy  is  infinitely 
small.  By  the  known  rule,  therefore,  2iryds  expresses  the 
element  of  this  surface.  Hence  if  Sq  and  Si  denote  the  values 
of «,  which  answer  to  the  two  extremities  of  the  generating 
curve,  and  s  the  sur£Eu;e  generated,  we  shall  have  by  the  theo- 
rem of  No.  13, 


8 


=  2.5^yrf.. 


It  should  be  observed  here,  that  this  expression  implies 
that  the  generating  curve  is  not  intersected  by  the  axis  of  x, 
if  it  is,  then  its  parts  situated  on  the  opposite  sides  of  this  axb 
will  describe  two  different  surfaces,  of  which  s  expresses  only 
the  difference.  With  this  restriction,  the  expression  will 
always  obtain  even  when  the  generating  curve  is  one  which 
returns  into  itself,  and  in  order  to  apply  it  to  this  case,  it 
will  be  sufficient  to  substitute  for  «i  the  arc  Sq  increased  by  the 
entire  circumference  of  this  curve. 

This  being  established,  we  obtain  by  comparing  this  for- 
mula with  the  third  equation  (2), 

8  =  2ir/yi, 

whidi  shews  that  s  the  surface  generated  is  equal  to  /  the  length 
of  the  generating  curve,  multiplied  by  27ryi  the  circumference 
described  by  the  centre  of  gravity.  This  theorem  will  enable 
us  to  determine  the  value  of  s  at  once,  without  any  compu- 
tation, and  from  the  mere  inspection  of  the  curve,  whenever 
the  centre  of  gravity  of  the  generating  curve  is  known ;  it 
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will  not  be  of  any  use,  if  it  is  necessary  to  compute  tlie  or- 
dinate yii  sbee  this  computation  would  be  the  same  as  that  of 
s.  Let  us  suppose,  for  example,  that  the  generating  conre  b 
a  circle ;  if  we  denote  its  radius  by  a,  the  distance  of  its  centre 
from  the  axis  of  rotation  by  c,  we  shall  have,  on  the  suppocitioo 
that  c  is  not  less  than  a, 

l=2  2waj    yi  =  c, 
and,  consequently, 

8  =  4w*€iC. 

When  the  circle  touches  the  axis  of  rotation,  we  shall  hare 
r  =  a,  and  the  surface  generated  will  be  equivalent  to  a  square, 
of  which  the  side  is  equal  to  2ra,  the  circumCerenoe  of  the 
generating  circle(^), 

II. — Centres  qf  Gnwitjf  qfSwJbees. 

75.  Let  X,  y,  2,  be  as  before,  the  coordinates  of  any  point 
M,  and  Xi,  ^1,  Z|,  those  of  the  centre  of  gravity  which  it  is  rts 
quired  to  determine ;  let  z  be  considered  as  a  given  function  of 
X  and  y,  and  therefore 

dz  dz 

then  if  CD  be  the  element  of  the  given  surfiice  which 
to  the  point  m,  we  shall  have  (No.  21) 


CD  =  djcdy\/\  +p^  +  q*. 

In  whatever  point  of  cd  the  centre  of  gravity  of  this  elcBOit 
exisu,  its  coordinates  differ  by  infinitely  small  quantitiea  hem 
^>  y*  ^ ;  ^*c  may  therefore  take  cdx,  «iry,  cdz,  for  the  noneBts  sf 
CD  with  respect  to  the  three  planes  of  the  coordinates,  mod 
sequeutly  there  will  result  (Nos,  13  and  65) 
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lotes  the  area  of  the  portion  of  the  surface)  of  which  the 
e  of  gpravity  is  required,  and  the  double  integprals  are  sup- 
I  to  extend  to  all  the  elements  of  X. 
D  the  case  of  a  plane  surfieu^,  if  it  be  assumed  to  be  that 
e  axes  of  x  and  y^  the  quantities  p  and  q  will  be  cypher, 
we  shall  have  only  to  consider  the  three  equations 

X  =  ^dxdyj    Xxi  =  ^xdxdy,    Xyi  =  ^ydxdy. 

be  terminated  by  the  curve  abc  (fig.  26) ;  to  each  abscissa 
>p,  there  corresponds  two  ordinates  pm  and  pn,  which  we 
denote  by  y  and  y\  and  which  will  be  given  in  functions 
by  the  equation  of  this  curve ;  also  if  a  and  /3  be  the  ab- 
e  CD  and  oe  of  the  points  a  and  b  where  the  tangents 
arallel  to  the  ordinates,  then  the  integrals  should  be  taken 
from  y^  =:  PN  to  y  =  pm,  and  then  from  a;  =  a  to  a?  =  /3; 
lis  means  there  will  result 


X=J^(y-yO^^ 
Xxizzy^{y-'y')xdx, 


(1) 


3  area  X,  instead  of  being  circumscribed  by  the  reentrant 
t  ABC,  is  comprised  between  two  different  curves  and  be- 
1  two  right  lines  parallel  to  oy  the  axis  of  the  ordinates, 
alue  of  y  should  be  deduced  from  the  equation  of  the  su- 
r  curve,  and  that  of  y^  from  the  equation  of  the  inferior 
^  and  the  distances  of  these  two  parallels  from  the  point 
yold  be  assumed  for  a  and  /3*  In  the  case  of  most  &e^ 
t  occurrence,  ox,  the  axis  of  the  abscissse,  replaces  the 
ior  curve ;  consequently  we  shall  have  y'  iz  o,  and  simply 

\=Si^ydjc,    Xx.zz^^yxdx,     Xy.  =  i  J^y^dlr,  (2) 
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by  means  of  which  the  area  and  centre  of  gravity  of  a  portMNi 
c^  a  plane  surfiftoe  comprised  between  a  given  cnnre,  the  axk 
of  the  absciss®  and  two  ordinatet  of  this  cnnre,  can  be  deter* 
mined.  It  may  be  remarked,  that  equations  (1)  can  be  abo 
obtained  in  the  following  manner  :*-Let  the  area  amc  be  di- 
vided  into  elements  snch  as  ksv'u'  infinitely  small  and  pa- 
rallel to  the  ajus  oy.  Let  u  denote  the  length  of  the  line  us ; 
if  through  its  two  extremities  there  be  drawn  lines  parallel  to 
the  axis  ox,  then  whether  triangles,  infinitely  small  of  the  se- 
cond order,  be  added  or  subtracted  from  the  element  mxx^m', 
its  magnitude  will  not  be  changed,  consequently  this  elcsKat 
will  be  equal  to  udx.  If  v  is  assumed  to  denote  the  dtftam*f  of 
the  middle  point  of  mn  from  the  axis  ox,  x  and  v  may  be  takoi 
for  the  two  coordinates  of  the  centre  of  gravity  of  this 
for  it  is  evident  that  they  only  differ  from  it  by  infinitdy 
quantities.  Therefore,  from  the  other  notations  already  r^ 
ferred  to,  we  shall  have 

X  =  y  udxj     Xxi  zz  yxudxy     Xyi  =  V^rirdlr.  (3) 

Moreover,  as  y  and  y'  denote  always  the  coordinates  pm  and  rs 
which  refer  to  the  same  abscissa,  we  have  likewise 

M  =  y  -  y',      r  =  J  (y  +  jfO  ; 

from  which  it  appears  that  these  last  formula  fAinfi4f  with 
equations  (1). 

76.  For  the  first  example,  let  the  centre  of  gamMj  of  the 
triangle  abc  (fig.  27)  be  required. 

Let  the  origin  of  the  coordinates  be  placed  al  the  vcrlix 
c,  and  let  the  axis  of  x  be  perpendicular  to  the  base  mm  ;  if  wt 
represent  this  base  by  A,  and  the  height  CD  by  A,  and  if  tkm^lk 
any  point  r  in  the  line  cd,  there  be  drawn  mh  perpemlicahr 
to  this  line,  cp  and  mn  will  be  the  variaUcs  x  aad  ih  wad  wt 
shall  have  the  proportion 

M  :  x:  :ft:  A, 
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fimn  which  we  deduce 

bx 

We  shall  have  beddes,  az:  o,  fizzh.  By  means  of  these 
values,  the  two  first  equations  (3)  will  g^ve 

firom  which  results 

xi  =  |A. 

It  will  not  be  necessary  to  calculate  the  value  of  y ;  for  if  b  is 
the  fluddle  point  of  ab,  and  if  the  line  cb  be  drawn  it  will  bi- 
sect all  the  elements  of  the  triangle  parallel  to  ab,  and  will, 
consequently,  contain  its  centre  of  gravity.  Hence,  if  on  cd 
there  be  taken  apart 

OF  =z  §CD  =:  0^1, 

and  if  Fo  be  erected  perpendicular  to  cd,  the  point  g  in  which 
it  meets  cb  will  be  the  centre  of  gravity  of  the  triangle.  As 
the  line  fg  cuts  cd  and  cb  into  proportional  parts,  we  shall 
also  have 

cg  =  |cb; 

from  which  it  appears  that  the  centre  of  g^vity  of  a  triangle 
exists  on  the  line  which  joins  its  vertix  with  the  middle  point 
of  the  base,  and  its  distance  firom  the  vertix  is  two-thirds  of 
this  line,  and  consequently  its  distance  firom  the  middle  point 
of  the  base  is  one-third  of  the  same  line. 

77.  This  theorem  may  be  also  demonstrated  without  the 
ad  of  the  int^ral  calculus  in  the  following  manner : 

In  biCtf  as  it  has  been  proved  by  the  decomposition  of  the 
triangle  abc  (fig.  28)  into  elements  parallel  to  ab  that  its  cen- 
tre of  gravity  exists  on  the  line  cd,  which  connects  the  vertix 
c  with  o,  the  middle  point  of  this  side ;  so,  by  decomposing 
the  triangle  into  elements  parallel  to  the  side  ca,  it  may  be 
shown  in  the  same  manner,  that  this  centre  of  g^vity  exists 
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also  on  the  line  bb  drawn  from  the  vertix  b  to  B  the  Buddle 
point  of  CA  ;  consequently  this  pout  must  be  at  o,  the  inter- 
section  of  the  two  lines  cD  and  bb.  But,  if  the  line  db  be 
drawn,  it  will  be  parallel  to  cb,  since  it  cuts  ca  and  ab  into 
proportional  parts,  from  which  there  results 

db  :  cb  : :  ad  :  ab  : :  1 :  2, 
do  :  cg  : :  db  :  cb  : :  1 :  2 ; 

so  that  DG  will  be  half  of  co,  and  consequently  the  third  of 
CD,  which  it  was  proposed  to  demonstrate. 

It  is  evident  from  this,  that  the  three  lines  which  are  drawn 
from  the  three  angles  of  a  triangle  to  the  pomts  of  bbeetion  of 
the  opposite  sides,  intersect  in  the  same  point,  which  b  agree* 
able  to  a  known  theorem. 

If  the  vertices  a,  b,  c,  of  the  triangle  are  the  oenties  of 
gravity  of  three  equal  masses,  the  centre  of  gravity  of  these 
three  bodies  will  cobdde  with  that  of  the  triangle ;  fiir,  first, 
the  centre  of  g^vity  of  the  two  masses  which  answer  to  a  and 
B  is  found  at  d,  the  point  of  bisection  of  the  line  ab  ;  and  then 
the  centre  of  gravity  of  these  two  masses  and  of  the  third  will 
be  G,  a  point  in  the  line  cd,  so  situated,  that  gd  is  half  of  cg, 
or  a  third  of  cd. 

it  follows  from  this,  and  from  the  theorem  of  No.  67,  that 
if  there  be  applied  to  g  the  centre  of  g^vity  of  a  triangle, 
forces  represented  in  magnitude  and  direction  by  the  lines  ga, 
GB,  GC,  drawn  from  this  point  to  the  three  vertices,  these  three 
forces  will  be  in  oquilibrio. 

78.  Knowing  the  centre  of  gra\nty  of  a  triangle,  it  b  easy 
to  detluce  successively  those  of  a  circular  sector  or  segment. 

Let  cade  (fig.  29)  be  the  sector,  and  c  the  centre  of  the 
circlo.  If  the  arc  adb  be  considered  as  a  portion  of  a  polygoa 
of  an  infinite  number  of  equal  sides,  the  sector  may  likewiiehe 
decomposed  into  equal  triangular  elements  which  will  have  all 
these  sides  for  bases,  and  their  common  vertix  at  the  point  c. 
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Let  the  force  which  acts  on  each  of  these  elements  be  applied 
at  their  respective  centres  of  gravity ;  and  as  the  distance 
from  the  point  c  of  each  centre  of  gravity  is  two-thirds  of  the 
radius  of  the  circle,  there  will  result  a  system  of  equal  and  pa- 
rallel forces  applied  to  all  the  elements  of  the  arc  a^d^b^  de- 
scribed from  the  point  c  as  centre,  and  with  a  radius  equal  to 
I  CD.  Consequently,  the  centre  of  g^vity  of  the  sector  will 
be  the  centre  of  these  parallel  forces,  that  is  to  say,  the  centre 
of  gravity  of  this  arc  a^d^b^  Now,  if  a,  /,  c  denote  respec- 
tively the  radius  CD,  the  arc  adb  and  the  chord  ab,  the  analo- 
gous quantities  corresponding  to  a^d^b^,  will  be  f  a,  f  /,  f  c» 
therefore  if  g  be  the  required  centre  of  gravity,  we  shall  have 
by  the  theorem  of  No.  70, 

2ac 

(x  being  equal  to  co). 

Now  let  s,  8^,  Si ,  denote  the  surfaces  of  the  sector  cadb,  of 
the  triangle  cab,  and  of  the  segment  adbe  ;  if  their  centres  of 
gravity,  which  will  evidently  be  on  the  radius  cd,  terminating 
at  D,  the  middle  of  the  arc  adb,  be  g,  q\  Gi  ;  and  if  Xj  x'y  o^i, 
denote  the  distances  of  these  three  points  from  the  centre  c ; 
when  parallel  forces  and  proportional  to  s,  s',  Si,  are  applied  to 
them,  the  first  will  be  the  resultant  of  the  two  others;  therefore, 
in  considering  the  moments  of  these  forces,  we  shall  have 

SX  ZH  S  X   "y*  ^1*^1  * 

Besides,  we  have 

s  =  ia/,     x^^. 

And  if  CB,  the  altitude  of  the  triangle  of  which  the  base  is  ab 
or  c,  be  denoted  by  hj  we  have  likewise 

s'  =  icA,     ar'zzlA. 
Hence,  as 
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the  equation  of  moments  will  become 

by  means  of  which,  Xi  the  distance  of  the  centre  of  grmvity  of 
the  segment  adbb,  from  the  centre  of  the  circle,  can  be  deter- 
mined ;  for  since 

c=2asm^-,    Azza.oos-, 


we  can  deduce  (t) 


4a*sin*-r- 

Xi  = 


3(/—asin  j) 


When  the  arc  /  is  the  semi-circumference»  we  bare  l^wa; 
the  sector  and  the  segment  coincide,  as  also  the  ^t^^iy^**  x 
and  Xi  f  of  which  the  common  value  is 

_     _4a 

79.  If  the  three  conic  sections  be  taken  successively  tof 
the  curve  to  which  formulae  (2)  refer,  the  integrations  caa 
be  effected  by  the  known  rules,  and  the  values  of  X|  and  |f|, 
the  two  coordinates  of  the  centre  of  gravity,  may  be  obtained 
in  a  finite  form.  As  this  example  has  been  merely  adverted  to 
as  an  exercise  of  the  calculus,  we  will  not  enter  into  any  de- 
tails, but  pass  on  to  the  determination  of  the  centre  of  gravity 
of  the  area  of  the  cycloid. 

Let  CPM  (fig.  25)  be  the  segment  of  which  it  is  requtitd 
to  determine  the  centre  of  gravity ;  if  the  abscisn  cp  and  iIm 
ordinate  pm  be  denoted  by  x  and  y,  as  in  equatioD  (a)  of  No. 
73,  it  is  nece&sury  that  the  integrals  contained  in  formuUe  (2) 
should  vanish  when  xzzo;  and  these  formuUe  will  become,  by 
integrating  by  part^i, 
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Xar,  =  iarV  — iSr^rfy, 
Xyi  =  i  ajy'*  —  Sayrfy ; 

the  new  integrals  likewise  vanishing  at  the  same  time  as  x. 
In  virtue  of  equation  (a),  we  have 


(4) 


bot  if  N  be  the  point  where  the  ordinate  mp  meets  the  circle  de- 
scribed on  CD  as  diameter,  this  last  integpral  expresses  the  semi- 
ciieiilar  segment  cnp  ;  therefore,  if  in  order  to  abridge,  the 
area  of  this  semi-segment  be  denoted  by  y,  we  shall  have      . 

X  =  ay  —  y. 

In  the  case  in  which  the  point  m  coinciides  with  the  point 
A,  we  shall  have 

0?  =z  CD  =  a,    y  =  DA  =:  Jiro,     y  =  ^a\ 

and  consequently, 

A  =:  iwa\ 

Hence  it  appears,  that  the  area  of  the  semi-cycloid  is  triple 
of  that  of  the  semicircle  cnd,  of  which  the  radius  is  ^a,  or  in 
other  words,  the  area  of  the  entire  cycloid  is  three  times  that 
of  its  generating  circle.    We  shall  have  in  like  manner. 


S^'rfy  =:  Ix  V^ax  —  a^.  dr, 
or,  what  is  the  same  thing. 


5a:*rfy  =  iaS|/aa?  — ar^dr  — S(Ja  — a:)  |/ar  —  «*  dr. 

The  last  integral  may  be  obtained  at  once,  and  because  it 
must  vanish  when  a;  =z  0,  we  shall  have(A) 

Xar,  =  ^x^  —  i<iy  +  i  (aa?  -  ^)*'» 

by  means  of  which  the  value  of  a;i  may  be  obtained  firom  that 

ofX. 

In  the  case  of  the  semi-cyloid  cad,  in  which  we  have  at 
the  same  time 
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there  results 

7a 

for  the  distance  of  its  centre  of  grarity  firom  the  axis  cy. 
Hence  the  centre  of  gravity  of  the  area  of  the  entire  cycloid 
is  at  the  distance  of  seven-twelfths  of  the  height  cd  froni  the 
summit  c. 

With  respect  to  any  other  segment,  such  as  cm p,  the  onB- 
nate  yi  should  also  be  determined;  this,  however,  requires  a 
much  more  complicated  calculus. 

80.  In  virtue  of  equation  (a),  we  have 


and  as  the  value  of  y  given  in  No.  73  may  be  written  as  fel- 


lows: 


_  C(\a^x)dx      a  C      dx 


if  we  assume 

dx 


J 


V^ax  — X* 


this  integral  being  supposed,  as  in  the  other  cases,  to  vaaiiii 
when  X  =  0,  wc  shall  have 


y=  |/ax  — x*4- Jar; 
from  which  results(/) 

Siyrfy  =  Jox*-  ir'+  JaSz/ax  — x»iir.  (5) 

Because  we  made 

yzz  Sv^ax  — x*dir, 

we  shall  have  by  partial  integration 

5*/ax  — x^dlrr:  xy  — Sydi.  (6) 

The  expression  for  y  may  be  written  as  follows. 
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'^ = ^^  \,/ — 2  •  \  !/ ^  > 

and  by  int^^ting  the  second  term  by  parts,  there  results 
bence  we  infer  (m) 


and  because  v^ax  —  a^dz  =:  d!r,  we  shall  consequently  have 

If  these  values  of  7  and  %ydz  be  substituted  in  equation 
(6),  there  will  result  («) 

which  changes  equation  (5)  into 

By  means  of  this  value  and  that  of  z,  namely  : 

/            a-2a?\ 
z  =  arc  I  cos  = ) , 

the  third  equation  (4)  will  not  contain  any  unknown  quantity, 
and  will,  therefore,  make  known  the  value  of  ^i,  for  any 
segment  whatever  such  as  cmp. 

In  the  case  of  the  semi-cycloid  cad,  we  shall  have 

x=z  a,     zzL  ore  (cos  =  —  1)  =:  ir; 

and  formula  (7)  will  be  reduced  to 

and  because 

y  zz  iira,     X  =:  iira\ 

Q 
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the  third  equation  (4)  will  giro 

which,  together  with  the  value  of  Xi  given  in  the  preceding 
number,  will  completely  determine  the  position  of  the  centre 
of  g^vity. 

81 .  Let  s  be  the  area  of  a  zone  of  a  surfieioe  of  revolution, 
comprised  between  two  planes  perpendicular  to  its  axis  of 
figure.  The  centre  of  g^vity  of  s  will  be  on  this  axis ;  if 
this  axis  coincides  with  that  of  x,  and  if  X|  denotes  tliedislaiice 
of  this  centre  from  the  origin  of  the  coordinates,  a  and  fi  being 
the  distances  of  the  two  planes  which  bound  s,  from  the 
origin ;  the  determination  of  the  centre  of  gravity  of  this 
will  be  reduced  to  that  of  the  value  of  Xf 

Let  s  be  resolved  into  elements  of  which  each  is  the 
face  of  a  truncated  cone  described  by  the  infinitely  small  side 
of  the  generating  curve,  as  ii^  No.  74 ;  that  which  correspoods 
to  the  point  m  of  this  curve,  the  coordinates  of  which  are  x  and 

y,  will  be  equal  to  2wy\/dx*  +  dy^\  its  centre  of  gravity  will 
be  also  on  the  axis  of  j*,  and  the  distance  of  this  point  from  the 
origin  of  the  coordinates  can  be  assumed  to  be  equal  to  x,  since 
it  can  only  tliflfor  from  x  by  an  infinitely  small  quantity.  This 
being  so,  (by  Nos.  13  and  G5,)  we  shall  have 


KJ- 


y  l»oin^  coiiHideriHi  as  a  function  of  x,  which  is  known  from  the 
iH|iiatiori  of  tlii»  gt'iioruting  curve. 

It',  forfxainpli'.  thi^  curve  is  the  arc  of  a  circle  :  by  pUcinjC 
the  origin  of  tiic  c*<M>nlinuti'S  at  the  centre,  we  shall  have 


y  =z  V^ri^—  JT*; 


{n  dcnotiriij:  tlic  radius.)  fmm  which  there  resulti^o) 
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s  =  2ira//j-^a, 

sj:i  =  ira()3*—  a*), 
and,  consequently, 

from  which  it  appears,  that  the  centre  of  gravity  of  a  spherical 
zone,  is  in  the  middle  point  of  the  part  of  the  diameter  comprised 
between  the  two  planes  that  terminate  it,  and  which  is  perpen- 
dicular to  these  planes. 

82.  The  cycloid  will  furnish  us  with  two  examples  of  the 
application  of  formulae  (8),  by  causing  the  arc  cm  to  turn  suc- 
cessively about  the  axis  cx^  and  the  axis  cy. 

In  the  first  case,  in  virtue  of  equation  (a)  of  No.  73,  we 
shall  have 

8  =  2irV^\y-~Fr,     sxi=:2irV^\y/xcic; 

the  int^^rals  being  taken  in  such  a  manner,  that  they  may 
vanish  at  the  point  c,  where  a;  s  0.  By  partial  integration, 
and  taking  into  account  the  value  of  <2y,  furnished  by  equation 
(a),  there  arises 

s  =:  4iry/ax  —  4ir\/a  jV^a  —  a;rfa:, 

sxi  zz-^yx  Vox T"  ^^  J  xV^a— ar.dor, 

and,  consequently,(p) 

8X1=-^  yxVax  +  -q- ^ V^a  (« — xy 

+  16ir  y—  /         vi.      I6ir    , 

by  means  of  which  the  surfisu^  generated  by  the  arc  cm,  which 
16  concave  towards  the  axis  of  the  figure,  and  the  distance  of 
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iu  centre  of  gravity  from  the  point  c,  are  determined.  Wken 
this  arc  becomes  the  semicycloid  ca,  we  have  x  zza  and 
y  =  i  wOy  aiid,  consequently, 

8  =  2,a» (,  -  J).    8X,  =  i^ (,  -  VV). 

In  the  second  case,  it  is  necessary,  in  order  to  be  able  still 
to  apply  equation  (a)  of  No.  73,  to  transpose  x  into  jr,  in  for* 
mul»  (8),  which  by  tliis  means  will  become(^) 


rfx* 


syi 


=  2irJ;ry  Vl+^rfx; 


yx  is  the  distance  from  the  point  c,  of  the  centre  of  f^vity  of 
8  situated  on  the  line  cy,  and  the  integrals  are  supposed  to 
vanish  at  the  point  c,  that  is  to  say,  when  x  z:  0.  By  means 
of  equation  (a),  we  shall  have 

s  zz  2ir  \xv   -fix=z  -—X  V^ox  ; 
J  X  3 

the  value  of  s^i  will  bo  the  same  as  that  of  SX|  of  the  first 
case,  and  by  dividinir  it  by  this  value  of  s«  the  dUtance  frooi 
the  |>oint  c,  of  the  centre  of  gravity  of  the  surface  generated 
by  the  arc  cm,  which  in  convex  towards  the  axis  of  the  figuiv, 
will  l>e  obtained.  When  this  arc  becomes  the  semi-cyloid  ca, 
the  surface  gonerati^l  will  be  equal  to  4ira*;  in  which 
also,  the  value  of  the  distance  yi  will  be 


a 
2 


y.  =  o(»-/5)- 


It  may  l>e  remarked  here,  that  when  the  same  arc  of  a 
curve  tuniH  succeHsivoly  al>out  two  rectangular  axes  which 
pass  through  one  of  itn  extn*mities,  the  value  of  the  secoad 
membiT  of  the  second  equation  (8)  continues  to  be  the  saaae« 
consequently  the  distances  of  the  centres  of  gravity  of  the  two 
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surfEu^es  which  are  generated,  from  this  extremity,  are  in  the 
inverse  ratio  of  the  areas  of  these  surfaces. 

83.  If  the  curve  abc  (fig.  26)  turns  about  the  axis  oxy 
which  is  comprised  in  its  plane,  but  does  not  meet  it,  its  sur- 
&ce  will  generate  a  solid  of  revolution,  of  which  the  volume, 
denoted  by  v,  may  be  expressed  by  means  of  the  area  of  this 
surface  and  of  yi  the  ordinate  of  its  centre  of  gravity. 

For  if  all  the  notations  of  No.  75  be  retained,  it  is  easy  to 
perceive  that  we  shall  have 

v=:7rJ^(2/^-y^)dx, 

in  fact,  the  infinitely  small  slice  of  this  volume,  generated  by 
mxn'm' the  clement  of  the  generating  area,  will  be  equal  toiry^cLc 
—  wy^dx  the  difference  of  two  cylinders  of  which  the  radii  are 
PM  and  PN,  and  whose  common  altitude  is  dx ;  for  we  may 
neglect  the  infinitely  small  volumes  of  the  second  order,  which 
are  generated  by  the  triangles  that  are  added  or  taken  from 
this  element,  by  drawing  through  the  points  m  and  n  lines 
parallel  to  the  axis  ox.  Now  by  comparing  this  expression  of 
v,  with  the  third  formula  (1)  of  the  number  cited,  we  obtain(r) 

\=2w\yi; 

from  which  it  appears,  that  the  volume  generated  by  X,  the  area 
of  a  plane  curve,  is  equal  to  this  area  multiplied  by  27ryi,  the 
circumference  of  the  circle  described  by  its  centre  of  gravity — 
a  theorem  analogous  to  that  of  No.  74.  By  means  of  this  ex- 
pression the  volume  v  can  be  determined  when  the  centre  of 
gravity  of  X  is  known  d  priori.  It  will  also  subsist,  when  the 
generating  surface,  in  place  of  being  circumscribed  by  a  reen- 
trant curve,  is  comprised  between  two  different  curves,  and  be- 
tween two  perpendiculars  to  the  axip  of  the  figure,  provided 
that  this  axis  does  not  pass  between  these  two  plane  curves. 

If  the  generating  area  is  a  semicircle  revolving  about  its 
diameter,  the  distance  of  its  centre  of  gravity  from  this  axis 

A  rr 

of  rotation  will  be  equal  to  5-  (No.  78),  the  radius  being  de- 
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noted  by  a ;  hence  the  length  of  the  drcomfmiioc  dctcriM 

Sa 
by  this  point  will  be  -^ ;  and  as  the  area  of  the  semicircle  ii 

iwa\  we  shall  have 

which  is,  in  feict,  the  rolome  of  the  sphere. 

If  the  reentrant  curve  abc  is  an  ellipse  of  whidi  a  and  k 
are  the  two  semiaxes,  and  c  the  distance  of  its  centre  from  tlie 
axis  of  rotation ;  the  area  X  will  be,  as  is  well  known,  equal  to 
waby  and  as  its  centre  of  gravity  is  evidently  the  centre  of  the 
figure,  we  shall  have  yi  =:  c ;  hence  there  will  result 

V  =  2ir'aAr, 

whatever  may  be  the  inclination  of  one  or  other  of  the  axes  ef 

the  ellipse  to  the  axis  of  rotation. 

84.  It  is  evident  that  the  segment  of  the  solid  of  revololiM 

comprised  between  two  planes  passing  through  the  turn  of 

figure,  is  to  the  entire  solid,  as  the  angle  contained 

these  two  planes  is  to  four  right  angles,  or,  which  is  tbe 

thing,  as  the  arc  described  between  the  two  planes,  by  the 

tre  of  gravity  of  the  generating  area,  is  to  the  entire  circumfe^ 

rence  2iryi .     Therefore,  denoting  the  length  of  this  arc  by  4 

and  the  volume  of  the  corresponding  segment  by  L,  we  shiD 

have(*) 

L  =  /A; 

X  being  always  the  generating  area,  which,  by  hrpotWiii,  ii 
not  traversed  by  the  axis  of  rotation. 

This  formula  may  be  extended  in  the  following  manner  to 
other  segments  which  do  not  belong  to  solids  of  revolution. 

Let  UH  suppose,  in  fact,  that  a  plane  curve  moves  witbom 
sliding  or  tuniing  in  its  plane,  and  in  such  a  manner  thai  ihif 
plane  may  be  constantly  perpendicular  to  a  given  line,  which 
may  be  either  a  plane  curve  or  one  of  double  cunraturr.  la 
this  motion,  the  same  |>obt  of  this  plane  will  alwarv 
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on  the  directrix,  and  the  other  points  will  describe  curyes  si- 
milar to  this  line.  Let  X,  l,  /,  denote  respectively  the  area  of 
the  generating  curve,  the  volume  generated  by  this  surface, 
and  the  length  of  the  curve  described  by  its  centre  of  gravity. 
If  /  was  the  arc  of  a  circle,  l  would  be  a  segpnent  of  a  solid  of 
revolution,  but  in  aU  cases  /  may  be  divided  into  infinitely  small 
parts,  each  of  which  will  coincide  with  the  osculating  circle 
that  corresponds  to  it.  Let  a  denote  one  of  these  parts,  and 
V  the  volume  of  the  corresponding  segment  of  l  ;  then  if  it  be 
•opposed  that  the  planes  perpendicular  to  its  direction^  by 
which  V  is  terminated,  intersect  each  other  in  a  line,  that  does 
not  traverse  the  area  of  the  generating  curve,  this  element  v  of 
L  will  be  a  segment  of  a  solid  of  revolution ;  and  by  the  pre- 
ceding equation  we  shall  have 

V  =  aX. 

Hence*  by  taking  the  sum  of  all  the  values  of  r,  and  observing 
that  the  £Etctor  X  is  constant,  it  will  follow  that  the  volume  is 
equal  to  the  product  of  /  and  X,  as  in  the  case  of  a  soUd  of  re- 
volution. The  rule  that  results  from  this  equation  l  z:  X/, 
is  very  useful  in  practice,  and  susceptible  of  a  great  number  of 
applications ;  however,  we  should  never  forget  that  it  does  not 
obtain  when  the  consecutive  generating  planes  intersect  on  the 
nurbice  generated,  and  form  by  their  successive  intersections 
what  is  termed  by  Monge,  arete  de  rebroussement, 

85.  The  consideration  of  the  centre  of  gravity  furnishes 
likewise  a  rule  for  enabling  us  to  determine  the  volume  of  a 
prism  or  of  a  cylinder  with  any  base  whatever,  which  is  cut  by 
a  plane  inclined  to  this  base. 

Let  y  be  the  area  of  a  section  of  the  cylinder  perpendicular 
to  its  sides,  X  the  area  of  the  inclined  Section  which  terminates 
it,  0  the  angle  of  these  two  planes,  oi  any  element  whatever 
of  X,  c  its  projection  on  the  plane  of  y,  or  the  corresponding 
element  of  the  area  y,  which  is  itself  the  projection  of  X.  By 
the  theorem  of  No.  10  we  have 
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7  1=  X  COS  0,      C  =  te>  COS  0. 

This  being  agreed  on,  let  X  be  the  surface  to  which  the  genend 
formulae  of  No.  75  refer,  and  let  0  be  the  inclination  of  its 
plane  on  that  of  x  and  y.  If  the  third  of  these  fonnube  be 
multiplied  by  cos  0,  we  shall  have,  (by  making  this  constant 
&ctor  to  pass  under  the  sign  ^)  in  virtue  of  the  values  of  7 
and  e, 

Now,  this  double  integral  is  the  volume  of  the  tnmcmt»d 
cylinder  comprised  between  the  two  sections  7  and  X»  dis- 
composed into  elements  infinitely  small  and  perpendicular  to 
•y,  in  which,  however,  it  is  always  implied  that  these  two  sec- 
tions do  not  mutually  intersect ;  it  follows,  therefore,  that  the 
truncated  cylinder  is  equal  to  a  right  cylinder  having  the  nne 
base  y,  and  for  an  altitude,  ^i  the  distance  of  the  centre  of 
gravity  of  the  inclined  section  from  this  base. 

This  theorem  is  evident  in  the  ordinary  case,  in  which  the 
base  of  the  cylinder  is  a  circle,  and  the  inclined  section  ao 
ellipse;  for  if  through  the  centre  of  this  curve  a  plane  be 
drawn  parallel  to  the  base,  the  volume  of  the  cylinder  is  not 
change<i,  for  the  segment  which  is  cut  off  from  it  is  endentlv 
equal  to  that  which  is  added  to  it. 

If  the  areas  denotcil  by  -y  and  X  mutually  intersect  eocfc 
other,  the  volume  will  consist  of  two  segments,  of  which  the 
integral  JJci  will  express  the  difference  and  not  the 
When  the  cylinder  is  terminated  by  two  inclined  s 
whose  areas  do  not  intersect,  it  may  be  always  dinded  iato 
two  partH,  of  which  the  common  base  and  perpendicular  to  the 
sides  of  the  cylinder  does  not  intersect  either  the  one  or  the 
other  of  these  two  sections;  and  as  their  centrvs  of  grarity 
exist  on  the  name  right  line  iKT)K^ndicular  to  this  l>ase,  it  beri* 
dent  that  the  entin'  volume  will  W  equal  to  the  area  of  thi« 
Imse  multiplie<l  by  the  mutual  distance*  of  these  two  points. 


CBNTRBS  OF  GRAVITY  OF  VOLUMES  AND  OF  BODIES.       121 


III. — Centres  of  Gravity  of  Volumes  and  of  Bodies. 

86.  The  determination  of  the  centre  of  gravity  of  a  volume 
depends,  in  general,  on  several  triple  integrals ;  but  there  are 
some  bodies  for  which  the  position  of  this  centre  is  determined 
by  simple  integrals.  It  is  these  which  we  propose  first  to 
consider. 

The  centre  of  g^vity  of  a  cone  or  of  a  pyramid  with  any 
base  whatever  exists  on  the  right  line  which  connects  its  sum- 
mit with  the  centre  of  gravity  of  the  base ;  for  this  line  meets 
all  sections  parallel  to  the  base,  in  corresponding  points  which 
are  their  centres  of  g^vity,  and  which  can  also  be  taken  for 
the  centres  of  gravity  of  the  infinitely  small  elements  of  this 
body,  that  are  parallel  to  its  base.  Consequently,  the  line  in 
question  contains  the  centre  of  g^vity  of  the  pyramid  or  of 
the  cone,  and  there  only  remains  to  determine  its  position  on 
this  line. 

Let  /  and  x  be  the  area  of  the  base  and  that  of  a  parallel 
section ;  and  let  h  and  x  denote  the  perpendiculars  let  &11 
from  the  vertix  on  their  planes  ;  it  is  evident  that 

and,  consequently, 

X-  ^. 

Moreover,  we  may  take  xdx  for  the  element  of  the  volume  of 
the  cone  or  of  the  pyramid ;  and  if  v  denotes  the  entire  volume, 
and  X|  the  value  of  x  corresponding  to  the  section  which  con- 
tains the  centre  of  gravity,  we  can  obtain,  as  in  the  preceding 
questions, 

V  =;  V    xdxy    vjr,  =  \    xxdx. 

By  substituting  for  x  its  value,  and  performing  the  integra- 
tions, there  results 

K 
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bh  bh* 

v  =  -.     va..  =  _. 

from  which  we  obtain 

J,  =  I  A. 

But  if  through  the  centre  of  gravity  a  plane  be  drawn  parallel 
to  the  base,  it  will  cut  the  height  k  and  the  line  drawn  from 
the  summit  to  the  centre  of  gravity  of  the  base,  into  propor> 
tional  parts;  it  follows,  therefore,  that  the  dbtance  of  tlie 
centre  of  gravity  of  a  cone  or  of  a  pyrandd  with  aay  bate 
whatever,  from  the  summit,  is  three-fourths  of  this  fine,  aad 
therefore  one-fourth  of  it,  reckoning  from  the  base* 

87.  In  the  case  of  a  triang^ular  pyramid,  this  theoreoi  any 
be  demonstrated  without  the  aid  of  the  integral  calculus.  Let 
ABCD  (fig.  30)  be  this  pyramid.  Likewise  let  ■  and  r  be  tk 
centres  of  gravity  of  the  fiices  acd  and  bcd  ;  let  the  linci  nr 
and  AB  l)e  drawn,  their  productions  will  meet  in  h,  the  nuddk 
|K>int  of  the  side  cd  ;  and  then  in  the  plane  ahb,  let  tlie  Bms 
AF  and  BE  de  drawn  intersecting  in  a  certain  point  o.  This 
point  will  bo  the  centre  of  gravity  of  the  pyramid  abcd;  §at 
hy  resolving  it  into  elements  parallel  to  the  base  acd,  it  ii 
evident,  as  in  the  preceding  number,  that  its  centre  of  grantr 
must  exist  on  the  right  line  be  ;  and  hy  resolnng  it  into  el^ 
ments  parallel  to  bc  d,  it  is  likewise  evident  that  thb  pobt 
ap|)ertains  to  the  line  \i\  and  as  these  two  lines  exist  in  the 
sjime  plane  they  must  cut  each  other,  consequently  their  inter- 
seetion  c.  will  he  the  required  centre  of  gravity. 

Now,  in  the  triangle  abh,  the  line  Br  is  parallel  to  the 
base  \n,  since  it  cuts  the  sides  ah  and  bh  into  proportiofiri 
parts,  that  is  to  say,  in  the  ratio  of  one  to  three« 
from  II  ;  we  ^hall  have  therefore 

Hi  :  (tA  :  :  KF  :  ab  : :  BH  :  ah. 
and,  consequently, 

I  (•   I   (tA   I  I    1   Z   •!  I 
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SO  that  Fo  is  the  third  of  oa,  or  the  fourth  of  fa,  which  was  to 
be  proYed. 

Hence  it  may  be  shown  that  if  a,  b,  c,  d,  the  four  sum- 
nits  of  the  pyramid,  be  the  centres  of  gravity  of  equal  masses, 
the  point  o  will  be  the  centre  of  gravity  of  these  four  masses, 
Aril  was  already  shown  in  (No.  77)  that  the  point  f  is  that  of 
the  duee  masses  which  are  situated  in  b,  c,  d  ;  and  then  the 
point  o  so  taken  that  of  is  the  third  of  ga,  will  be  the  centre 
of  gravity  of  these  three  masses  and  of  the  fourth. 

It  follows  from  this  (No.  67)  that  if  to  the  centre  of  gra- 
vity of  the  pyramid,  forces  be  applied,  represented  in  magni- 
tude and  direction  by  lines  drawn  from  this  point  to  the  four 
summits,  these  four  forces  will  be  in  equilibrio. 

88*  The  centre  of  gravity  of  a  triangular  pyramid  being 
llmi  detennined,  it  is  easy  to  deduce  that  of  a  pyramid  or 
of  any  base  whatever,  by  decomposing  this  base  into  a 
Of  infinite  number  of  triangles ;  the  centre  of  gravity  of 
dda  pyramid  or  cone  must  exist  at  the  same  time  in  the  line 
drawn  from  the  summit  to  the  centre  of  gravity  of  the  base,  and 
JB  that  plane  parallel  to  the  base,  which  cuts  ail  lines  drawn 
from  the  sonmiit  to  this  base,  in  the  ratio  of  three  to  four, 
If  aiming  firom  the  summit,  which  agrees  with  the  result  of 
No.  86. 

The  centre  of  gravity  of  a  spherical  sector  may  be  also 
dedueed  from  it.  In  facty  if  this  sector  be  decomposed  into  an 
infinite  number  of  pjrramids,  of  which  the  common  summit  is 
at  tlie  centre  of  the  sphere,  and  whose  bases  are  the  infinitely 
mall  elements  of  the  base  of  the  sector,  their  centres  of  gra- 
vity most  all  exist  on  the  base  of  a  concentric  sector,  the 
ladios  of  which  will  be  three-fourths  of  that  of  the  given 
sector ;  hence  we  infer  that  the  centre  of  gravity  of  the  given 
sector  will  be  the  same  as  that  of  the  base  of  the  concentric 
sector ;  by  means  of  which  consideration  its  position  may  be 
determined. 

Let  the  spherical  sector  be  generated  by  the  circular  sector 
cadb  (fig.  29)  revolving  about  the  radius  cd,  which  is  drawn 
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to  the  middle  of  the  arc  ab«  The  triangle  cab  and  the  circular 
segment  adb  will  generate,  at  the  same  time,  a  cone  and  a 
spherical  s^^ment ;  and  the  centre  of  grarity  of  this  tegmeat 
can  be  determined  when  those  of  the  spherical  sector  and  of 
the  cone  are  known. 

For  this  purpose,  let  v„  v,  v',  denote  the  vespectire  Totmaes 
of  these  bodies,  and  Xi ,  x,  x\  the  distances  of  their  centres  of 
gravity  from  the  point  c,  we  shall  hare 

vz:v'  +  Vi,     vx  =  vV  +  V|X|.  (a) 

Let  a  denote  the  radius  cd,  c  the  chord  ab,  and  /*  the  sa> 
gitta  DB  of  the  arc  adb.  Relatively  to  the  cone,  we  shall 
have(r) 

V  =  ^  irc«  (a -/),    x'  =  i(a-/). 

The  base  of  the  spherical  sector  will  be  equal  to  the  pfodael 

of  the  sagitta  and  of  the  circumference  of  the  gremt  cbde^  or 

to  2irqff{s)  and  the  value  of  its  volume  will  be  the  piodtt  rf 

2iraV' 
this  base  and  of  ^  a,  *or  — ^-=^.     If  from  the  point  c  as  centre, 


and  with  a  radius  equal  to  |cd,  an  arc  of  a  drcie, 
a'd'b',  be  described,  the  centre  of  gravity  of  the  surfi^e 
rated  by  this  arc  will  be  in  the  middle  point  of  the  sagitta  D'r' 
(No.  81)  ;  or,  in  other  words,  at  a  distance  from  the  point  c 
equal  to  cd'— Jd'e',  the  value  of  which  is  |(a— 4/)(^ 
Therefore,  as  by  what  has  been  stated,  this  centre  of  gravicy 
is  that  of  the  spherical  sector  v,  we  shall  have 


By  substituting  these  diiTerent  values  in  equations  (a),  tt  h(^ 
comes 

ljir«y=:  ,',ire'(«-/)+v„ 

1  ir«y(fl-  J/)  =  tV  irr*  (a-/)»  +  v,x, ; 

It)'  mcaits  ot  which  the-  valutas  of  v,  oiui  j-|  can  be  (leUMHuaeiL 
If  /  denote  the  lenf^th  of  the  arc  ab,  we  shall  harc(r) 
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c  =  2a8in^,    /=a(l-.cos-), 
hence  there  results     ^ 

*         3     \  2a     ^       2a       2a/ 


3a  sin*— 

2a 


8(l  —  cos^ isin*^  COS;/-) 

\  2a        «  2a  2a/ 

When  the  arc  /  is  the  semi-circumferance,  it  is  equal  to  ira, 
and,  consequently, 

_  2ira^  _  3a 

89.  The  volume  and  centre  of  gravity  of  every  body 
which  is  symmetrical  with  respect  to  its  axis,  as  for  example 
an  ellipsoid,  may  likewise  be  determined  by  simple  integrals. 
Let  Xj  y,  Zj  be  the  three  rectang^ular  coordinates  of  any  point 
of  the  sur&ce ;  let  the  axis  of  the  figure  be  taken  for  that  of 
«,  and  let  x  denote  the  area  of  the  section  perpendicular  to 
this  line,  which  corresponds  to  the  extremity  of  the  abscissa  x. 
If  the  volume  be  decomposed  into  infinitely  small  elements 
perpendicular  to  the  axis  of  the  figure,  xdx  may  be  assumed 
equal  to  the  volume  of  any  element,  and  x  may  be  taken  as 
the  distance  of  its  centre  of  gravity  from  the  origin  of  the  co- 
ordinates. Therefore,  if  we  denote  by  v  a  slice  comprised  be- 
tween two  sections  corresponding  to  the  given  abscissae  a  and 
/S,  and  by  Xi  the  distance  of  its  centre  of  gravity  from  the 
origin  of  the  coordinates,  we  shall  have 


=  \xdxy     vxi  =  yxxdx. 


In  the  case  of  the  ellipsoid,  the  equation  of  the  surface  is 

X*        y"      z^      ^ 
a  o        c* 
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a,  &,  r,  denodng  the  three  irwiiTft     Those  of  the  tcctioo  i 

wiU  be(x) 


VVI^.VT^; 


Iwnoe  we  thall  have 
and,  ooDsequendjr, 

from  which  we  deduee 

_3(«.fffl(aa'-««-^*) 
''-     4(3a»-.*— /i-/i«)   • 

If  this  formula  be  applied  to  the  spherical  segment  which  ha* 
been  considered  in  the  preceding  number,  we  should  take 

/         . 
a  =  acos  ;r-,     Q-na-^ 

2a      ^ 


which  gives 


3«(  1  4.  cos  ^j  9iti^^^ 
'-4(l-co,±+«„»l)' 


X,  = 


this  expression  may  be  shown  to  coincide  with  the  %-alue  ot  j, 
already  found,  by  multiplying  both  its  numerator  and  deiioai- 

nator  by  1  —  cos  -- . 

2a 

In  ordor  to  obtain  the  entire  value  of  the  eUi|»M>id,   it  i* 

neccswiry  to  make  ^i  =  a,  and  n  =  —  a  ;  which  give* 

4ir#iAr 

^  =  -3- 
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This  value  of  the  volume  is  also  furnished  by  the  triple  inte- 
gral ^dxdydzy  extended  to  all  the  elements  of  the  space  ter- 
minated by  the  surface  of  the  ellipsoid ;  but  by  making 

the  equation  of  this  surface  becomes 

x'^+y'^  +  z'^-  1, 
and  the  triple  integral  is  changed  into 

abcyiS^dx'dy'dz'. 

This  new  int^ral  should  be  extended  to  all  the  elements  of 
the  space  circumscribed  by  the  surfiioe  which  answers  to  the 
preceding  equation  ;  consequently  it  will  express  the  volume 
of  the  sphere  of  which  the  radius  is  unity ;  and  as  this  volume 

is  equal  to  -^ ;  it  follows  that  — ^ —  expresses,  as  before,  the 

volume  of  the  ellipsoid* 

90.  Bodies  which  are  symmetrical  With  respect  to  an  axis, 
comprise  solids  of  revolution.  In  what  follows  respecting  such 
bodies,  the  axis  of  the  figure  will  always  be  taken  for  that  of 
the  abscissse  x.  If  then  a  solid  of  this  nature  be  supposed  to 
be  generated  by  a  plane  area  comprised  between  two  given 
carves,  and  the  perpendiculars  to  the  axis  of  x  which  corres- 
pond to  xzza  and  or  =  /3,  and  if  y  and  y^  denote  the  ordi- 
nates  of  these  curves  with  respect  to  the  same  abscissa  x^  it  is 
necessary  to  make 

b  the  formulae  of  the  preceding  number ;  this  gives 

V  =  T  J^  (j^  -y'')cir,     vxi  =  ir  J^  (f-v'')  ^dx. 

In  the  most  usual  case,  namely,  that  in  which  the  interior 
curve  coincides  with  the  axis  of  the  figure,  we  shall  have 
|f^  =  o,  and  simply 
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y  ^wyy^dXf    vxi^wyj^xdx.  (b) 

The  cycloid  furnishes  also,  in  this  case,  examples  of  tk 
application  of  these  foimuke,  in  which  all  the  integrations  wmj 
be  effected  under  a  finite  form. 

In  the  case  of  the  convex  solid  generated  by  the  revoladoii 
of  the  area  cmp  (fig.  25)  about  the  axis  ex,  there  will  lesnlt 
by  partial  integ^tion 

vxi  =  ^wxY  —  ^l^dgi 

the  integprals  being  so  taken  that  they  may  vanish  at  the  poort 
c,  that  is,  where  x=.o.  Therefore,  in  virtue  of  equatioo  (a) 
of  No.  73,  we  shall  have(y) 


vxi  =  J  wx^'*  —  rSry  V^ox— 4c*.i4r ; 

and  the  calculations  of  these  values  can  be  effected  by 
of  transformations  similar  to  those  of  No.  80.     In  the 
the  volume  generate<l  by  the  semicycloid  cab,  we  obtain 

'  -  3  \i6      J'   '*-  ri^^ji-^-ier 

In  the  case  of  the  convex  solid,  generated  by  the  revolatifla 
of  the  area  cmp  about  the  axis  cy,  it  is  requisite  preriooslT  to 
change  x  into  y  and  y  into  x  in  equations  (b)  ;  from  whidi 
there  will  result 

V  =  irJxVy,     vy,  —  w^x^^ydy  ; 

yi  being  the  distance  of  the  centre  of  gravity,  which  exisis  oe 
the  axin  cy,  from  the  point  c,  and  the  integrals  being  supposed 
to  vanish  at  the  point  c.  Therefore,  in  \drtue  of  equatioo  (a) 
of  the  cycloid,  we  shall  have 


V  =  TT  $x  ///  r  —  r^fix,     vvj  =  w^Jt  >/ ax  —  jr*rfx. 
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The  first  int^^  can  be  obtained  without  any  difficulty,  and 
the  second  by  transformations  similar  to  those  of  No.  80,  In 
the  case  in  which  cm  is  an  entire  semicycloid,  we  shall  have    ' 


_it'€?  _  f\6  ^    7t'\a 


91.  Let  now,  x^  yu  Zi^  be  the  rectangrular  coordinates  of 
the  centre  of  gravity  of  a  body  of  any  form  whatever,  homo- 
geneous or  heterogeneous,  of  which  the  mass  is  represented  by 
M.  From  what  has  been  already  stated  in  No.  65,  it  appears, 
that  in  order  to  determine  these  three  unknown  quantities,  m 
must  be  divided  into  indefinitely  small  parts,  consequently  the 
preceding  sums  must  be  changed  into  integrals  in  the  second 
members  of  equations  (1)  of  this  number.  By  this  means,  we 
shall  have 

MJTi  =  l^xdm.    My,  =  ll^ydm^    mz,  =  l^zdm ;        (1) 

dm  being  the  differential  element  of  the  mass  of  the  body  cor- 
leqxmding  to  the  coordinates  x,  y,  z.  Naming  p  the  density 
of  this  same  element,  and  dv  its  volume,  we  shall  ako  have 

dm  =  pdv. 

The  rectang^ular  parallelopiped  of  which  the  adjacent  sides 
are  parallel  to  the  axes  of  x,  of  y,  and  of  z,  and  respectively 
equal  to  the  differentials  dxy  dy^  dz,  may  now  be  assumed  for 
the  element  dv  of  the  volume ;  hence  there  will  result 

dv  =  dxdydz. 

If  the  body  be  homogeneous,  its  density  will  be  constant ;  and 
denoting  its  volume  by  v,  we  shall  have 

M  =  pv; 

thus  equations  (1)  will  become 

vap.  =  SSS^dr,     vy,  =  SSSyd!;,     vz,  =  SSJzrfi;.  (2) 

If  the  body  be  heterogeneous,  two  different  cases  may  occur ; 
either  this  body  will  consist  of  homogeneous  parts  of  a  finite 

c 
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magnitude,  and  the  density  will  only  vary  from  one  part  to  ik 
other,  in  which  case  we  can  apply  equations  (2)  to  each  of  tliom 
and  then  the  centre  of  gravity  of  the  entire  body  can  he  hU 
from  knowing  the  centres  of  gravity  of  all  its  parts  (No.  64\ 
Or  the  density  will  vary  by  insensible  degrees  in  the  interior  of 
the  body ;  and  then  we  should  make  use  of  equations  (l)f  in 
which  p  ought  to  be  a  given  function  of  x,  y,  z. 

We  should  however  remark,  that  in  the  case  both  of  a 
homogeneous  and  heterogeneous  body,  the  division  of  the  mas 
into  infinitely  small  elements  of  which  the  densitiea  are  the 
same,  or  vary  only  by  insensible  gradations,  supposes  that  tUi 
body  is  constituted  of  continuous  matter.  But  this  b  not  the 
case  in  nature,  in  which  the  bodies  are,  on  the  contrary,  BUHie 
up  of  detached  material  parts,  and  separated  from  one  another 
by  empty  spaces,  which  in  point  of  magnitude  are  ooraparaUe 
to  the  parts  occupied  by  the  matter.  In  the  following  chapter 
we  will  revert  to  this  observation,  and  we  will  show  thai 
mulas  (1)  and  (2)  may,  notwithstanding,  be  applied  to 
as  they  exist  in  nature,  just  as  if  matter  experienced  no  dah 
continuity  in  its  interior. 

m 

92.  It  will  l>e  sometimes  nccessar\',  in  order  to  fiicilitate 
the  integrations,  to  employ  the  polar  coordinates  of  each  ele* 
ment  dm  in  place  of  the  coordinati»s  x,  y,  r.  InthiscBM,  iff 
denotes  its  radius  vector,  0  the  angle  which  it  makes  with  the 
axis  of  the  positive  ta,  and  x^  the  angle  comprised  between  the 
plane  of  these  two  lines  and  that  of  x  and  y ;  we  shall  hare 
(No.  9) 

x  =  r.  cosO,     y  =  r  sin0.cos\^,     z=  r.sinO.sin^* 

We  fihould  also,  at  the  same  time,  express  c/r  by  means  of  the 
diffen^ntials  of  those  new  variables  r,  0,  \^.  There  ar«  general 
formuhe  for  the  transformation  of  in(le|H*ndent  %*ariaUcs  ia 
multiple  integrals;  but  the  expression  of  i/r,  namely, 

f/r  =  H.sin0f/rf/ft//, 

may  Ik*  also  found  directiv,  as  will  1m*  shown  tounedialelT. 
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If  pdo  be  put  in  place  oidmm  equations  (1),  and  if  the  values 
of  X,  y,  z,  in  polar  coordinates  be  also  substituted  in  these 
equations!  they  will  become 

MX,  =  SSS  |or^  sin  0 .  cos  OdrdOdx^j  1 

My,  =  SSSpHsin^O .  cosi^  drdOdxf.^  [        (3) 

uzi  =  5^  pr^  siaW .  sin  \p  drdOdipy  J 

to  which  should  be  joined  the  equation 

u^^lpf^sinOdrdOdxIj. 

As  to  the  limits  of  these  triple  integrals,  they  will  be  different 
according  as  the  origin  of  the  coordinates  is  placed  without  or 
within  the  body.  When  this  origin  is  itself  one  of  the  points 
of  M,  we  should  first  integ^te  from  r  =  otor=«,  in  which 
u  denotes  a  function  of  0  and  xf/  given  by  the  equation  of  the 
BurfiEM^e ;  this  being  done,  we  should  then  integ^te  from  0=0 
and  ^  =  0  to  0  =  IT  and  xf/  zi  27r,  be^nlng  with  either  of  the 
angles  0  or  xfj  Bswe  please.  Generally  speaking,  the  limits 
will  be  more  complicated,  when  the  origin  of  the  coordinates 
does  not  belong  to  the  mass  m.  In  this  case,  let  u  and  u'  re- 
present two  given  functions  of  0  and  xpy  to  and  to',  two  functions 
of  ^,  and  a  and  a'y  two  g^ven  angles ;  if  the  question  was  re- 
electing a  portion  of  a  body  comprised,  on  one  part,  between 
two  sur&ces  of  which  the  equations  are  r = ti and  rzzu';  and  on 
the  other  part,  between  conic  surfaces,  which  have  for  a  com- 
mon axis  that  of  x,  their  common  summit  being  also  the  origin 
of  the  coordinates,  and  for  equations  0  z=  (i>,  0  =:  w^;  finally, 
between  the  two  planes  passing  through  this  axis,  and  which 
make  the  angles  a  and  a^  with  the  fixed  plane  from  which 
the  angle  \p  is  reckoned.  We  should  integrate  first  from  r  rz  u 
to  r  =  u^  then  from  0  =  w  to  0  =  w' ;  and  finally,  from  xf^zza 
to  ^  =  a^  For  example,  let  us  take  for  the  two  first  surfaces 
those  of  two  concentric  spheres  having  their  common  centre 
at  the  origin  of  the  coordinates,  and  of  which  the  radii  arc 
a  and  a' ;  at  the  same  time,  let  the  bases  of  the  two  cones  be 
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circles,  or  in  other  words,  let  the  angles  i^  and  i^'  be  oonstanl; 
moreover,  let  the  density  be  solely  a  function  of  r ;  so  that  the 
portion  of  the  body  which  is  considered^  appertains  to  a  spbeie 
composed  of  concentric  strata  infinitely  slender,  each  of  whidi 
has  the  same  density  throughout  its  entire  extent,  and  wkidi 
density  varies  from  one  stratum  to  another,  according  to  a  givci 
function  of  the  distance  from  the  centre.  By  making,  in  ocdcr 
to  abridge. 


JJpr^drzTA,     J^pr'drsB, 


and  performing  the  integ^tions  relative  to  9  and  ^  we  ob» 

tain(2:) 

M  =  A  (a— a)  (cosw— cos^Of 

MX,  =  J  B  (a'— a)  (cos'w— COS'w'), 

Myi  =  i  B  (sina'— sina)  (w'— «— i  sin3ii»'4-|8in3ii»), 
Mr,  =  ^B  (cosa  — cosaO(o>'— «i»— i>u^2M'+|stnSM); 

by  means  of  which  equations,  the  values  of  x,,  y,,  ;,,  will  be 
had,  which,  in  this  example,  cannot  be  deduced  from  eqnatiom 

(1). 

If  the  mass  m  forms  a  complete  ring,  so  that  we  hare 
a'  =:  a  4-  27r,  there  will  result  y,  =  0  and  r,  =  0,  that  is  to 
say,  the  centre  of  gravity  will  be  situated,  as  we  know  it 
should  be,  on  the  axis  of  this  ring ;  the  value  of  x, ,  its  distance 
from  the  centre  of  the  sphere,  of  which  this  ring  is  a  part, 
will  bo  (a') 

H(cOS(iI  -f-  COSwO 


Xi  = 


*2a 


If  the  sphere  be  homogeneous,  the  density  p  being  tlien 
slant,  we  nhall  have 

Wlii'U  thi»  |M)rtion  of  the  ring  that  in  destitute  of  matter  di^- 
ap|K*art,  wc  »hall  have  ui  =:  0  ;  and  finally,  if  it  changes  into  a 
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spherical  eector,  we  will  ako  have  a  =  0 ;  hence  there  will 
result 

ari  =  -g-(l+c08aiO; 

this  accords  with  the  value  of  the  quantity  denoted  by  x  in 
No.  88,  as  appears  by  observing  that  the  value(6Q  of  the  sagitta 
denoted  by y will  be  a'(l— coscuQ,  and  that  the  radius  is  a'. 

93.  In  order  to  obtain  the  expression  of  dv^  the  differential 
of  the  volume,  in  terms  of  the  differentials  of  the  polar  co- 
ordinates, let  M  (fig.  31)  be  supposed  to  be  the  point  of  which 
the  coordinates  are  respectively  TyOyxf/;  so  that  o  being  their 
origin,  om  will  be  the  radius  vector  r,  9  the  angle  mox  com- 
prised between  this  radius  and  a  fixed  axis  ox^  and  xp  the 
angle  which  the  plane  of  these  two  right  lines  makes  with  a 
fixed  plane  drawn  arbitrarily  through  the  second.  Let  M^  be 
any  point  situated  on  the  production  of  om,  of  which  let  the 
radius  om'  be  denoted  by  r^.  From  the  point  o  as  centre,  and 
in  the  plane  M'02;,  let  the  arcs  mn  and  m^n^,  comprised  be- 
tween the  two  lines  omm'  and  onn^  be  described,  and  let  the 
angle  sox  be  denoted  by  0^ ;  finally,  let  the  plane  of  this 
angle  turn  about  the  axis  oxj  and  let  xp^  represent,  in  its  new 
position,  the  angle  which  it  makes  with  the  fixed  plane. 
In  this  motion,  the  area  mm'n'n  will  generate  a  volume 
mm'kn'pp'q'q,  which  we  shall  represent  by  u.  Now,  this  area 
being  the  difference  of  the  two  circular  sectors  m^on^  and  mon, 
is  equal  to 

Denoting  the  perpendicular  let  fall  firom  its  centre  of  gravity 
on  the  axis  ox  by  w,  tt(i//'— 1//)  will  be  the  length  of  the  arc 
that  this  centre  will  describe  about  this  line.  Therefore,  by 
the  theorem  of  No.  84,  we  shall  have 
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This  being  established,  if  the  three  dimensions  of  c 
infinitely  small,  and  if,  in  consequence,  we  make 

the  fEictor  r*  ^r  will,  at  the  same  time,  be  reduced  to  2r ;  wc 
can  also  take  for  u  the  perpendicular  mh  let  fidl  from  the  poist 
M  on  the  axis  ox,  which  is  equal  to  r*tin9,  and  which  onlj 
differs  from  m  by  an  infinitely  small  quantity ;  finally,  c  will  be 
changed  into  rfr,  and  its  ralue  will  be 

which  it  was  proposed  to  determine* 

In  fiu:t,  it  is  evident  that  this  volume  dv  mxf  be 
dered  as  a  rectangular  parallelopiped,  the  three  adjaoeni  sii 
of  which  are  mm'  or  dr^  the  infinitely  small  arc  mn,  the 
of  which  is  at  the  point  o,  and  whose  length  is  rd9^  and  the  i»> 
finitely  small  arc  mp,  which  has  its  centre  at  the  point  B, 
and  for  length  r.sinO(/i/^. 

MNQP,  the  base  of  this  parallelopiped,  is  the  element  of  the 
spherical  surface  of  which  the  centre  is  at  the  point  o  and  the 
radius  equal  to  r.     Therefore,  representing  it  by  i/^,  we  havv 

da  11  r^  Hin  OdOd\l/y     dv  =  d<rdr. 

Denoting  the  element  of  the  spherical  surfiMe,  of  which  the 
radius  is  taken  for  unity  by  J^,  we  shall  also  haTe(c') 

dw  =  %inOdOd\f,^     dr  =  r\lrti^. 

By  integrating  this  expression  of  dw  from  0  =  0  and  ^  =  0  to 
0  ^w  and  y^f  =  2ir,  we  obtain  4ir  for  the  ratio  of  the  waxtmtt 
of  the  Hphere  to  the  square  of  its  radius,  which  is,  in  bet,  ttt 
known  value. 


CHAPTER  VI. 

ON  THB  ATTRACTION  OF  BODIES. 

I. — Formula  relative  to  any  Body  whatever^  and  to  a  Sphere 

in  particular. 

94.  If  a  material  point  o  (fig.  32)  be  subjected  to  the  at« 
tractions  of  all  the  points  of  a  body  of  any  form  whatever ;  by 
decomposing  each  of  these  forces  into  three  others,  acting  in  the 
direction  of  rectangular  axes  drawn  arbitrarily  through  the 
point  o,  and  then  taking  the  sum  of  the  positive  or  negative 
components  which  act  in  the  direction  of  each  axis,  we  shall 
obtain  the  three  components,  the  resultant  of  which  will  ex* 
press  in  magnitude  and  direction  the  entire  attraction  exerted 
on  the  point  o.  These  three  components  will  be  the  sum  of 
an  infinite  number  of  infinitely  small  elements,  extended  to  the 
entire  mass  of  the  attracting  body ;  they  will  be  expressed  by 
means  of  triple  integprals,  and  the  calculation  of  these  quantities 
will  be  similar  to  that  of  the  coordinates  of  the  centre  of  gra- 
vity of  any  body,  with  which  we  have  been  occupied  in  the 
last  chapter ;  and,  in  fact,  this  is  the  reason  why  the  subject  of 
the  attractions  of  bodies  is  introduced  in  this  place. 

This  question  is  one  which  has  engaged  much  of  the  atten- 
tion of  geometers,  both  on  -account  of  the  difficulties  which 
ooeur  in  the  analytical  investigations,  as  also  on  account  of  iti 
connexion  with  the  problem  of  the  figure  of  the  earth,  and  of 
the  law  of  gravity  at  its  surface ;  but  in  the  present  treatise  we 
shall  not  enter  on  the  considerations  of  these  points  in  any  de- 
tail, but  shall  merely  restrict  ourselves  to  giving  those  formuke 
which  are  of  most  frequent  occurrence,  and  some  of  their  ap- 
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plications.  For  their  more  complete  development,  the 
is  referred  to  the  second  volume  of  the  Meckamique  CdeMie  6f 
Laplaccy  and  to  the  memoir  of  the  author  on  the  Aiiraetiom 
of  Spheroids  inserted  in  the  Connaissance  des  Tewu  ibr  the 
year  1829. 

95.  Let  D  be  a  fixed  point  assumed  in  the  interior  of  the 
attracting  body  ;  through  this  point  let  three  rectangular  axes 
Dx,  nyj  BZf  be  drawn,  these  will  be  the  axes  of  the  pontm 
coordinates ;  let  x,  y,  z,  represent  the  coordinates  of  x,  any 
point  whatever  of  the  attracting  body,  and  dm  the  diiTercntial 
element  of  its  mass  corresponding  to  this  point  m  ;  likewiie, 
let  a,  /3,  jt  and  /n  denote  the  three  coordinates  and  mass  of  the 
point  o ;  and  finally,  let  u  be  the  distance  OM,  so  that 

The  attraction  exerted  by  dm  on  ft  will  be  in  the  directioii  of 
the  line  oM.  If  this  force  be  proportional  to  the  product  of 
the  two  masses,  and  in  the  inverse  ratio  of  the  square  of  the 
distance  u,  we  shall  have,  by  denoting  it  by  f, 

fudm^ 

/*boing  a  constant  coefRcient  which  expresses  the  intensity  «f 
the  attractive  force,  relative  to  the  units  of  dUtance  and  of  wnm» 
In  order  to  obtain  an  accurate  notion  of  this  quantity y^  let  m 
conceive  two  bodies  of  any  form  and  dimension  whatever,  the 
masses  of  which  are  ec|ual,  and  respectively  assumed  for  unitTt 
and  suppose  that  the  attraction  does  not  var\'  either  in  intern- 
sity  or  direction  throughout  the  entire  extent  of  these  tvs 
bodies,  so  that  it  must  l>e  the  same  lK.*twi*en  any  two  ebuwli 
whatever  of  their  masses,  equal  res|)ectivoIy  to  dm  and  ii,  s* 
l>etwe(*n  /i  and  dm  the  material  |K>ints,  which  we  are  considef* 
ing,  when  their  distance  oM  is  eijual  to  unity;  the  force /*» 
the  entire  attraction  which  will  then  Im*  exercisetl  bv  one  s( 
these  two  IkmUcs  on  the  otluT. 
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The  projections  of  the  line  om,  on  the  axes  dx,  Dy^  dz, 
are  o— X,  /3— y,  y^^l  and  by  dividing  them  respectively  by 
Uy  the  cosines  of  the  angles  which  determine  the  direction  of 
the  force  f  will  be  obtained ;  hence  its  three  components  are 

F,     !- — ^F,     -i f: 

u  u  u 

and,  tf  being  considered  as  a  positive  quantity,  they  will  tend, 
according  as  they  are  positive  or  negative,  to  diminish  or  in- 
crease a,  /3,  7,  the  three  coordinates  of  the  point  o.  Therefore, 
if  we  represent  the  three  components  of  the  entire  attraction 
exercised  on  this  point,  by  a,  b,  c,  we  shall  obtain,  by  substi- 
tuting for  F  its  value,  and  observing  that  fi  andy*are  constant 
quantities. 


(1) 


these  triple  integrals  being  supposed  to  extend  to  the  entire 
mass  of  the  attracting  body. 

Denoting  the  density  of  the  element  dm  by  p,  and  its  vo- 
lume by  dVf  we  shall  have 

dm  zz  pdv. 

In  the  general  case,  0  will  be  a  given  function  of  the  coordi- 
nates of  the  point  m  ;  in  the  case  of  the  homogeneity  of  the 
attracting  body,  it  will  become  a  constant  quantity ;  dv  will  be 
expressed  by  means  of  the  differentials  of  the  coordinates  of  m, 
and  those  are  always  selected  which  are  most  proper  to  &cili- 
tate  the  integ^tions. 

96.  The  three  triple  integrals  on  which  the  values  of 
A9  B,  c,  depend,  may  be  reduced  to  one  only,  by  a  very  simple 
consideration. 
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The  limits  being  supposed  the  same  as  in  these  integrak 

let 

dm 


= SS  V- 


Since  these  limits  are  independent  of  the  point  o,  if  t  be  diffe* 
renced  with  respect  to  its  coordinates,  these  differentiatioiH 
may  be  effected  under  the  sign  I  (No.  14) ;  and  as  we  hare 
also 

da    '^     w'    '     rf/3  m'         dy         H^ 

there  will  result 

l>y  means  of  which,  equations  ( 1 )  may  be  changed  into 

ffr  tir  jh 

tia  iip  tiy 


ii) 


so  thai  the  calcuhitioii  of  the  three  components  a,  b,  c,  dependi 
only  on  one  integral  T.  In  determining  it,  it  is  material  to 
recollect,  that  the  denominator  i/  mui^t  have  conMantlv  tkf 
same  si^n  in  tlie  entire  extent  of  the  integration,  and  that  h 
should  he  po^itivo,  if  we  wish  that  the  components  a,  b«  c, 
should  tend  to  diminish  or  increase  the  coonlinates  of  o«  ac^ 
cording  jis  their  vahu's  fnniishe<i  by  cfjuation^  (2)  are  potitirr 
<»r  ni'i^ative. 

If  inntrail  of  an  attractive,  the  j>oint  o  i<  acted  on  by  a  re- 
pviUive  torce,  it  will  he  only  neivs<irj'  to  change  the  ftigiis  ot 
the  valui*^  of  \,  n,  c,  or,  what  comi»s  to  the  ^amo  thing,  to  w- 
^^ardy'as  a  couHtant  negative  quantity.     In  the  case  in  whkk 
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the  force,  whether  attractive  or  repulsive,  that  acts  on  the 
point  o,  does  not  vary,  as  has  been  supposed,  in  the  inverse 
ratio  of  the  square  of  the  distance,  and  that,  consequently,  the 
coefficient  of  fidm  is,  in  general,  represented  by  a  given  func- 
tion of  Hf  which  we  can  denote  by  ^u,  if  we  assume  another 
function  of  »  as  ^Uy  such  that  we  may  have 

then  this  should  be  substituted  in  place  of  u,  in  the  expression 
of  T.  It  may  also  happen  that  this  force  is  attractive  for  one 
part  of  the  body  that  acts  on  o,  and  repulsive  for  another  part, 
in  which  case  the  function  ^u,  in  which  is  comprised  the  co- 
efficient^ would  change  its  sign,  in  the  extent  of  the  integral 
represented  by  t. 

The  components  of  the  action  exercised  on  a  body  of  any 
form  or  dimension  whatever,  may  be  deduced  from  the  pre- 
ceding formulse,  by  substituting  for  /i  the  differential  element 
of  its  mass,  which  corresponds  to  the  coordinates  a,  /3,  7,  and 
then  integrating  with  respect  to  these  three  variables  for  the 
entire  extent  of  the  mass ;  from  this  it  appears,  that  the  com- 
ponents of  the  action  which  one  body  exerts  on  another,  will, 
generally  speaking,  depend  on  sextuple  integrals. 

The  preceding  are  the  formulas,  by  means  of  which  attrac- 
tions or  repulsions  are  computed ;  it  is,  however,  necessary, 
previously  to  our  making  any  application  of  them,  to  explain 
how  they  can  be  adapted  to  the  intimate  constitution  of  bo- 
dies, and  to  examine  the  difficulty  which  was  adverted  to  at 
the  end  of  No.  91 . 

97.  It  was  already  observed  (No.  60)  that  different  bodies 
contain,  under  equal  volumes,  unequal  quantities  of  ponderable 
matter,  and  as  these  quantities  vary,  for  the  same  body,  with  its 
temperature  and  the  exterior  pressure  to  which  it  is  subjected, 
philosophers  have  been  led  to  regard  natural  bodies  as  a  col- 
lection of  material  parts  not  in  contact,  but  separated  from 
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each  other  by  pores  or  spaces  destitute  of  ponderable  matter. 
These  material  parts  are  termed  atoms;  in  consequenoe  of 
their  extreme  minuteness,  their  dimensions,  and  those  of  the 
pores,  elude  our  senses,  and  all  our  means  of  measuring  tbcm. 
The  atoms  are  considered  as  indestrucUble,  and  the  mass,  the 
form,  the  volume  of  each  of  them,  as  invariable.  The  diincs^ 
sions  of  the  pores,  on  the  contrary,  vary  ixdth  the  different  At- 
grees  of  heat,  which  is  either  introduced  into  or  expelled  from 
the  body,  and  with  the  pressures  to  which  it  is  subjected ;  and 
as  the  changes  in  the  volume  of  a  body  may  be  very  great, 
without  its  mass  undergoing  any  increase  or  diminatioo,  it 
follows  that  the  dimensions  of  the  parts  void  of  matter  most  be 
comparable,  and  generally  greater  than  those  of  the  fiill  parts. 

Atoms  of  the  same  or  of  different  natures  combine  in  dife- 
rent  proportions  to  constitute  other  parts  of  bodica,  which  art 
likewise  inappreciable  by  the  senses,  and  which  are  tttmei 
molecuks.  Bodies  differ  from  each  other  in  the  nature  and 
proportion  of  the  atoms  which  enter  into  the  oompoaitioo  of 
each  molecule  ;  and  the  atoms  are  regarded  as  in\'ariable  and 
indestructible,  as  has  been  already  stated,  because  that  when 
they  are  reunited  in  the  same  proportions,  the  same  bodies, 
dowed  with  the  same  properties,  are  invariably  reproduced 

98.  It  is  evident  from  this,  that  the  division  of  the 
into  infinitely  small  elements,  and  the  hypothesis  of  a  deuitT 
in  each  element,  which  does  not  vary  at  all  in  homogeneous 
bodies,  and  which,  in  the  case  of  heterogeneous  bodies,  rarin 
by  insensible  degrees,  is  not  the  condition  of  bodies  as  ther 
actually  exist  in  nature ;  however  this  does  not  prevent  m 
from  making  use  of  the  formuUe  which  are  founded  on  this 
consideration,  and  even  from  applying  them,  when  the  bodiei 
have  l>een  divided  into  parts  of  a  finite,  but  still  tBtcnttUe 
magnitufie. 

Ill  fact,  the  molecules  are  so  small,  and  so  near  to 
utliiT,  that  a  part  of  the  mass  of  a  body,   which  contains 
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mense  numbers  of  them,  may  still  be  supposed  extremely 
small,  and  its  volume  regarded  as  insensible.  Let  v  be  the 
volume  of  such  a  part,  the  magnitude  of  which  is  insensible, 
and  which,  nevertheless,  contains  myriads  of  molecules ;  like- 
wise, let  m  be  the  sum  of  their  masses ;  and  let  m  denote  one 
of  the  points  of  v,  which  can,  if  we  please,  be  taken  for  its 
centre  of  gravity.     If  we  make 

m 

17  =  ^' 

this  ratio  p  will  really  express  the  density  of  the  body  at  the 
point  M,  (a)  whatever  may  be  in  other  particulars  the  masses  of 
the  molecules  and  their  manner  of  distribution,  whether  regu- 
lar or  irr^^ular,  through  the  extent  of  v.  In  like  manner, 
denoting  the  number  of  the  molecules  that  v  contains  by  it, 

and  tnftlfinor 

n 

this  line  c,  of  inappreciable  magnitude,  may  be  termed  the 
wuoH  interval  of  the  molecules^  which  corresponds  to  the  point 
M  and  the  density  p.  In  a  homogeneous  body,  this  ratio 
and  this  line  do  not  vary  with  the  position  of  the  point  m  ;  in 
a  heterogeneous  body  these  two  quantities  vary  by  insensible 
gradations,  and  may  be  supposed  to  be  g^ven  functions  of  the 
coordinates  of  this  point. 

This  being  established,  if  it  were  required  to  know  the  mass 
of  a  body,  or  more  generally,  the  sum  of  the  extremely  small 
parts  of  this  mass,  multiplied  by  u,  a  function  of  the  coordi- 
nates of  M  one  of  its  points ;  v  the  volume  of  this  body,  should 
be  divided  into  extremely  small  parts  such  as  r,  and  then  the 
sum  of  all  the  products  vpVy  which  we  shall  denote  by 

should  be  taken,  and  extended  to  all  the  parts  such  as  t;  of  v. 
It  appears  from  the  theorem  of  No.  13,  that  if  the  terms  of  this 
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sum  are  infiiiitely  small,  and  if  their  number  be  infinite,  ib 
value  will  be  rigorQUsly  equal  to  the  definite  integnd 

extended  to  the  entire  volume  v,  of  which  dv  is  the  diferentijJ 
clement.  Now,  we  may  conceive  in  general  that  the  differaice 
between  this  sum  and  this  integral  will  diminish  more  and 
more  according  as  the  parts  of  the  first  become  smaller,  and 
their  number  becomes  greater;  so  that  the  magnitude  of  r 
being  insensible,  but  still  always  distinct  from  </r»  we  may 
nevertheless  assume,  without  sensible  error,  the  intef^ral,  in 
place  of  the  sum.  There  Is,  however,  one  exception  to  tlii« 
general  principle,  namely,  when  u  is  of  the  species  of  ftmctiom 
which  vary  very  rapidly,  and  at  the  same  time  changes  its  sign  b 
the  extent  of  the  integration ;  this  is  the  case,  in  point  of  budf 
in  the  calculation  of  the  forces  which  arise  from  molecular  at- 
traction and  fmm  calorific  repulsion,  which  are  only  sensibk 
at  insensible  distances.  But  for  the  present,  it  is  sufficie&C  to 
observe,  that  this  exception  has  no  respect  to  the  formuljp  of 
Nos.  91  an<l  9"),  relative  to  the  centres  of  gravity  of  bodies 
and  to  attractions  varying  in  the  inverse  nitio  of  the  squaiv  ol 
the  (listancvs,  and  that  we  can  consi*quontly  apply  them  W 
natural  !)o<lies  nia(ie  up  of  dotachiHl  molecules. 

99.  Let  us  now  revort  to  the  calculation  of  attractions  ll 
the  distance  of  the  point  o  from  the  attracte«l  IkhIv,  U  ver) 
great  relatively  to  the  dimensions  of  this  biNiy,  we  can,  in  tb< 

expression  for  r  o(  No.  9<»,  develojH*  the  quantity  -  in  a  coo- 
verging  sorites,  arrange<l  according  to  the  |>ower»  and  product* 
of  .r,  y,  r.     By  making 

"'  +  /^'  +  >' = ?'. 

wc  kIuiII  tiu-n  have 

1  -  '  J-  «"•  -^  i^!/  +  y-   ^  :t(...i  +,it,+yzY~{  l»^.y'4..»')/' 
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If  D  the  origin  of  the  coordinates  be  in  the  centre  of  g^vity 
of  the  body,  we  shall  have 

CCC  xdm  =  0,     CW  ydm  =  0,     CK  zdm  =z  0, 

because  these  integrals,  divided  by  m,  the  mass  of  the  body, 
will  be  the  three  coordinates  of  this  point  (No.  91).  Therefore 
if  this  mass  be  denoted  by  m,  we  shall  have 

When  the  distance  od  or  S  is  so  great  that  this  value  of 
T  may  be  reduced  to  its  first  term,  equations  (2)  will  become 

Now  these  components  are  the  same  as  those  of  a  force 

equal  to  ^~-  acting  at  the  point  0,  in  the  direction  od  ;  it 

follows  therefore,  that  the  attractions  exerted  on  the  point  0, 
by  a  body  which  is  at  a  considerable  distance  from  it,  is  very 
nearly  the  same,  in  magnitude  and  direction,  as  if  m  the  mass 
of  this  body  was  condensed  in  its  centre  of  gravity. 

WTien  the  body  is  a  homogeneous  sphere,  or  one  composed 
of  concentrical  strata,  we  shall  find  that  all  the  terms  of  the 
value  of  T,  except  the  first,  destroy  each  other.  In  order  to 
demonstrate  this,  it  is  only  necessary  to  substitute  r,  6,  \f^,  in 
place  of  the  coordinates  or,  y,  z,  as  in  No.  92 ;  by  means  of 
which  the  integrations  relative  to  0  and  \(^  can  be  effected. 
Therefore,  the  theorem  which  has  been  stated  above,  will  then 
be  altogether  exact,  if  the  distance  8  is  only  so  great  that  the 

development  of  -  may  be  a  convergent  series  ;  and  in  fact,  we 

•hall  see  in  the  following  number,  without  having  recourse 
to  a  reduction  into  a  series,  that  this  theorem  obtains,  what- 
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ever  may  be  the  distance  of  the  point  0  from  the  attncting 
sphere,  provided  that  it  is  not  situated  in  its  interior.  It  it 
easy  to  infer  from  this,  that  the  attraction  of  one  ^bere  on 
another  is  the  same  as  if  the  mass  of  each  sphere  was  con- 
densed in  its  centre ;  for,  denoting  by  M  and  m'  the  miiifi  of 
the  two  spheres,  and  by  c  and  c'  their  centres,  the  attraction  of 
M  on  o,  any  point  of  m\  is  the  same  as  if  the  mass  m  was  coo- 
densed  into  the  point  c  ;  moreover,  this  attraction  of  c  on  all 
the  points,  such  as  o  of  m'  is  equal  and  contrary  to  the  at- 
traction of  all  these  points,  or  of  M'on  c,  which  is  the  same  as 
if  the  mass  m'  was  condensed  in  the  point  c' ;  consequently, 
the  attraction  of  the  two  spheres  is  the  same  at  that  of  two 
material  points  situated  in  c  and  c\  and  of  which  the  mamn 
are  m  and  m\ 

100.  The  attraction  exerted  on  the  point  o,  by  aapherical 
stratum,  which  is  homogeneous  and  of  a  constant  ^*»«f^!if— , 
will  evidently  be  reduced  to  a  force  acting  in  the  directioD  od. 
Hence,  if  this  line  be  made  to  coincide  with  the  axtt  dx^  the 
com|)oncnts  b  and  c  parallel  to  the  axes  ny  and  Djr  will  Tantsh, 
and  there  will  only  remain  the  value  of  a  to  compute.  In 
this  computation,  by  making  use  of  the  polar  coordinate* 
r,  Oy\f^y  as  in  No.  1)2,  we  shall  have,  since  the  axis  nx  coincide* 
with  the  line  no, 

oDM  z:  0,     DO  z:  a,     f3  =  0,     y  z:  0  ; 

and  as  dm  =  r  and  om  =  m,  there  will  result 

w^  =  a^  —  2ar  cos  0  -^  r^. 


because  the  anf^lo  -^  is  that  which  the  plane  odm  makes  with 
a  fixinl   plane  passing  through  the  line  do,   we  shall  harv 

(No.  y:i) 

tir  =  r'.  sin .  0  dr  dOd^^,^ 

for  the  t'lcmont  <»f  the  volume  ;  and  in  the  expression  pdcsidm 
till*  clfineiit  of  the  ma^s,  p  «in  be  reganliM  as  a  con^ant  fiw»- 
tor.  After  liaving  substituted  these  valutas  in  the  expresaioc 
for  T  of  No.  IH),  we  nhfiuld  integrate  from  r  :=z  b  to  r  ^a.  ta 
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and  b  denoting  the  exterior  and  interior  radii  of  the  spherical 
stratom)  and  from  9=0  and  \p^0  to  0  =  tt  and  \p  =z  2w. 
As  the  variable  yp  does  not  occur  under  the  sign  ^,  the  inte* 
giation  with  respect  to  this  variable,  is  in  fact  effected  by  sub- 
stituting 2ir  for  the  differential  (bp.     This  being  so,  we  shall 

have 

Qa  ( pr         rsinflrfO  \ 

At  the  limits  0  =  0  and  0  =  tt,  the  radical  will  have  for 

values 

d:  (o  —  r),     ±  (o  +  r) ; 

but  as  it  expresses  the  value  of  u,  which  ought  to  be  always 
positive  (No.  96),  it  is  necessary  to  assume  a  +  ^  &t  the  limit 
9  =  ir,  and  r  -^  a  or  a  —  r  at  the  limit  0  n  0,  according  as 
die  point  0  will  be  situated  within  or  without  the  spherical 
stratum.  We  shall  see  immediately  how  we  ought  to  proceed, 
when  this  point  appertains  to  the  stratum  itself,  in  which  case 
we  have  r  >  a  in  one  part,  and  r  Z  a  in  another  part  of  this 
stratum. 

The  indefinite  integral  being,  relatively  to  0, 

Sr  sin  0d0  1      * — -5 

y  ^    »  _-*_./>  .  „g  ~  Z  V  a*—  ^^ cos  0+r  +  const. ; 


/a*— 2arcos0+r*       « 
when  the  point  is  within  the  stratum,  we  must  have(c) 


%■ 


r  sin  0(f0  i  r/    I     \      /         \T       o 

=^  =  -[(r  +  a)-(r-a)]  =  2; 


Oy/a«_2arcos0+r*      « 

ooDsequently,  the  value  of  t  will  not  all  depend  on  a,  and  that 
of  A  which  is  deduced  from  it  by  means  of  the  first  equation 
(2),  will  be  equal  to  zero.  In  the  case  where  the  pomt  is 
the  stratum,  we  shall  have 

rsinO</0  ^  r/     •    \      /       «\n  —  ^^ 

=  -|;(a  +  r)  -  {a-r)\  =  — , 


i\ 


loy/^a*— 2arcos0+r'     « 
and,  consequently, 
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a    J6  3«  * 

or,  what  comes  to  the  same  thing, 

M 

Trr-, 
a 

M  being  the  mass  of  a  spherical  stratum,  of  which  the  Tolnme 
is    ^      '.     Hence  we  deduce 

^  =  ^;  (S) 

a 

which  is  the  same  force  as  if  the  entire  mass  of  this  alHadiiig 

stratum  was  condensed  in  its  centre, 

101.  These  results  may  be  immediately  extended  to  tht 
case  of  a  spherical  stratum  of  a  constant  thickness,  but 
posed  of  other  concentrical  strata,  the  density  of  which 
from  one  to  the  other,  according  to  any  bw  whatever,  which 
however,  does  not  change  in  the  extent  of  the  same  stratuBi ; 
for  we  can  determine  separately  the  attractions  of  these  dif- 
ferent strata,  and  then  take  the  sum  of  all  these  forces,  which 
in  the  case  of  an  interior  point  will  be  cypher,  and  in  the  case 
of  an  exterior  point  will  be  determined  by  formula  (3) ;  M 
always  expressing  the  entire  mass  of  the  attracting  body. 
Hence  we  infer 

1st.  That  when  the  force  varies  in  the  invent  ratio  of  the 
square  of  the  distance,  tlie  attractions  exerted  by  all  the  points 
of  a  spherical  stratum  of  a  constant  thickness,  (which  b  either 
homogeneous  or  composed  of  concentrical  strata,  the  dcMtr 
of  which  varies  from  one  to  the  other  according  to  any  give* 
law,)  on  a  point  o,  existing  in  the  void  space  ctrcmMcribed  by 
this  stratum,  mutually  di^troy  each  other;  so  that  thk  pomi  wii 
remain  in  equilibrio,  wherever  it  may  be  situated  in  thiiifpaev. 

2ndly.  That  the  attraction  of  this  same  stratum,  tuU  coa- 
scKjuently  al^),  the  attraetion  of  an  entire  sphere  exerted  ono* 
lK)int  without  the  sphere,  is  the  same  as  if  the  mats  of  the  at* 
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tracting  body  was  condensed  into  its  centre.  If  the  point  0  makes 
a  part  of  the  attracting  stratum,  or,  in  other  words,  if  we  hare 
a>b  and  a Z  a,  this  spherical  stratum  may  be  conceived  to 
consist  of  two  others,  the  exterior  and  interior  radii  of  one  of 
which  will  be  a  and  a,  and  those  of  other  a  and  b ;  as  the  point 
0  18  within  the  first  of  these  two  strata,  it  will  exert  no  action 
on  this  point,  and  if  the  mass  of  the  second  stratum,  without 
which  the  point  0  exists,  be  denoted  by  nt,  the  attraction  of 
this  stratum  may  be  deduced  from  formula  (3),  by  substituting 
m  in  place  of  m.  Therefore,  the  value  of  the  entire  attraction 
exerted  on  the  point  0  will  be 

o 

If  the  spherical  stratum  changes  into  a  sphere  entirely  full 
of  matter,  and  of  which  the  density  is  every  where  the  same, 
we  shall  have 

that  is  to  say,  in  the  interior  of  a  homogeneous  sphere,  the 
attraction  is  proportional  to  the  distance  of  the  attracted 
point  from  its  centre. 

The  same  theorems  obtain  in  the  case  where  the  force  is 
repulsive,  provided  it  varies  in  the  inverse  ratio  of  the  square 
of  the  distances. 

102.  The  equilibrium  of  the  point  0,  situated  within  the 
space  bounded  by  a  spherical  stratum,  and  which  is  attracted 
or  repelled  by  all  its  points,  may  be  easily  verified. 

For  this  purpose,  let  this  stratum  be  first  supposed  infi- 
nitely thin,  if  its  thickness  be  denoted  by  c,  by  decomposing  its 
surface  into  infinitely  small  elements,  and  denoting  the  area  of 
that  which  corresponds  to  the  point  p  (fig.  33)  by  co,  the  cor- 
responding elements  of  the  volume  and  of  the  mass  of  this 
stratum  will  be  iw  ami  ptw;  hence  denoting  the  distance  op 
by  r,  the  value  of  the  force  acting  in  the  direction  of  this  line 
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If  we  conceive  the  sides  of  a  cone  of  which  the  base  is  m 
and  the  summit  0,  to  be  produced  through  o  until  they 
the  spherical  sur&ce  again  in  p^,  a  second  element  will  be 
termined  on  this  surfiace ;  if  we  denote  it  by  m^  and  its 
from  the  summit  o  by  /,  the  value  of  the  force  acting 
this  linei  in  an  opposite  direction  from  the  preceding,  will  be 

now  it  is  easy  to  show  that  these  two  opposite  forces  are  squil 
to  each  other,  that  is  to  say,  that 

pr- pi- 

In  &ct,  if  POQ  and  p'oq'  be  sections  of  the  two 
made  by  the  same  plane  passing  through  their  common 
mit  o,  then  the  similar  surfaces  in  and  w  will  be  to  each  othff 
as  the  squares  of  the  homologous  lines  pq  and  p'q'.  Beside^ 
as  the  triangles  poq  and  p'oq'  are  similar,  we  have 

I»Q  :  p'q':  :  op  :  oi»'; 

therefore,   by  squaring  the  four  terms  of  the  proportioii,  vt 
shall  obtain 

from  which  it  is  evident  that  — -  =  -r:. 

Hence  it  follows,  that  the  actions  exerted  on  the  point  0^ 
by  all  the  elements  of  the  spherical  stratum,  destroy  csck 
other  two  by  two,  consequently  the  total  action  of  this  stratui 
will  Ik*  cypher ;  and  this  will  still  be  the  case  even  when  the 
thickncHs  of  the  stratum  is  finite ;  for  in  this  case  it  may  be 
decomposetl  into  an  infinite  number  of  infinitely  thin 
the  action  of  each  of  which  on  the  point  0  is  cypher. 
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II.  Farmuke  relative  to  the  Ellipsoid. 

103.  When  the  point  0  (fig.  32)  belongs  to  the  attracting 
mass,  the  integrations  will  firequently  be  fieunlitated  by  placing 
the  origin  of  the  polar  coordinates  at  this  point.  The  radius 
rector  of  any  point  m  will  be  then  u ;  hence  denoting,  as  in 
No.  93,  the  element  of  the  spherical  sur&ce  of  which  the  radius 
18  unity,  by  dwf  we  shall  have, 

dv  :=  u^dud^i    dm  =:  pu^dudw ; 

and  if  the  angles  which  the  line  cm  makes  with  the  parallels 
to  the  axes  i>x,  oy,  dz,  drawn  through  the  point  o,  be  denoted 
by  fff  A,  ky  we  shall  likewise,  ag^reeably  to  the  notation  of  No. 
95,  haye 

co6a  = ,    cosA  =  2 — =-,     cosA  = '-; 

^        u  u  u 

this  will  change  equations  (1)  of  this  number  into  the  foUow- 

A  =  —  fi/mp  cosgdudio, 
B  zz  —  /w/SSSf>  cos  hdudw, 
c  =:  —  fj^llpcoskdudw, 

Theint^ralsrelativetotf  should  be  taken  from  ti  =0  to  tizir, 
denoting  by  r  the  radius  vector  of  any  point  of  the  attracting 
sur&ce  which  terminates  the  attracting  body.  If,  for  greater 
simplicity,  this  body  be  supposed  to  be  homogeneous,  these 
int^rations  can  be  eflfected  at  once,  and  there  will  result 

A  =  — /^SJrcos^dw, 

B  =  —  fifpllr  cos  Adw,  (a) 

c  = —/w/S[>SSr  cos  Aden. 

In  order  to  determine  the  value  of  r,  which  should  be  sub- 
stituted in  these  formulae,  let 

F  (x,  y,  z)  zz  0, 
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be  the  equation  of  the  surface  of  the  attracting  body^  ex- 
pressed in  rectangular  coordinates.  At  any  point  of  this  tor* 
face,  we  have 

x=a  +  rco8^,    y  =  /3  +  rcosA,    zzzy  +  rcmk^ 

as  is  evident  from  the  preceding  values  of  cos^^,  cos  A,  eosi, 
the  three  coordinates  of  the  point  o,  of  which  the  Tallies  aic 
g^ven,  being  always  a,  jS,  7.  Hence,  if  these  values  of  Xtf,* 
be  substituted  in  the  preceding  equation,  there  will  result  is 
general,  two  values  of  r,  the  one  positive  and  the  other  ifeeg»* 
tive,  but  the  negative  value  should  be  rejected,  since  tkc 
radius  vector  r  is  a  positive  quantity,  the  direction  of  which  ii 
solely  determined  by  the  angles  g,  A,  A,  which  may  be  acolt 
or  obtuse.  After  the  substitution  of  the  value  of  r  in  eqiA> 
tions  (a),  the  double  integral  should  be  extended  to  all  the 
elements,  such  as  dw  of  the  spherical  surfiEure,  described 
the  point  o  as  centre,  and  with  a  radius  equal  to  unity. 
104.  Let  these  formulae  be  applied  to  the  case  of  an 
geneous  ellipsoid,  the  equation  of  whose  surface  is 

x"       y"       z" 
a*        b^        cr 

(iybfC,  denoting  the  three  semi-axes,  and  d  the  origin  of  tbf 
coordinates,  being  at  the  centre  of  the  figure.  If  the  precetfisf 
values  of  x,  y,  z,  be  substituted  for  them  in  thi^  equation,  therr 

resultR(r;) 

by  making,  in  order  to  abridge, 

cos'**  g       cos^  A       co^'  k 

a  co^  ti        a  COH  A        V  co^  k 

— r^+  — A-   +--,-  =  '/. 

tr  n'  r* 

I  _  -1  _  p:  -21  =  I 

a-        b'        r' 
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Consequently  we  shall  have 

P 

Now,  as  the  quantity  p  is  positive,  and  as  the  quantity  / 
is  also  either  positive  or  cypher,  (since  the  point  o,  which 
answers  to  the  coordinates  a,  /3,  7,  is  situated  in  the  interior 
of  the  ellipsoid,  or  at  £Eurthest  at  its  sur&ce,)  in  order  that  the 
radius  r  may  not  be  negative,  the  radical  must  be  affected  with 
the  sign  +•  Moreover,  this  radical  may  be  suppressed  in 
formulae  (a).  In  &ct,  the  corresponding  part  of  the  integ^ 
contained  in  a,  for  example,  will  be 

\  \  -  V^^*  +  p/ cos  grddi ; 

bat  for  each  couple  of  elements  such  as  (U09  of  which  the  radii 
are  the  productions  the  one  of  the  other,  the  elements  of  this 
double  integ^  mutually  destroy  each  other ;  for  in  passing 
from  one  of  these  elements  dm  to  the  other,  each  of  the  three 
cosines  cos^,  cos  A,  cos  A,  changes  its  sign,  the  quantities  />,  /,  q\ 
remain  the  same,  hence  the  values  of  the  coefficient  of  cf<u  under 
the  sign  $,  are  equal,  but  affected  with  contrary  signs.  Thus 
all  the  elements  of  the  preceding  integral  destroy  each  other 
two  by  two,  and  the  value  of  a  becomes,  having  regard  to  the 
Talue*of  j'(y^ 


+^SS^=^'*-)- 


Now,  the  two  last  of  these  three  integrals  are  composed  of 
couples  of  elements  which  correspond  to  the  same  values  of 
A  and  of  A,  and  to  values  of  ^,  which  are  supplements,  the 
one  of  the  other.  Hence,  each  of  these  couples  of  elements 
will  be  reduced  to  cypher,  and  consequently  also,  the  entire 
integrals.     Therefore,  by  suppressing  these  integrals  and  by 
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making  the  values  of  b  and  c  undergo  simihor  rediietioiii»  vt 
shall  have  simply 

Now  let  0  be  the  angle  comprised  between  the  fi£as  on 
and  the  parallel  to  the  axis  ox,  drawn  through  the  point  D, 
and  \p  the  angle  which  the  plane  of  these  two  lines  maiam 
with  a  plai\e  passing  through  the  second  and  parallel  to  that 
of  the  axes  of  x  and  y ;  we  shall  have  (No.  8) 

cos^  =  cos09     cosAzr  sintf.cos^i    oosAs  stnt.ni^ 

and  at  the  same  time  (No.  93) 

dw  =  sin  OdOd\p ; 
from  which  there  will  result(f/) 

a^b^c^p  =  iV^cos^O  +  (r'cos'i/,  +  6' sin*  i^)  a»  sin*  », 

_  m/?>«  f  f  cos*  9  sin  M9d4, 

In  order  to  include  the  directions  of  all  the  radii  osi«  the 
integrals  should  be  extended  from  0  =  0  and  i/^  =  0  to  9  =  v 
and  \//  =:  2ir;  but  because  the  coefficient  of  dO  has  the 
value  for  0  and  for  ir  —  0,  it  will  be  sufficient  to  integrate 
0  =  0  to  0  =  ^ir,  an<I  to  double  the  result,  and  since  the  e»* 
efficient  of  i/^  is  the  same  for  i/^  and  for  ir  ±  i/^,  it  will  likeww 
suffice  to  integrate  from  i/^  =  0  to  \^  =  J  ir,  and  to  qoadmplc 
the  result.     I'his  being  agreed  on,  if  we  make 


dl 
^  =  tan;^,     c/^  =  — Yt'> 


then  since 
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««''^  =  rf7«'  "°''^=r+V" 


there  result8(A) 


JO    p  ""  JO  (6«co8«e+a«8in*e)c^+(c*co8*e+a«sin«e)6V 


ITi 


tt'ftc 


2/(6^cos*e+a^8m«e)(c*cos*fl+a*8in*e) ' 

by  means  of  which  the  ralue  of  a  will  only  depend  on  the 
integral  relative  to  0.  If  we  substitute  /3  in  place  of  a,  and 
transpose  the  letters  a  and  b^  we  can  deduce  b  from  a  without 
any  new  computation ;  and  in  the  same  manner,  by  substi- 
tating  7  in  place  of  a,  and  by  transposing  the  letters  a  and  c 
c  may  be  deduced  from  a.  In  this  manner,  we 'shall  have 
inally 

^      ^    O^  be cos^Osindde  ^ 


v/(6*.cos*e+a^sin«e)(c^co8«e+«'sin«fl) 
>.  A^f  Jit  occos'dsinOrffl 


v/(o'.  cosW+li'sia'e)  (c*  cos"  e+ft'sin"  0) 

Jir  abcos^OamOdd 

0  v^{b'.cos'$+d'&m^e){a'cos,'e+c'sm'0)    ^ 


W 


These  values  of  a,  b,  c,  being  positive,  it  follows  that  each 
of  these  three  components  tends  to  make  the  point  0  approach 
towards  the  centre  of  the  ellipsoid ;  the  contrary  has  place 
when  the  force  is  repulsive,  in  which  case  we  should  substitute, 
in  these  formulae,  — y*  instead  of  Jl 

105.  If  we  denote  by  S  a  positive  constant,  and  then  sub- 
stitute (1  +  8)  a,  (1  -f  8)  6,  (1  +  8)  c,  instead  of  a,  6,  c,  in  for- 
mulae (c),  the  factor  1  -}-  S  will  disappear,  and  the  values  of 
A,  B,  c  will  remain  the  same  as  before.  But  by  this  substi- 
tution, the  ellipsoid  is  increased  by  a  part  comprised  between 
its  primitive  surface  and  a  similar  surface,  and  as  the  compo- 
nents A,  B,  c,  do  not  change,  it  follows  that  the  action  of  this 
additive  part  on  the  point  o  within  this  part  is  cypher. 

X 


164     ATTRACTIONB — FORMULiE  RBL4TITB  TO  TBB  BIXIPtOlA. 

Hence  it  appears,  that  a  homogeneous  stratum,  comprised 
between  two  similar  elliptic  surfiioeSy  having  the  same  centfe, 
and  their  axes  in  the  same  directions,  does  not  exert  an? 
attractive  or  repulsive  action  on  a  point  o  situated  within  the 
empty  space  terminated  by  its  interior  surfiiee ;  so  that  whcre- 
ever  this  point  may  be  situated  in  this  space,  it  will  remain  in 
equilibrio;  a  theorem  which  includes  that  which  has  been 
already  established  in  the  case  of  a  tpherical  stratum. 

From  this  it  follows,  that  the  action  of  an  ellipsoid  eoapoecJ 
of  homogeneous  matter,  on  a  point  0  of  its  mass,  b  redoesd 
to  that  which  b  exerted  by  the  part  of  this  mass,  thai  is  IM^ 
minated  by  the  elliptic  surfisce  passing  through  this  poiat* 
similar  and  similarly  placed  to  that  of  the  entire  body.  Aad 
it  is  evident  from  formulas  (c),  that  the  component  of  this  Cmcc, 
parallel  to  each  of  the  three  axes  of  the  ellipsoid,  is  proportional 
to  the  ordinate  of  the  point  o  parallel  to  this  axis,  and  depends 
solely  on  this  variable(t).  In  the  general  case,  in  which  the 
three  semi-axes  a,  6,  c,  are  unequal,  the  integrab  relative  to 
Of  which  these  formulss  contain,  can  be  transformed  into 
elliptic  functions ;  this  enables  us  to  compute  their  numericsl 
values,  by  means  of  the  tables  of  M.  Legendre.  These  same 
intograld  may  also  be  obtained  in  eL/inite  form,  when  two  ol 
the  constants  a,  6^  r,  are  equal,  which  is,  as  we  know,  the  cue 
of  an  ellipsoid  of  revolution. 

106.  Suppo!»e,  for  example,  that  we  have  c  =  6 ;  the  lom 
of  the  integ^rals  relative  to  0  will  be  different,  according  m  the 
ellipsoid  is  oblate  or  prolate,  that  is,  according  as  6>«  or 
b  ^  a,  li  we  suppose  the  first  case  to  obtain,  and  nsake,  oe 
this  hY|K>thebis(A), 

A'  —  a^  =  oV,         "^         ^  r:  m  ; 

•3 

bo  that  the  fraction  r  may  be  the  compression  of  the  ellipsoiii 
and  m  itM  mass.     There  will  result 


^""      a^     Jo   l4.f*co«*e  • 
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and  by  perfonning  the  int^Tation,  we  shall  hare 

for  the  component  parallel  to  the  axis  of  revolution.   We  shall 

also  have 

B  _  c  Sfjjfin     Ciw  cos?eanOde 

^-7=0^(1+0^0  i/i+^ain«»' 

As  the  components  b  and  c  are  to  each  other  as  the  or- 
&iates  /3  and  y  of  the  point  0,  it  follows  that  their  resultant 
will  act  in  the  direction  of  the  perpendicular,  let  £Edl  from  this 
p<nnt  on  the  axis  of  revolution.  Naming  a'  this  force,  and  a' 
the  leng^  of  the  perpendicular,  so  that 

A'  =  t/F+^,     a'  =  \/^+7, 
there  results,  by  perfonning  the  required  integration(Q 

The  resultant  of  the  two  forces  a  and  b  will  express,  in 
magnitude  and  direction,  the  entire  action  of  the  ellipsoid  on 
the  point  0. 

When  €  is  a  very  small  fraction,  these  values  of  a  and  a' 
may  be  developed  into  very  convergent  series  arranged  ac- 
cording to  the  powers  of  e.     Because  that 

arc  (tang  z:«)  =  y— j  +  ^-  &c.. 


e 


^  zz  c  — 6^+e*—  &c., 


1  +  e 
we  shall  have(in) 


•'=^('-¥+^)- 
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In  the  case  of  the  sphere,  in  which  e  =  0,  the  resultant  of 
A  and  a'  will  be  directed  towards  the  centre,  and  it  will  have 
the  same  intensity  as  in  No.  101. 

107.  The  determination  of  the  attraction  of  an  homo- 
geneous ellipsoid  on  a  point  without  the  ellipsoid  presents 
much  greater  difficulties,  but  by  means  of  a  theorem,  far 
which  we  are  indebted  to  Mr.  Evory,  this  case  may  be  re> 
duced  to  that  of  an  interior  point ;  by  which  we  are  enabicd 
to  express  the  components  of  the  attraction  by  simple  in- 
tegrals similar  to  formulae  (c).  The  following  is  a  demon- 
stration of  this  important  proposition.  By  making,  in  first 
equation  (1)  of  No.  95, 

dm  =  pdrdydZf 

and  observing  that  p  is  a  constant  factor,  we  have 

_     f  CCC  ia-x)dxdydz 

If  equation  (b)  is  that  of  the  surface,  then  by  substituting; 
ajc\  by\  cy\  \\\  place  of  j",  ^,  r,  it  will  l>e  changed  into 

x'^  +  y^+y^z:  1. 

At  the  same  time  the  value  of  a  becomes 

uiid  if  we  denote  by  ^  J*!,  the  values  of  x'  equal  and  afiectfd 
with  contrary  signs,  which  are  deduced  from  the  precrtiinc 
(Miuation,  the  integral  relative  to  x'  should  be  taken  trva 
a'=  —  Jj*  to  j'=  J-| ;  which  gives 

t^ch  of  these  two  double  integrals  should  be  extended  t» 
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all  the  elements  of  the  spherical  semi-surface  of  which  the  ra- 
dius is  unity,  and  whose  centre  is  at  the  origin  of  the  coordi- 
nates ;  the  product  dp'dz'is  the  projection  on  the  plane  of  the 
axes  of  y  and  Zy  of  any  element  whatever.  Therefore,  if  0  de- 
notes the  angle  which  the  radius  that  is  drawn  to  this  element, 
makes  with  the  axis  of  X|,  and  if  t/>  is  the  angle  comprised  be- 
tween the  planes  of  these  two  right  lines  and  the  planes  of 
the  axes  of  x  and  y,  the  area  of  this  element  will  be  sin  OdOdxp, 
its  inclination  on  the  plane  of  the  axes  of  y  and  z  will  be  the 
angle  0,  and  therefore  there  will  result 

dy*dz'z=.  cos  0  sin  ddOdxpf 

for  its  projection  on  this  plane.  We  shall  have  at  the  same 
time 

Xi  =  cos0^    y^=zsin0cosT^,    »^=iBin0sinT^. 

The  limits  of  the  two  integrals  will  be  now  0  =  0,  and 
^  =:  0,  0  =  ^ir  and  i^  =  2ir  ;  but  if  in  the  second,  ir  —  0  is 
substituted  instead  of  0,  it  is  easy  to  see  that  these  two  in- 
teg^rals  will  unite  into  one,  which  will  have  the  same  limits 
with  respect  to  i/^,  and  of  which  the  limits  relatively  to  0  will 
become  0=0  and  0  =  ir  ;(n)  so  that  by  making,  in  order  to 
abridge, 

B*  =  a'4-/3*  -|-  7*  —  2  {aa  cos  0 + fib  sin  0  cos  ^p  +yc  sin  0  sin  \p) 
+  a^cos^O +  b'^sin^dcos^\p  -f  c*sin^0sin*i^, 

and  considering  it  as  a  positive  quantity,  we  shall  have  simply 

^r   r^C2irco8  0sin0rf0rfiL 

The  two  other  components  b  and  c  may  in  like  manner 
be  expressed  by  double  integrals. 

Let  us  now  consider  the  attraction  of  another  ellipsoid 
having  the  same  density  p,  the  same  centre,  and  its  axes  in 
the  same  direction  as  those  of  the  first,  let  ai,  fti,  C|,  denote 
the  three  semi-axes  corresponding  to  a,  ft,  c,  and  let  Oi  be  the 
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point  which  is  subjected  to  this  attrmctiony  an  ^i  971,  its  eoor* 
dinates,  and  Ai,  Bi,  Ci,  the  components  of  this  force  pvmllel  to 
the  three  axes  of  the  ellipsoid.  If  we  denote  as  before  the  vum 
of  the  attracted  point  by  ;i,  we  shall  hare 

^     fir  C2ir  cos  e  sin  edOdiL 
^»  =  M^»^Oo5o n, • 

Ri  being  what  r  becomes,  when  a,  b^  e,  a,  /S,  y,  are  changed 
into  ai,&i,Ci,  ai,/3i,7i9  respectively.  The  values  of  B| and c, 
may  be  obtained  in  a  similar  manner  from  those  of  b  and  c. 
If  the  two  ellipsoids  have  the  same  foci,  and  consequently  the 
same  excentricity,  we  shall  have 

6^  =  a»  +  A,     c*  =  a«  +  A,     &,«=a,'  +  Af     c,*=a,*  +  *; 

A^A,  A— Ay  being  either  positive  or  negative  quantities  which 
express,  abstracting  from  the  sign,  the  squares  of  the  ei 
trieities  common  to  these  two  bodies.  Moreover,  let  us 
pose  that  the  point  0|  attracted  by  the  second  ellipsoid  e 
on  the  surface  of  the  first,  and  the  point  o  attracted  by  the 
first,  on  the  surface  of  the  second.  By  equation  (b)  and  that 
of  the  surface  of  the  second  ellii>soid,  we  must  have 


(I) 


Finally,  i(  p  and  q  be  two  given  angles,  and  if  we 

aii^acosp,  /3i  =  6sin/7cos9,  'yi:=rsin/isin9,     1 

*  ^2i 
a:=aiCos/>,  f3  =r  A|Sin/>  cos^,  7  ^  Ci  sin /;  sin  9;    j 

thi»se  valuta  will  satisfy  the  two  preceding  equations  and  will 
estahlinh  a  particular  relation  l)otween  the  coordinates  of  the 
points  o  and  <>,.  If  these  values  of  a,/3, 7,  be  substituted  ia 
the  pretHMling  expri»^sion  for  r^,  there  rt*sults  by  subftitBtinc 
also  the  precwling  values  of  &*,  r*,  A,*,  Ci\(o) 
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b' =  tf|*  4- a*  +  A  (da^  ;>  COB*  f -f  sin*  0 .  COB*  ^} 

+  A(Bm*j>siQ^9  +Mn*6.uii'^) 
—  S(aiacoBpcoB9  +  fri&sinpcosfunScoBi^ 
4-  c,  c  Binp  %ingan6na}fi). 

Now,  it  appears  without  wriUng  down  the  value  of  r,% 
that  it  will  be  the  same  as  that  of  b*  ;  Sot  it  may  be  deduced 
from  it  by  the  transposition  of  a  and  Oi ,  b  and  b, ,  c  and  Cj , 
k  and  k  not  undergoing  any  change,  as  being  quantities  com- 
mon to  the  two  ellipsoids ;  hence  it  is  evident,  that  this  last  for- 
mula is  not  changed  by  these  transposidons.  Since  then 
Ri  :z.  E,  the  values  of  a  and  A|,  will  contain  the  same  double 
integrals;  therefore,  by  eliminating  it,  we  obtain 
A|£c  =  a£,C|  . 

Similar  results  may  be  obt^ned  relatively  to  the  other 
components,  so  that  from  the  sappositionB  which  have  been 
made  about  the  two  attracted  points  o  and  0|,  we  shall  have 
finally 

Aj^__Aj£,      _^_fi5i       SL-~  f3i 

A         be  '     B         ac  '      c         ab  '  ^  ' 

In  order  to  enable  us  to  state  the  theorem  which  these 
three  equations  imply,  let  the  two  points  on  the  surfoces  of 
the  two  ellipsoids,  of  which  the  coordinates  are  in  the  ratio  of 
the  semi-azGS,  to  which  they  are  parallel,  be  termed  correS' 
ponding  poinU.  The  point  0|  of  the  surface  of  the  firat  elllp- 
soid,  of  which  the  coordinates  parallel  to  the  semi-axes  a,  b,  c, 
are  ai,/Bi,  71,  ^^^  have  for  its  correspondent  on  the  surface 
of  the  second  ellipsoid,  the  point  o,  of  which  the  coordinates 
parallel  to  the  semi-axes  a,,bt,Ci,  are  a,  (i,  7,  since  by  equa- 
tions (2),  we  have 

ai_a       ^__*.      2l  —  ^ 
a  ~  Oi'     /3  ~  6,*      y  ~  c,' 

llus  being  established,  the  following  theorem  results  from 
equations  (3) : 
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If  two  ellipsoids  have  the  same  centre  and  fod,  the  at^ 
traction  in  the  direction  of  each  azis^  which  one  of  these  two 
bodies  exerts  on  a  point  situated  on  the  surfiice  of  the  other,  is 
to  the  attraction  of  this  last  on  the  corresponding  point  of  the 
sur&ce  of  the  first,  as  the  product  of  the  two  other  axes  of  the 
first  ellipsoid  to  the  product  of  the  two  other  axes  of  the  seooiML 

108.  When  two  ellipsoids  have,  as  has  been  assiunedy  the 
same  centre  and  foci,  one  of  the  two  falls  entirely  within  the 
other ;  consequently,  if  the  point  o  is  external  with  respect  to 
the  first  ellipsoid,  the  point  0|,  will  be  internal  with  respect 
to  the  second.  In  order  to  determine,  by  means  of  the  pre- 
ceding theorem,  the  attraction  of  a  given  ellipsoid  on  an  ex* 
temal  point  o  likewise  given,  the  surfieu^  of  a  second  ellipsoid 
having  the  same  centre  and  foci  as  the  first,  is  made  to  pMS 
through  this  point ;  by  the  formulas  relative  to  internal  points, 
A|,  Bi,  Ci,  the  three  components  of  the  attraction  of  this  se- 
cond body  on  the  point  Oi  of  the  surfiiu^  of  the  first,  corrcs- 
pon<Iiiig  to  the  point  o,  can  be  determined,  then  equatioiis 
(3)  will  make  known  a,  b,  c,  the  components  of  the  attraction 
of  the  given  ellipsoid  on  the  given  point.  Thus  the  deter- 
mination is  reduced  to  finding  the  values  of  throe  semi-axes 
^19^^19^19  of  <h^  second  ellipse,  from  knowing  those  of  the 
first,  (whiuh  ure  denoted  by  a,ft,r,)  and  the  coordinates  a«f3.7, 
of  the  given  |>oint  o. 

For  greater  clearness,  let  a  be  the  least  of  the  three  quan- 
tities a,  by  Cy  then  the  quantities  A  and  k  of  the  preceding  nufli- 
ber  will  be  positive.  If  we  denote  the  square  of  0|  by  •  w< 
shall  have 

OiZiV^Hy     A,  nV^M-f-A,     f,=:v^ii  +  A; 

and  it  only  remains  to  determine  this  unknown  quantity  a, 
which  muHt  i>e  real  and  |M>sitive.  Now,  in  virtue  of  the  seoHid 
equation  ( I ),  we  :»iiall  have(/>) 

U  +  h  M-f-A 
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this  equation  which  is  of  the  third  degree  with  respect  to  u 
must  have  at  least  one  real  and  positive  root ;  for  by  sup- 
posing u  to  increase  from  zero  to  infinity,  its  first  member  will 
be  at  the  commencement  greater,  and  afterwards  less  than  the 
second ;  so  that  there  must  be  at  least  one  positive  value  of  u^ 
which  renders  them  equal ;  moreover,  there  is  only  one^  for 
if  we  suppose  that  there  are  two,  u  and  u}y  then  we  must  have 
at  the  same  time 

u  ^  tt  +  A^tt  +  A"    ' 

°V     /3'     ,      y'    -i- 
tt'  "^  «'+ A  "*"  m'4- A  ~    ' 

tiul  by  subtracting  these  equations,  the  one  from  the  other, 
and  suppressing  the  factor  u'—  u,  which  is  common  to  all  tlie 
terms,  there  will  result 

uu'  ^  (m  +  A)  (m'+A)  ^  (m  +  A)  (tt'+ A)  -     ' 

which  is  evidently  impossible. 

Therefore,  there  exists  only  one  ellipsoid,  which  has  the 
same  centre  and  foci  as  a  given  ellipsoid,  and  which  besides 
passes  through  a  given  point ;  and  the  quantity  ti,  on  which  its 
three  semi-axes  ^i,  ft|,  Ci,  depend,  is  determined  by  equation 
(4),  which  was  proposed  to  be  proved. 

109.  It  may  be  remarked  here,  that  the  theorem  of  No. 
107  is  true  for  all  laws  of  attraction,  which  are  functions  of  the 
distance,  for  the  demonstration  given  above  is  founded  on  the 
form  that  the  expression  of  r^  assumes,  which  is  found  to  be 
identically  the  same  for  the  two  points  o  and  Oi,  and  not 
on  the  form  of  the  function  of  r,  which  expresses  the  law  of 
attraction. 

If  the  two  ellipsoids  become  concentric  spheres,  the  at- 
traction of  each  will  be  same  on  all  the  points  of  the  surface  of 
the  other,  so  that  it  will  not  be  necessary  that  o  and  0|  should 
be  correspondent  points.  Denoting  the  radii  of  these  two  spheres 

Y 
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by  a  and  ai,  the  attraction  of  the  sphere  of  which  the  radiiH 
is  a,  on  a  point  of  the  spherical  sur&ce  of  which  the  nuiiuA  is 
ai  by  D,  and  the  attraction  of  the  sphere  of  which  the  radium 
is  a,  on  a  point  of  the  spherical  surfieice  of  which  the  radius  i^ 
a  by  D|,  these  forces  will  act  in  the  direction  of  the  radii  of 
the  attracted  points,  and  we  shall  haTe(^) 

d:  D|:  :a^:ai^ 

whatever  Junction  of  the  distance  expresses  the  law  of  the 
attraction. 

It  is  easy  to  verify  this  proposition,  in  the  case  in  which  the 
attraction  is  in  the  inverse  ratio  of  the  square  of  the  distance. 
In  fSurt,  it  appears  from  the  results  of  No.  1 01,  that  if  we  sup- 
pose a  >  ai ,  D  the  attraction  of  the  sphere  of  which  the  railius 
is  a  on  an  internal  point  situated  at  the  distance  Oi  frtMR  iu 
centre,  and  having  a  mass  equal  to  fi,  will  be 

^-       3      • 

and  i)|  the  attraction  of  the  sphere  of  which  the  radius  i%  a, 
on  an  external  {Kiint,  of  which  the  masH  in  aim}  /i,  and  wbtm* 
distance  from  it«»  centre  is  a,  will  have  for  value 

on' 

and  from  a  comparijM)ii  of  these  values  of  u  and  U|«  it  apprar» 
tliat  tliey  arc  in  the  ratio  of  the  S4|uarcs  of  the  radii  a  aodai* 
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DYNAMICS. 


FIRST  PART. 


CHAPTER   1. 

Ill    KKCTII.lNEAn  MOTION  AND  OF  THE   MEASURE   OF   KOHtUS. 

I.  FarmultB  of  rectilinear  Motion. 

110.  The  simplest  motion  that  can  bo  impressed  on  ;i 
tnaterial  point,  is  that  in  which  it  moves  in  a  right  line,  in 
such  a  maiiuer  that  the  point  describes  equal  spaces  in  equal 
times.  This  rectilinear  motion  is  termed  uniform,  and  it  is 
made  use  of  in  comparing  every  other  description  of  motion. 

\Vhen  the  ratio  of  tlie  spaces  described  to  the  times  em- 
ployed in  describing  them,  is  continually  changing,  the  motion 
is  said  to  be  variable;  when  this  change  takes  place  after 
finite  intervals  of  time,  the  motion  will  be  a  succession  of  uni- 
form motions. 

In  any  motion  whatever,  the  space  described  by  the  move- 
able, or  more  generally,  its  distance  from  a  fi.xcd  point  assumed 
on  the  line  that  it  describes,  is  a  function  of  the  time  which 
has  lapsed  from  a  given  epoch.  Thus,  denoting  this  time  by 
t  and  this  distance  by  x,  we  shall  have  in  all  cases, 
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uikI  the  variouH  ({oscnptions  (»f  motion  will  differ  from  each 
other  by  the  form  of  this  function  vt,  The  cariablt  i  nay 
be  either  positive  or  negative  ;  its  positive  values  will  refrr  to 
epochn  posterior  to  that  from  which  the  time  is  reckoned,  MJod 
its  nei^tive  values  to  anterior  e|>ochH. 

In  uniform  motion,  if  a  denotes  the  space  described  in  each 
unit  of  time,  and  b  the  distance  from  the  fixed  point  at  the 
commencement  of  the  motion,  that  is  to  say,  the  value  ofx 
when  /  =  0,  we  shall  have,  at  any  instant  whatever, 

r  =  h  +  at  ; 

for,  by  the  definition  of  this  motion,  the  s[uice  x  ~  6  described 
in  the  time  /,  must  be  equal  to  the  constant  space  a  repeated 
as  often  as  there  are  units  in  i, 

III,  Neither  time  nor  space  can  bt»  define<l ;  however,  thi* 
is  not  of  any  consequenci*,  l>ecause,  for  the  purp<Hes  of  i^e^v 
nutrv  and  dvnamics,  it  is  sufficient  that  we  are  able  to  meaMirv 
the  dimensions  of  bo<lit»s  and  the  durations  of  their  moiior.*. 
The  nieasurcmont  of  Ifiigtlis  may  bo  eanjly  conevived.  Kin;: 
founded  on  the  |)riiu-i|)le  of  HU|KTiin|H»ition  ;  that  of  tiiK<», 
however,  reijuin^  ^omv  explanarion. 

It  would  be  to  reaM»n  in  a  circle,  to  vjiy,  ^t^^  the  one  h;iiid« 
that  unifoim  motion  i^  tiiat  in  uhieh  the  sfuicvs  dt*i^-rilHHi  atre 
pro}K)rtional  to  the  tiinen;  and  on  tlie  other,  that  the  mea^urv 
of  lime  is  the  uniform  motion,  that  is  to  say,  that  the  time  h 
proportional  to  the  spaces  deneribed  in  this  motion  l^ut  the 
notion  ofecpial  tiim*^  and  the  niea<«ure  of  the  time,  i\o^%  iK>t 
neees>arily  imply  any  partieular  law  of  motion,  an<i  we  caa 
eoUMMpientl)  ^uppose  them  in  the  definition  of  uniform  mt^ioci, 
and  of  any  other  deMrlplion  of  motion  whatever. 

III  faet,  ue  niav  eoneeive,  that  Ixwlie^  i>erft*ctlv  idetiticsi 
move  HueeeH%ivily  one  aft«T  the  t»tl)er,  and  that,  during  the 
entire  eontinuanee  of  the  motion,  eaeh  of  the  bcnli^n  i%  prr- 
ei'^el)  in  the  Hinne  ^tate  a*»  that  which  pnH^di»s  it  :  it  i%  etklcfit. 
that  all  the^e  in4»tion%,  of  which  the  law    i*  n<»l  i^iven,  anr  prf» 
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formed  in  equal  timee,  and  that  th^r  number  may  be  made  use 
of  to  measure  the  time.  Thus,  for  example,  if  we  suppose  bodies, 
such  as  the  preceding,  to  be  heavy,  and  to  be  retained  by  a  fixed 
horizontal  axis,  and  if  we  make  them  all  to  deviate  equaUy  &om 
the  position  of  equilibrium,  and  then  remit  them  to  themselves, 
in  such  a  manner,  that  the  motion  of  the  second  may  com- 
mence when  the  first  has  returned  to  this  positioD,  and  that  of 
the  third  as  soon  as  the  second  has  returned  in  the  same  way, 
and  so  on  of  the  rest ;  there  will  be  no  poseible  difference  what- 
ever between  all  these  successive  motions,  which  will  be  per- 
formed in  equal  times.  It  will  be  proved  hereafter,  that  it  is  not 
necessary  for  this,  that  different  bodiei  should  succeed  each 
other,  and,  that  the  successive  oscillations  of  the  same  body,  on 
each  side  of  its  position  of  equilibrium,  are  also  isochronous,  or 
of  equal  duration ;  but  the  preceding  consideration,  which  does 
not  suppose  the  solution  of  any  problem  of  mechanics,  is  suf- 
ficient for  the  object  which  it  was  adduced  to  explain. 

The  invariability  of  the  apparent  revolution  of  the  celestial 
sphere  about  the  earth,  has  been  established  by  repeated  and 
accurate  astronomical  observations  ;  and  in  fact,  theory  does 
not  indicate  any  sensible  inequality  in  the  rotatory  motion  of 
the  earth,  which  is  the  cause  of  this  apparent  motion.  The 
constant  duration  of  this  revolution  is  termed  a  sidereal  day, 
which  duration  is  less  than  the  diurnal  revolution  of  the  sun. 
This  la.ot  is  not  exactly  the  same  at  all  epochs  of  the  year ; 
and  it  is  its  mean  magnitude  which  is  assumed  as  the  unit  of 
lime  in  ordinary  usages,  which  on  tliat  account  is  called  the 
latan  day.  In  tliis  treatise,  the  division  of  the  day  into  24  hours, 
of  the  hour  intoGO  minutes,  and  ofthe  minute  into  GOseconds, 
will  be  adopted ;  so  that  the  second  will  be  the  66400th  port 
of  the  mean  day.  The  sidereal  day  contains  86 1()4,09  seconds ; 
hence  it  follows,  that  in  order  to  express  in  sidereal  daysa  por- 
tion of  time  which  is  given  in  mean  days,  It  should  be  multi- 
plietl  by  the  ratio  of  mAHQ  to  86164,09,  or  by  the  constant 
number  1,0027379. 
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112.  One  uniform  motion  tliflfers  from  another,  by  the 
magnitude  of  the  space  described  in  the  unit  of  time.  In  eork 
uniform  motion  this  constant  space  is  what  is  termed  the  w* 
lority  of  the  moveable  ;  indeed,  strictly  speaking,  this  space  is 
not  the  velocity  itself,  but  only  the  measure  of  the  vdodty. 
The  velocity  (ff  a  material  point  in  motion  b  a  quality  whidi 
inheres  in  this  |x>int,  by  which  it  is  actuated,  and  whiirfa  d»* 
tinguishcH  it  from  a  material  point  at  rest ;  it  is  not  susceptible 
of  any  other  definition.  The  velocity,  which  in  uniform  mc^ 
tion  is  expressed  by  the  space  described  by  the  moveable  in 
each  unit  of  time,  supposes  that  we  assume  for  the  unit  of  ve- 
locity that  of  the  moveable  which  describes  the  linear  unit  ia 
the  unit  of  time. 

In  any  variable  motion  whatever,  the  velocity  of  the 
moveable  varies  by  infinitely  small  degrees,  and  is  a  functioa 
of  the  time  which  may  be  deduced,  as  will  be  shown  presently, 
from  that  which  expresses  the  space  described ;  but,  it  is  ne^ 
cessary  to  know  beforehand,  the  kind  of  motion  which  a  mate- 
riiil  point  would  as<*umo  in  conHoquence  of  its  acquiml  vclocitv, 
if  tho  force  which  impre*>s<.*s  this  velocity  on  it,  by  its  actioo 
coiitiiiiiod  during  a  certain  time,  should  cease  to  act,  and  the 
luxly  Ik*  ct>n»iHjuontly  abandoned  to  it.nelf. 

113.  It  is  in  tlie  first  pl;u.v  evident,  that  if  the  moveab^ 
had  previously  moved  in  a  right  lino,  it  \*ill  c«>ntinue  to  more 
along  this  line  ;  for  there  is  no  reason  why  this  material  {Kiint 
should  deviate  from  the  direction  in  which  it  movinU  to  <me 
side  in  preffremv  to  the  other.  Hut  we  cannot  aAm^  a 
prioriy  that  the  veloeity  uhich  has  bivn  impn*sfie«l  on  ii,  will 
not  diminish  of  itself,  and  eventually  vanish  altogether  ;  it  k 
only  by  ex|K»rience  and  induction  that  this  question  enn  be 
decided. 

Now,  according  as  the  obstacieK  to  the  motion  of  bodies 
!*ach  as  friction  and  the  ri'si'^tanee  of  the  mtniia  which  ihrv 
travervN  diminish  in  inionHity,  they  are  olHcrveii  to  |H!T»everv 
inon*  and  m(»rr  in  thi^  ^tato :  and.  as  often  as  an  alteraticMi  i« 
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obsared  to  take  place  in  their  velocity,  we  at  once  perceive 
that  this  effect  can  only  be  ascribed  to  a  foreign  cause.  We  are 
therefore  led  to  conclude,  that  if  it  was  possible  for  a  material 
point,  after  being  put  in  motion,  neither  to  be  Bolitnted  by  any 
other  force,  nor  to  meet  with  any  obstacle,  its  motion  would 
be  rectilinear  and  uniform,  that  is  to  say,  the  umplest  of  all 


'llus,  for  example,  if  a  mass  of  iron  is  made  to  move  in  a 
vacuo,  on  a  horizontal  plane,  without  friction^  by  the  sole 
action  of  the  pole  of  a  magnet,  and  if  the  attractive  power  of 
this  pole  was  suddenly  annihilated  by  placing  in  juxtaposition 
with  it  an  opposite  pole  of  equal  power,  this  mass  would  still 
be  directed  towards  this  point;  but  its  motion  will  become 
uniform,  and  its  velocity  will  be  more  or  less  considerable, 
according  as  the  attractive  force  has  been  permitted  to  act  for 
a  longer  or  shorter  time. 

The  impossibility  which  bodies  are  in,  of  exciting  motion 
in  themselves,  or  of  changing  the  morion  which  has  been 
communicated  to  them,  is  termed  the  inertia  of  matter.  This 
term  does  not  imply  that  matter  is  incapable  of  acting ;  for  on 
the  contrary,  the  cause  of  the  motion  of  each  material  point, 
is  always  found  in  the  action  of  other  points,  but  never  in  itself. 

114.  At  the  end  of  the  time  t,  when  the  distance  of  the 
moveable  &om  a  fixed  point  taken  on  the  line  that  it  describes, 
is  X,  let  V  be  the  ac(iuircd  velocity,  that  is  to  say,  the  velocity 
of  uniform  motion,  which  would  have  place  if,  at  this  instant, 
the  force  wltich  acts  on  the  moveable  should  cease  to  act. 
'Vhe  action  of  this  force  continuing,  the  space  dx  which  the 
moveable  would  describe  in  the  instant  dt,  will  be  described 
in  virtue  of  tliis  action  and  of  the  velocity  v ;  vdt  will  be  the 
value'of  the  part  of  <ix  corresponding  to  this  velocity,  which 
would  be  described  witli  a  uniform  motion.  Therefore,  de- 
noting by  t  the  imrt  of  this  space  which  answers  to  the  action 
el  the  force  during  the  instant  dt,  we  shall  have 
rfj  =  lilt  +  *. 
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Now,  as  the  velocity  vnnc»  by  insenstble  degree*,  and  m 
its  variations  are  solely  owin^;^  to  the  action  of  the  force  applied 
to  the  moveable,  it  follows  tliat  in  the  time  dt  thti  action  can 
only  produce  a  velocity  infinitely  small;  consequently,  this 
same  action  can  only  cause  to  be  described  a  space  infinitely 
small  of  the  second  order,  and  evidently  less  than  that  which 
would  be  described  uniformly  by  the  body,  if  at  the  com- 
mencement of  dif  it  had  received  all  the  velocity  which  wouU 
be  produced  during  this  instant. 

We  may,  therefore,  neglect  t  rehitively  to  rA  in  the  pr^ 
ceding  equation ;  and  then  we  shall  have 

dr 

for  the  expression  of  the  velocity  in  any  motion  whatever.  If 
it  were  required  to  determine  the  part  t  of  the  space  described 
by  the  moveable  in  the  time  <//,  in  virtue  of  the  action  of  tlie 
force  which  solicits  it,  the  powers  of  di  superior  to  tlie  firrt 

should  be  retaiiie<l.  Now,  denoting  the  distance  of  the  move- 
able from  the  fixed  point  at  the  end  of  the  time  t  -¥  dihx  r^ 
we  shall  have  by  Tayior*s  theorem, 

djc  ,  (Px  . .. 

for  the  complete  expri^ssion  of  the  »j>ace  descrilKnl  in  thi«  in- 
stant dt.  Thf  first  term,  iH)ual  to  iv//,  in  tlie  spaiv  due  to  the 
veKH'ity  acquiriMl  at  the  en<l  of  the  time  t ;  then'fort%  if  the 
third  and  higher  termn  are  neglecteti  n^latively  to  the  mxxmhU 
\Vf  »hall  have 

"  lit' 

or,  what  roiiifs  to  tin-  Kxmv  tiiintc* 

I  z:  \  dvdt, 

lor  the  part  of  the  hjkuv  r'—  j  di*MTilK»<l  by  the  action  of  the 
force.     A»  the  velocity  which  in  at  the  name  time  produced  by 
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tbia  action  ade,  it  is  evident  that  the  space  which  the  move- 
able  would  describe  uniformly  during  this  time  dt,  if  at  the 
commencement,  it  had  received  all  this  increase  of  velocity, 
would  be  equal  to  the  product  of  dv  and  dt,  or  to  double  of  the 
space  c  which  it  actually  describes. 

110.  When  the  spacedescribedis  gireninafuncdonofthe 
time,  the  corresponding  velocity  may  be  immediately  deduced 

by  means   of  the  equation  v  = -^r-     For  example;  as  the 

moveables  in  Atwood's  machine,  describe  spaces  wluch  in* 
crease  as  the  squares  of  the  times,  i.  e.,  in  which  «  is  : :  f  to  (*, 

it  follows  that  -^  is  t:  Ito  t,  hence  their  acquired  velocities 

must  be  proportional  to  the  times  during  which  these  spaces 
arc  described ;  which,  indeed,  this  machine  furnishes  us  with 
the  means  of  verifying.  (Nos.400,  401.) 

Conversely,  if  the  velocity  be  given  in  a  function  of  the 
time,  by  the  definition  of  the  motion,  we  can  infer  from  it,  by 
integration,  the  expression  of  the  space  described.  Thus,  after 
uniform  motion,  the  simplest  is  that  in  which  the  velocity  in- 
creases or  diminishes  by  equal  quantities  in  equal  times,  and 
which  on  that  account  is  said  to  be  unijbrmly  accelerated  or 
retarded.  Therefore,  if  we  denote  the  constant  increment, 
whether  positive  or  negative,  of  the  velocity,  in  each  unit  of 
time  by  g,  and  by  a  the  velocity  of  the  moveable  when  t  =  0, 
the  velocity  v  at  any  instant  whatever,  in  this  description  of 
motion,  will  be, 

by  multiplying  by  dt,  and  integrating,  we  shall  have 

1=  b^at  +  lgf, 
for  the  distance  of  Uic  moveable  from  a  fixed  point  of  the  line 
that  it  describes,  b  being  tiiis  distance  at  the  commencement 
of  the  time  t. 

When  the  two  constants  a  andi  vanish,  we  shall  have  simply 
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Therefore,  the  space  described  is  proportioiud  to  the  squre 
of  the  time ;  and  the  velodty  acquired  at  the  end  of  any  Iibm 
t  is  such,  that  in  virtue  of  this  sole  velocity,  the  moveable 
would  describe  in  a  time  equal  to  f ,  a  space  ti  doubk  of  that 
which  it  actually  describes.  It  follows,  that  if  the  space  de» 
scribed  in  the  first  unit  of  time  be  known,  we  can  obtain  by 
doubling  it,  the  value  of  the  constant  velocity  ^,  by  which  one 
uniformly  accelerated  motion  differs  from  any  other  inodon 
of  the  same  nature. 

The  motion  of  heavy  bodies  which  descend  in  a  vmtwo  is  of 
this  description.  In  the  same  place,  the  velocity  p  is  equal  far 
all  their  points;  so  that,  in  fact,  all  of  them  describe  vertical  lines 
when  actuated  by  a  motion  of  this  kind.  This  velocity 
from  one  place  to  another ;  by  accurate  experiments,  it 
been  proved,  that  if  the  second  is  assumed  for  the  unit  of  ti 
and  the  metre  for  the  linear  unit, 

g  =  9",80896 

at  the  ObjH?rvatory  of  Pari**. 

The  force  which  proiluces  equal  velocities  in  equal 
is  considered  to  be  a  constant  force  ;  thus  u^ravity  is  a  coniaant 
force,  which  implic^s  here  that  it  acts  with  iKjual  inteni^ty  on 
Ixxlics  already  actuated  with  any  vehK-ities  whatever,  and  not 
merely  as  in  No.  51),  that  its  inteuMty  is  the  same  thn>ughout 
the  entire  extent  of  a  body  of  onlinary  dimensions. 

lU).  The  laws  of  equilibrium  do  not  imply  any  |iarticular 
relation  lietween  the  forces  and  the  corrt*H|>ondin|f  velocities  ; 
and  to  resolve  tlie  prol)lems  of  statics,  it  is  sufficient,  if  the 
numerical  n»lations  of  forces,  such  as  they  have  licen  defined 
in  No.  5,  Ik*  known.  The  laws  of  motion,  on  the  contrar), 
de|H nd  on  the  relation  which  should  exi^t  In^tween  the  main^i- 
tu^li's  of  tlie  velocities  pnxluceti  by  ^iven  forces  ;  and  thi%  nv 
lation,  the  knowledi^e  of  which  is  iiidi%|HMXibIo  for  the  ***Iii- 
tion  of  the  dvnamical  prolilemn,  in  the  <ime  a^  that  of  \h< 
force**,  a**  we  pnannMl  now  to  <lemonHtrato. 

Let  X  and  r  denote,  as  Iwfon*,  the  space  described  and  iW 
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T^odty  acquired  at  the  end  of  tlie  time  t,  and  at  this  epoch, 
let  two  g^ren  forces  y  andy  act  simultaneously  on  the  move- 
able,  in  the  direction  of  its  motion ;  let  v  denote  the  infinitely 
small  velodty  that  the  force /would  impress  on  the  moveable, 
if  it  acted  solely  for  the  infinitely  small  portion  of  time  r,  and 
let  k'  denote  that  which  would  be  produced  by  the  force  y, 
in  the  same  time,  if  the  force/did  not  exist.  I  say,  that  the 
circnmstance  of  these  forces  bang  impressed  nmultaneously, 
will  not  modify  the  velointies  of  which  they  are  separately 
capable,  and  that  the  velodty  produced  by  the  force /+ J*  will 
be  h  +  h',  that  is  to  say,  at  the  end  of  the  timef +  r,  thevelo- 
dty  of  the  moveable  will  he  v  +  u+u'.  In  fact,  the  ang- 
mentation  of  the  velocity  of  the  moveable  can  only  depend  on 
the  time  r,  to  which  it  will  be  proportional,  and  on  the  state 
of  this  material  point,  or  in  other  words,  on  its  position  and 
velocity  during  this  same  time  r ;  therefore,  it  can  only  be  by 
influencing  this  state  that  the  action  of  the  force  y  can  modify 
the  velocity  which  will  be  produced  by  the  force  y  Now,  as 
during  the  time  r,  the  distance  of  the  moveable  from  a  fixed 
point  and  its  velocity,  can  only  vary  by  infinitely  small  quan- 
tities, which  may  be  neglected  relatively  to  x  and  v ;  its  vari- 
ations of  distances  from  other  fixed  or  moveable  points,  from 
which  the  forces  yandy  may  emanate,  may  in  like  manner 
be  neglected,  consequently,  the  velocity  which  the  forceywilt 
produce  during  this  interval  of  time  r,  cannot  be  modified  in 
any  manner  by  the  simultaneous  action  of  the  forccy,  and  the 
same  will  be  the  case,  relatively  to  the  velodty  produced  by  the 
force y,  which  will  not  be  changed  in  any  respect  by  the  action 
ofy  Therefore,  the  entire  velocity  impressed  on  the  moveable 
during  the  time  t  by  the  force y+y,  will  be  equal  to  a  +  «'. 

It  is  likewise  evident,  that  if  the  force  y acts  in  the  di- 
rection of  the  velocity  v,  and  the  fon»y  in  the  opponte  di- 
rection, the  increase  of  velocity  produced  by  the  fbrcey—y 
will  be  equal  to  u  —  u'. 

Whatever  be  the  nature  of  each  of  the  fbrcesyandy,  if 
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they  are  capable  of  producing  the  tame  velocitiet  in  the 
infinitely  small  portion  of  time,  we  may  connder  them  m 
equal  forces.  If  they  are  applied  in  opposite  directioiis  at  the 
aame  time,  they  will  produce  no  change  in  the  Telocity  of  the 
body,  if  it  is  already  in  motion ;  and  if  this  material  point  is  at 
rest,  it  will  continue  so ;  this  is  conformable  to  the  driinifinn 
of  equal  forces  g^ven  in  No.  5. 

When  the  force  which  acts  on  the  moreable  in  tlie  ififce> 
tion  of  the  acquired  velocity  becomes  double,  triple, 
druple,  •  .  .  •  the  velocity  which  will  be  produced  in  this  la 
r,  will  increase  in  the  same  proportion.  On  the  other  hand^ 
when  this  force  is  reduced  to  a  half,  a  third,  or  a  fourth,  the 
velocity  produced  will  be  diminished  in  the  same  mii»imT ;  and 
generally,  the  infinitely  small  velocities  produced  in  eqoal 
times,  in  the  same  or  opposite  directions  from  the  aeqviicd 
velocity,  or  impressed  on  a  material  point  at  rest,  will  be  as 
the  intensities  of  the  corresponding  forces. 

It  is  on  this  general  principle  that  the  measure  of  forces  m 
dynamics  is  founded.  It  is  usually  presented  as  an  hypo- 
thesis, here  we  give  it  as  a  necessarj'  consequence  of  the  cir* 
cumstance,  that  the  velocities  impressetl  by  any  force  what- 
ever in  infinitely  small  intervals  of  time,  are  always  infinitely 
small,  and  of  this,  that  in  the  same  time,  the  displacements  of 
the  moveables  are  also  infinitely  small. 

117.  If  the  forci»s  to  be  comjmriMl  together  are  constant 
forces,  so  that  each  of  them  prmluees  during  the  entin^  time 
of  the  motion,  eijual  veioeitic^s  in  equiJ  times  (No.  115),  their 
intensities  will  be  to  each  other  as  the  velocities  which  they 
impress,  in  any  iH|ual  times  vihatever,  on  the  same  material 
jKiint.  When,  therefore,  these  velocities  are  given  by  obser- 
vation, the  relatlDii  of  the  forces  may  be  inferrwl,  and  coo- 
vePK'ly,  uliere  thin  relation  is  known  a  priori^  we  can  assume 
it  for  that  of  the  veliK-itiiN. 

For  example,  let  w,  it»',  denote  the  intensities  of  grmrity  al 
two  different  kititudes,  if  </,  y\  the  velocities  acquired  is  a 


OF  TBB  HBA80HB  OF  FOBCBB.  173 

secmd,  by  bodies  which  descend  verdcally  in  a  trcuo,  at  these 
places,  be  knovn ;  we  shall  have 

The  relation  between  these  forces  &>,  w',  will  be  also  that  of 
the  weights  of  the  same  body,  or  of  two  homogeneous  bodies 
having  the  same  volume,  at  these  latitudes.  It  appears  from 
observation,  that  the  velocities  produced  by  the  action  of 
gravity  increase  from  the  equator  to  the  pole,  and  that  the 
entire  increment  is  very  nearly  ^^  of  the  least  weight,  or  of 
that  at  the  equator.  It  follows,  therefore,  that  the  weight  of 
the  same  body,  transferred  from  the  equator  to  the  pole,  will 
increase  by  ,  j^,  and  that,  in  order  there  should  be  an  equili- 
brium between  two  homogeneous  bodies  placed  in  these  two 
places,  the  volume  of  the  body  situated  at  the  equator  should 
exceed  by  g^  that  of  the  body  situated  at  the  pole. 

Also  if  tai  denotes  the  intensity  of  gravity  in  the  vertical 
direction,  and  a>\  its  component  in  the  direction  of  a  line  which 
makes  the  angle  a  with  the  vertical ;  then  by  the  rule  for  the 
composition  of  forces  we  shall  have 

<iii  =  {ucoSa; 

Bod  '^  g>9it  denote  the  velocities  which  would  be  produced 
in  a  unit  of  time  by  these  two  constant  forces,  acting  sepa- 
rately on  the  same  material  point,  the  proportion 

J7:j7i::  w:  wi, 
will  also  g^ve 

J,  =  S'cosa. 

If  this  heavy  material  point  rests  on  an  inclined  plane, 
which  makes  with  the  horizontal  plane  an  angle  equal  to 
90°  —  a,  the  force  at  should  be  decomposed  into  two  others, 
the  one  perpendicular  to  the  given  plane,  and  which  will  be 
destroyed  by  its  resistance,  the  other  directed  parallel  to  this 
same  plane,  which  will  be  the  force  oii.  It  is  this  last  force, 
which,   abstracting  from  the  effect  of  the  friction  of  the 
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moveable  against  the  inclined  plane,  will  prodnoe  the 
in  a  vacuo.  Thin  motion  being  caused  by  the  actioii  of  a 
constant  force,  will  be  uniformly  accelerated,  and  if  x%  and  r, 
denote  the  space  described  and  the  velocity  acquired  at  the 
end  of  the  time  /,  we  shall  have 

in  which  equations  we  should  substitute  for  g^  its  value 
above* 

This  example  points  out  the  necessity  of  knowing, 
the  ratio  of  the  velocities  produced  by  the  action  of  fbroet,  of 
which  the  ratio  is  known  ;  for  if  ^i  could  not  be  deduced 
g,  the  velocity  given  by  the  observation,  and  if  it 
sary,  in  order  to  apply  the  preceding  equations,  to 
also  by  experiment  the  value  of  g^  which  anawen  to 
value  of  the  angle  a,  dynamics  would  be  almost  entirely  re^ 
duced  to  an  experimental  science* 

1 18.  In  order  to  measure  a  variable  force,  we  should  earn* 
sider  its  efTect  for  an  infinitely  small  portion  of  time,  duriaf 
which  it  may  be  considered  as  constant.  Therefore,  in  aay 
rectilineal  motion  whatever,  lot  ^  l>e  the  force  which  acts  on 
the  moveable  at  the  end  of  the  time  /,  and  which  i^  coni^idervd 
as  positive,  or  negative,  according  as  it  acts  in  the  direction  of 
the  acquired  velocity,  or  in  the  opposite  direction.  Thi*  ve- 
locity l>ein^  V  at  this  same  instant,  it  will  be  r  +  <ir  ml  the 
end  of  the  time  t  +  (U  \  so  that  the  force  ^  will  have  imprvsfc^ 
the  velocity  dv  on  the  moveable  in  the  instant  <//.  llicrelbre, 
if  w  denotes  a  constant  known  force,  ca|Kible  oi  impre<M4n|;  i 
velocity  gmix  unit  of  time,  and  which  can  conM^tjucntlv  IB* 
press  the  velocity  gdt  in  the  time  <//,  \ie  »Iiall  Iiave 

^  :  w  ::(/(* :  gdt ; 
hence  we  cliHluct^ 

_  uhIv 

When  the  linear  unit  and  the  unit  ut'  time  aic  oocv  art*- 
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tmriljr  selected,  the  constant  <;,  and  the  value  of  -j-  at  the  end 

of  a  given  time  may  be  expressed  in  numbers.  This  for- 
mula will  then  make  known,  at  the  same  instant,  the  nume- 
rical ratio  of  the  force  0  to  the  known  force  u,  and  if  this  last 
be  that  of  gravity,  this  ratio  will  be  that  of  the  force  ^  to  the 
waght  of  the  moveable  on  which  it  acts.  So  that  if  this  ma^ 
terial  point  be  acted  on  by  gravity,  and  solidted  by  the  force 
^  in  a  direction  opposite  to  that  of  gravity,  it  wilt  be  in  equi- 

librio,  if  we  have  --j-  =  1 . 
gat 

The  preceding  formula  will  be  simplified  if  u  and  g  be  taken 

for  the  units  of  their  respective  species,  which  will  reduce  it  to 


The  unit  of  force  will  be  then  the  constant  force,  which 
would  impress  on  the  moveable,  in  the  unit  of  time,  a  velocity 
represented  by  the  linear  unit,  so  that  if  these  two  last  units 
are  the  second  and  the  metre,  the  unit  of  force  will,  by  the 
value  off?  given  in  No.  1 15,  be  very  nearly  the  tenth  part  of 
the  weight  of  the  moveable. 

It  may  be  remarked  here,  titat  this  measure  -jr  oi  the  va- 
riable force  ^  is  the  velocity  which  would  produce  in  the  unit 
of  time  a  constant  force,  that  would  retain  during  this  time 
the  same  intensity,  as  the  force  ^  during  the  instant  dt.  Thus, 
in  the  motion  of  a  mass  of  iron  towards  the  pole  of  a  magnet, 
which  we  have  already  taken  as  an  example,  No.  113,  the  force 
^  depends  on  the  distance  from  the  pole,  and  is  consequently 
variable ;  but  if  we  suppose,  that  at  a  given  instant,  the  pole 
recedes  from  the  moveable,  so  as  that  the  distance  of  the  one 
from  the  other  may  become  constant,  the  force  ^  will  become 
HO  likewise,  and  the  motion  will  be  changed  into  one  uniformly 
accelerated,  and  the  increase  of  velocity  in  the  unit  of  time 
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will  be  the  measure  of  this  force  at  the  instant  it 
constant. 

With  respect  to  the  value  of  t  found  in  No.  1 14,  it  is  eii* 
dent,  we  can  also  write 

It  follows,  therefore,  from  this  and  the  preceding  faraiiila, 
that  a  force  may  be  expressed,  either  by  the  relodtj  whidi  it 
produces  in  an  indefinitely  small  portion  of  time  dirided  by 
this  time,  or  by  twice  the  space  which  it  causes  to  be  d6> 
scribed,  divided  by  the  square  of  this  same  time.  In  aoiiom 
uniformly  accelerated,  these  two  equivalent  exprearions  fm  the 
force  obtain  also,  when  the  time  is  finite,  and  not  as  in  the 
general  case,  infinitely  small. 

119.  From  what  has  been  established  in  the  precediBg 

numbers,  it  appears  that  the  general  formula  of  rrrtilinfal 

motion  are 

dx  dv 

They  point  out  the  relations  which,  in  any  Inotion  wbaterrr, 
exist  between  the  space  described,  the  velocity  acquinrd,  and 
the  force  which  acts  on  the  moveable,  and  how  these  thr(« 
functions  of  the  time  may  be  dt^luced  the  one  from  ociifr, 
either  by  diiferentiution  or  by  inte^^tion. 

By  eliminating  v  between  the  two  last,  we  have 

which  implies  that  /  is  taken  for  the  in<ie{K'ndent  variable,  aai 
that  its  (litTerontial  tit  is  constant,  an  aMumption  whicli  «<^ 
sliuU  make  throu^rh  tlii«»  entire  treali><',  without  ha%*in|( 
sion  to  rcpiat  it  a^aiu. 

>N  c  shall  aUo  have  l»v  the  elimination  ul  <//, 

,  c/.r" 
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which  will  enable  us  to  determine  v  when  the  force  ^  is  given 
in  a  function  of  x^  and  conversely,  this  force,  when  the  velo- 
dty  is  known  in  a  function  of  the  space  described. 

In  the  following  chapter,  it  is  proposed  to  give  different 
applications  of  these  general  formulae. 

II.  Measure  of  Forces  having  regard  to  the  Masses. 

120,  Previously  to  our  shewing  how  the  masses  should  be 
taken  into  account,  in  the  comparison  of  forces  which  act  on 
different  moveables,  an  inaccurate  expression,  which  fre- 
quently ocean,  should  be  rectified,  because  it  has  a  tendency 
to  produce  a  confusion  of  ideas. 

Let  us  conceive,  that  a  body  is  plac^  on  a  horizontal 
plane,  aad  that  it  is  retained  there  without  any  friction.     K  it 
was  proposed  to  make  it  slide  on  this  plane,  it  is  necessary 
nevertheless,  on  account  of  the  inertia  of  matter,  that  some 
effort  should  be  made  to  effect  this ;  and  if  to  this  body  a 
second  is  attached,  then  a  third,  &c.,  it  is  necessary,  in  order 
to  produce  the  same  motion,  that  a  more  considerable  force 
should  be  exerted.     In  each  case,  a  sensation  of  the  effort, 
which  it  is  necessary  to  make,  will  be  produced ;  but  it  ought 
not  to  be  inferred  from  this,  that  matter  opposes  any  resist- 
ance to  this  effort,  and  that  there  exists  in  bodies,  what  has 
been  very  improperly  denominated  a  force  of  inertia.     When 
such  an  expression  is  made  use  of,  the  sensation  that  is  ex- 
perienced, and  which  results  from  the  effort  that  is  made,  is 
confounded  with  the  sensation  of  a  resistance  that  does  not 
really  exist. 

When  there  is  a  friction  of  the  body  against  the  plane, 
there  is  an  actual  resistance  to  the  horizontal  motion,  and  the 
moveable  cannot  be  displaced  on  this  plane,  unless  an  effort 
is  made  superior  to  this  resistance.  In  like  manner,  if  it  was 
proposed  to  raise  the  moveable  vertically,  there  is  a  resistance 
to  this  motion  which  must  be  overcome  by  an  effort  that  sur- 

2  a 
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pasfies  it.  In  the  two  cuses,  no  motion  is  produced  as  long  m 
the  effort  which  is  made  is  not  g^rcater  than  the  weight,  or 
than  its  adhesion  to  the  horizontal  plane ;  but  if  it  be  sup- 
posed that  the  body  has  no  weight,  or  that  it  does  not  expe- 
rience any  resistance  from  friction,  it  can  be  put  in  modoe, 
however  feeble  the  effort  that  is  made,  or  however  gremi  the 
mass  of  the  body  on  which  it  is  exerted  ;  and  if  it  k 
to  make  a  g^reater  effort,  in  order  to  communicate  the 
motion  to  one  body  than  to  another,  it  may  be  inferred  that 
the  first  consists  of  a  greater  quantity  of  matter  than  the 
second :  and  if  the  magnitudes  of  these  efforts  could  be 
rately  compared  together,  their  ratio  will  be  thai  of  the 
of  these  two  moveables.  It  is  on  a  consideration  similar  te 
this,  that  is  founded,  as  we  now  proceed  to  show,  the  miiun 
of  the  masses  deduced  from  the  magnitudes  of  the  farees» 
which  cause  than  to  move,  and  conversely,  the  measure  of  the 
forces,  the  masses  and  velocities  being  respectively  takes  iata 
account. 

121.  The  masses  of  two  material  points,  belonging  to 
bodies  which  may  be  of  different  natures,  are  equal  or  unequal 
accordinf(  as  forces,  which  are  a^umed  to  be  equal,  impress 
on  them  in  the  same  time,  equal  or  unequal  velodties.  Lei 
us  suppose  for  greater  cieamess,  that  the  forces  applied  to 
these  two  points  are  vertical,  and  that  when  placed  on  the  two 
dislies  of  a  balance,  they  are  m  equilibrio.  These  forte*  will 
be  equal  on  this  hypothesis,  and  this  being  the  case,  if  the 
two  |K)ints  are  rendere<l  entirely  free,  and  if  the  same  fortes 
excite  motion  in  them,  their  masses  will  be  equal  tn  uneqasL 
according  as  the  infinitely  small  vo  loci  ties  with  which  theyaiv 
actuated  in  the  first  instant,  are  e<|ual  or  um^qual. 

When,  in  this  manner,  the  masses  of  different  matmd 
|>oints  are  aneertained  to  be  i»<jual,  other  |H>ints  of  which  tW 
masjK^s  mav  have  any  relation  whatever,  will  be  obtained  bf 
uniting  these  together.  Thus,  denoting  the  mass  of  eatk 
of  the  i*<iual  |M)ints  by  ^,  and  by  m,  m\  the  masses  of  iwt" 
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other  points  made  up  of  n  and  n'  of  the  first,  m  and  m' 
will  be  to  each  other  as  these  numbers  n  and  »',  and  vk  shall 
have 

tn  ~  n^,     m'  ^  ft' ft. 

Mow,  let  u,  V,  t/,  be  infinitely  small  velocities,  t  and  t' 
integtal  numbers,  and 

V  =  IK,     v'  ^  i'u. 

If  the  two  forces/and^'  impress  on  the  masses  m  and  m', 
the  velodties  o  and  v'  in  the  same  instant,  we  shall  have 
/■.r-.-Mv.m'v'. 
In  fact,  the  forceymay  be  considered  as  the  sum  ofnequal 
forces,  wiiich  would  impress  the  velocity  v  on  each  of  the  n 
equal  points,  of  which  m  is  composed,  so  that  denoting  one  of 
these  equal  forces  by  k,  we  shall  have 
/=nk. 
Moreover,  let  h  be  the  force  which  would  impress  the  ve- 
locity u  on  each  of  these  equal  points,  during  the  same  instant, 
that  the  force  A  impresses  on  it  the  velocity  v.     These  forces 
acting  on  the  same  material  point,  will  be  to  each  other  as  the 
velocities  u  and  v  (No.  1 16),  and,  because  v  —  iu,  there  will 
result(a) 

k  =  ih. 
We  shall  have  also 

f  =  n'k',    h'  =  rk', 

y  being  considered  as  the  sum  of  the  n'  forces  k',  capable  of 
impressing  the  velocity  v',  on  each  of  the  equal  points  of  which 
m'  is  composed,  and  h'  denoting  the  force  which  would  im- 
press on  each  of  these  same  points  the  velocity  u.  Now,  as 
A,  V,  are  forces  which  arc  capable  of  impressing  in  the  same 
instant,  the  same  velocity  u  on  two  points  of  equal  mass, 
namely,  on  two  points  of  which  the  common  mass  has  been 
represented  by  fi,  it  follows  from  wliat  precedes,  that  wc  must 
have  A'z:  /t.  Then  by  means  of  the  preceding  equations,  ^ 
shall  liave  ■ 
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f-ink,    f-=.i'n'k'; 

and,  if  we  take  into  account  the  values  of  m,  m\  r«  v'f  there  will 
result  the  proportion  which  it  was  proposed  to  demonstrate. 

122.  This  being  established,  let  us  consider  a  body  of  anj 
magnitude  and  form  whatever,  all  the  points  of  which  describe 
parallel  lines  with  a  common  velocity,  which  may  moreorer 
vary  with  the  time.  Let  this  body  be  divided  into  an  infinite 
number  of  material  points  equal  in  mass,  sudi  as  they  have 
been  just  defined.  The  motion  of  all  these  points  may  be 
ascribed  to  forces  which  are  equal  and  parallel  througfaoQt  the 
entire  extent  of  the  moveable ;  their  resultant  for  any  part  of 
this  body,  is  equal  to  their  sum,  and  applied  to  the  centre  of 
gravity  of  this  part.  The  forces  corresponding  to  any  two 
parts  will  be  therefore  to  each  other  as  their  masses ;  oome^ 
quently,  if  /  be  the  entire  force  which  acts  on  the  iBOveabie, 
m  its  mass,  and  f  the  force  which  answers  to  a  part  of  this 
mass,  taken  for  unity,  we  shall  have 

With  respect  to  the  force  ^,  it  will  be  proportional  to  the 
increase  of  the  velocity  of  the  moveable  during  an  infinitely 
small  portion  of  time ;  and  if  v  denotes  this  velocity  at  the 
end  of  the  time  /,  we  may  assume  for  its  measure,  as  in  No. 
118, 

Hence  there  will  result 

.         dv 
•^  (it' 

for  the  expression  of  the  force  in  any  motion  whatever,  the 
mass  of  the  moveable  InMng  taken  into  account,  and  all  tM 
points  Innn^  KuppoMccl  to  l>e  actuated  by  the  same  velocity. 

Thin  force/;  which  i<  the  resultant  or  sum  of  all  the  ta- 
finitely  »mall  forces  ^ith  which  ail  the  |>oints  of  which  tW 
liody  is  com|K>scd,  are  actuaUni,  is  termed  the  tmoitve  Jkmxt. 
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the  fiM!tor  f  of  its  valoe  mf,  is  called  the  accelerating  Jbrce, 
and  is  no  other  thing  than  the  motive  force  referred  to  the 
unit  of  mass. 

The  motive  force  becomes  a  presmre,  when  the  mass  on 
vhich  it  acts,  rests  on  a  fixed  plane  perpendicular  to  its  di- 
rection. A  pressore  and  motive  force  differ  from  one  another 
in  the  circumstance,  that  the  velocities  which  a  pressure  t^ida 
to  produce,  are  continually  destroyed  by  the  renstance  of  the 
fixed  plane  that  supports  it,  whilst  those  which  are  actually 
produced  during  each  instant  by  the  moUve  force  accumulate 
in  the  body,  so  that  after  a  finite  time  there  results  in  it  a 
finite  vehicity.  Two  pressures  are  to  each  other  as  the  masses 
multiplied  by  the  infinitely  small  velocities,  which  they  tend 
to  impress  on  them  in  the  same  instant,  and  which,  in  point  of 
&ct,  they  would  impress  on  them,  if  these  masses  were  free. 

123.  If  the  motion  that  is  common  to  all  the  points  of  a 
moveable  be  a  uniformly  accelerated  one,  and  if  g  denotes  the 
increase  of  velocity  which  has  place  in  each  unit  of  time,  we 
liave 

^  =  y,    /=  mg. 

Likewise,  for  another  constant  force  y  acting  on  a  mass  m', 
and  producing  a  velocity  g',  in  a  unit  of  time,  we  shall  also 

have 

/'=m'g'. 

Now,  it  appears  from  observation,  that  two  heavy  bodies, 
whatever  difference  there  may  be  in  the  matter  of  which  they 
consist,  acquire  the  same  velocity  in  falling  in  a  vacuo  during 
the  same  interval  of  time.  Hence,  in  the  case  of  gravity,  we 
have  g  =  ^,  and  consequently,  the  weights/and/'  of  any  two 
bodies  are  to  each  other  as  their  masses  in  and  m',  as  has  been 
assumed  in  No.  60.  The  sole  fact,  confirmed  by  daily  ex- 
perience, that  heterogeneous  bodies  have  equal  weights  under 
different  volumes  is  not  sufficient  to  decide  the  question, 
whether  their  masses  are  equal  or  unequal ;  it  is  necessary  to 
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know  besides,  wbether  gravity  impresses  the  same  moiioii  on 
them,  to  be  able  to  infer  from  the  equality  of  the  weights,  the 
equality  of  the  quantities  of  matter. 

The  weight  of  a  heavy  body  which  fedls  in  a  vacuo,  is  its 
motive  force,  and  the  g^vity  its  accelerating  force.  For  the 
sake  of  conciseness  we  give  the  name  of  grtmip  or  weight  to  the 
velocity  ^,  which,  however,  is  only  the  measure  of  this  force. 

124.  If  given  forces  act  on  the  surfince,  or  on  other  parts 
of  a  solid  body,  and  if  these  forces  impress  on  all  its  points, 
equal  and  parallel  velocities,  they  must  have  a  unique  resali* 
ant,  which  will  coincide,  in  magnitude  and  direction,  with  the 
motive  force,  that  has  been  defined  above,  and  the  aooderating 
force  is  obtained  by  dividing  it,  by  the  entire  mass  of  the 
body. 

If,  for  example,  we  conceive  a  heavy  body  U>  descend  in  air, 
in  water,  or  in  any  other  fluid,  and  if  it  be  symmetrical  as  to  its 
form  and  density,  about  a  vertical  axis,  iriien  it  is  noi  homo- 
geneous, it  is  evident,  that  as  every  thing  corresponds  on 
each  side  of  this  axis,  all  the  points  of  the  body  will  doi«cribc 
vertical  lines ;  in  which  case,  since  the  body  is  solid,  all  iu 
points  must^  at  each  instant,  beactuate<lwith  the  same  %'elocity. 
The  resistance  of  the  medium,  which  acts  on  the  surfince  of 
the  body,  will  consequently  be  reduced  to  a  force  acting  ta 
the  direction  of  the  axis  of  its  figure.  Denoting  its  intensity 
at  any  instant  whatever  by  r,  the  corresponding  port  of  the 
accelerating  force  of  the  bo<ly  by  \^,  and  its  mass  by  m  ;  ve 
shall  then  have 

m 

As  this  force  acts,  during  the  descent  of  the  body,  in  s 
direction  contrary  to  that  of  ^ipravity,  the  entire  accricratinc 
force  \iill  Ik*  tj  —  \^.  If  the  Uxly  is  projecteii  |K^qH.>ndiculjifty 
U|)\%ard,  the  tv%o  forces  would  act  in  the  same  direction,  and 
the  total  acci'leruting  force  will   be   negative    ami  equal    to 
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Tlie  theory  of  the  resistance  of  flnids  is  not  sufficiently 
advanced  to  enable  ua  to  determine,  d  priori,  the  value  of  r, 
vhich  will  depend  on  n  the  relodty  of  the  body,  on  ita  fbrm« 
and  on  the  density  and  nature  of  the  floid.  It  is  commonly 
assumed  to  be  proportional  to  the  square  of  v,  and  to  the  den- 
nty  of  the  fluid,  so  that  if  this  dennty  be  doioted  by  p,  we 
shall  have 

ff  being  a  coeffident  depending  on  the  form  and  dimensions  of 
the  body,  on  the  nature  of  the  fluid  (namely,  whether  it  is 
liquid  or  aeiifinm,)  and  on  its  temperatnie. 

Jo  the  case  of  a  sphere,  &e  coeffident  a  is  assumed  to  be 
proportional  to  its  surface,  or  to  the  square  of  its  diameter. 
So  that  if  we  denote  its  radius  by  r,  and  its  density  by  n,  in 

which  c 
salt. 


y  denoting  a  numerical  coefficient  which  will  be  the  same  for 
all  spheres,  the  actual  value  of  which  must  be  determined  by 
experiment  for  each  particular  kind  of  fluid.  As  this  quantity 
^  is  of  the  same  nature  as  g,  it  follows  that  if  k  denotes  a 
given  velocity,  we  should  have 

Dr_ft» 

7P~  ff' 
in  order  that  the  expression  of  \f/  may  assume  the  form 

conformably  to  the  principle  of  the  honu^^endty  of  quantities 
(No.  23). 

125.  The  same  constant  force  acting  successively  on  dif- 
ferent masses,  will  produce  imiformly  accelerated  notions,  in 
which  the  accelerating  force,  or  the  constant  increment  of 
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the  velocity  in  each  unit  of  time,  will  be  in  the  inrene  ratio 
of  the  mass. 

Thus,  for  example,  f  being  the  weight  wtg  ot  u  bums  «, 
if  this  mass  be  suspended  to  the  extremity  of  athread  yftl1^^f1^ 
at  its  other  end  to  another  mass  m'  laid  on  a  borisontal  plaac, 
it  is  evident,  that  if  the  friction  and  the  wdght  of  tlie 
part  of  the  thread  are  not  taken  into  account,  tbcaetwo 
will  both  move  with  the  same  uniformly  accelerated 
produced  by  the  motive  force  yi  Therefore,  if  tke 
force  of  this  motion  be  denoted  by  ^,  we  shall  have 


_  / 

m  +  m* 


9'^,:r^-s. 


or,  what  comes  to  the  same  thing,  as/=  m^, 

^'=:^.cos«, 
in  which  a  denotes  an  angle,  such  that 

m  =:  (m  -4-  '^O  <^^  <>• 

Consequently,  the  motion  in  question  will  be  the 
that  of  a  lieavy  luxiy  on  an  inclined  pUine,  which  makes  the 
angle  a  with  the  vertical  (No.  117). 

All  bodies  being  moveable  and  susceptible  of  acquiring 
velocitietj  which  are  in  the  inverse  ratio  of  their  masses^  wkfs 
they  are  subjected!,  during  the  same  time,  to  the  action  of  tbe 
same  force,  it  follows,  that  no  Inxly  can  be  considered  as 
really  y?j-(  (/ ;  those  which  are  said  to  l>o  so,  are  bodies  whkk 
have  very  great  miusses  relatively  to  those,  on  which  the  mo- 
tive forces  which  are  applietl  to  them,  depend,  and  which  coa* 
sequently,  only  receive  extremely  small  velocities  frooi  tkr 
action  of  these  forces.  At  the  suriace  of  the  earth,  bodies 
attacluHl  to  this  surfuct*,  constitute  one  mass  with  that  of 
the  tem»^trial  gl«>lH» ;  and  in  fact,  if  in'  in  the  preceding  ex- 
ample, Ih.*  assumed  to  exprens  this  mass,  it  is  endent  that  tkr 
vcl(K*ity  t/  which  uill  Ih.*  impressctl  on  it,  in  the  unit  of  til 
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by  a  wdgbt  my  corresponding  to  a  mass  m  of  ordinary  magni- 
tade,  may  be  considered  as  altt^ther  insenuble. 

126.  It  is  usual  to  term  the  product  of  the  mass  of  a  body 
by  its  velocity,  its  quantity  of  motion.  Tliis  expression  will, 
agreeably  to  custom,  be  still  made  use  of,  though  it  would  be 
more  correct  to  substitute  that  of  the  quantity  of  velocity, 
since  it  is  the  velocity  that  inheres  in  the  body,  whereas  the 
motion  is  only  a  subsequent  effect. 

No  force  whatever  can  produce  inatantaneoualy  a  finite 
quantity  of  motion.  The  shock  of  a  solid  body  in  motion 
against  a  solid  body  at  rest  can  impress  on  this  last,  in  a  space  of 
time  which,  though  very  short,  is  not  infinitely  small,  a  velodty 
which  may  be  sometimes  very  great ;  and,  during  this  interval 
of  time,  the  two  bodies  do  not  suffer  any  sensible  displacement. 
Though  they  may  be  supposed  to  be  ever  so  hard,  they  are 
always  susceptible  of  some  compression,  however  little  it  may 
be;  thus  the  velocity  is  transmitted  from  theone  totheother  by 
infinitely  small  degrees;  and  if  the  elasticities  of  the  bodies  is 
not  taken  into  account,  their  mutual  action  ceases,  when  their 
velocities  become  equal. 

This  rapid  transmission  of  velocity,  without  any  sensible 
displacement  of  the  masses,  is  what  is  termed  a  percussion  or 
impulsion,  it  is  equivalent,  as  appears,  to  a  motive  force  acting 
for  a  very  short  time,  with  a  very  great  intensity.  By  con- 
sidering the  percussion  in  this  manner,  as  the  sum  of  the  in- 
finitely small  actions  of  a  motive  force,  it  can  be  shown, 
that  it  is  resolvable  into  two  other  percussions  acting  in  given 
directions,  by  the  rule  of  the  composition  of  forces,  as  also 
each  of  these  successive  actions.  If,  for  example,  there  be 
directed  against  the  back  of  a  wedge,  a  normal  percussion 
which  we  shall  denote  by  p,  it  is  resolvable  into  two  other 
percussions  perpendicular  to  its  tvio  faces,  and  if  q,  «',  repre- 
sent these  two  components,  k,  k',  the  lengths  of  the  faces  to 
which  they  refer,  and  H  that  of  the  back  of  the  wedge,  it  is 
easy  to  perceive  that  by  the  rule  adverted  to,  we  shall  have 
2d 
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Q :  p  : :  K  :  By 

Q':  p:  :  K^:  h; 

hence  we  deduce 

PE  pe' 

Q  =  — ,    q'  =  —  ; 

H  H 

ThiM,  supposing  thai  this  percussion  p  arises  from  a  wnsa 
m  which  strikes  the  back  of  the  wedge  with  a  relocitj  a,  its 
two  &ces,  or  rather  the  frxed  obstacle  against  which  tbejr  are  di- 
rected, will  be  in  the  same  drcumstances,  as  if  thej  were  ttruek 
perpendicularly  by  the  same  mass  m,  actuated  by  Tdodtiet 

proportional  to  their  lengths,  and  expressed  by  — and  — . 


127.  If  a  solid  body  at  rest  is  strudc  at  the  same  time,  ia 
opposite  directions,  by  two  other  bodies,  of  which  the  ouMtct 
are  m  and  m\  and  the  velocities  v  and  v'f  then  if  these  three 
bodies  are  symmetrical  about  the  same  axb  aa  to  their  fbna 
and  density,  and  if  all  the  points  of  the  two  last  more  parallel 
to  this  line,  their  percussions  on  the  intermediate  body  will 
constitute  an  ociuilibrium,  when  the  quantities  of  motion  are 
and  m'r'  are  eijual,  that  is  to  siiy,  tht*5e  quantities  of  laobon 
will  in  a  very  short  |H)rti()n  of  time  Ik*  transmitted  into  the  in- 
termediate IhkIv,  and  will  mutiuillv  dentrov  each  other's  effect. 
without  this  \hu\\  hrin^  at  all  displaced. 

The  e<|uilil>riuiii  will  iM|ually  ohtain,  if  the  int4*niK'<duile 
IkkIv  Ih.*  suppri'ssiMJ,  and  if  the  transmi^^Mon  of  velocity  lAktn 
place  at  oiuh?  from  one  IhhIv  to  the  other.  Thu^,  two  9oi*\ 
iMxliiN  which  move  towards  each  other  in  op|HMito  dirvctia««. 
will,  if  we  a))stract  from  a  consideration  of  the  elasticity*  be 
re<luctNl  to  a  >tate  of  (|uieM*enct%  when  their  masAc*!!  are  io  the 
inverse  nitio  of  their  velocities  ;  and  convepiely,  the  proilort* 
of  the  ma^sfH  and  vehKMtii*^  are  iM|uaL  when  there  is  an  rqui* 
lihrium  in  the  impact  tif  tuo  S4»lid  Inxlie^. 

In  Huch  a  ciiM\  the  two  iHwIie^  are  Hnp[^>-k*«i  to  bt*«  a«  wa« 
state<l,  Hwnnu'tricaljy  di^^poMnl  alntut  the  •^ame  rii;ht  liiH\  a»i 
the  <lirecli«»i»s  ut  the  veUn'ities  of  all  their  |Miints  arr  a-* 


or   THB  MBABURE  OF  FORCES. 


to  be  parallel  to  this  line,  which  is  the  one  that  passee  through 
the  centres  of  gravity  of  the  two  masses.  The  condition  of 
equilibrium  in  the  impact  of  these  bodies,  is  conBeqaently,  the 
equality  of  their  quantities  of  motion,  or  the  equation 


jui  and  m'  being  their  masses,  and  v  and  i/  thdr  velocities.  In 
a  subsequent  part  of  this  treadse,  we  will  determine  the  mo- 
tions which  have  place  after  the  impact,  when  these  conditions 
relatirely  to  the  magnitudes  and  direction  of  the  velocnties,  and 
with  respect  to  the  form  of  the  bodies,  are  not  satisfied,  and  also 
when  their  elasticity  is  taken  into  account. 

It  results  from  this  law  of  equilibrium  in  the  impact  of 
two  bodies,  that  percussion  should  furnish  the  most  direct 
means  of  measuring  the  mass  of  bodies.  A  known  velocity  a 
being  impressed  on  all  the  points  of  a  body,  the  mass  of  which 
is  taken  for  unity,  if  wc  could  determine  exactly  the  velocity 
V  with  which  all  the  points  of  another  body  should  be  actuated 
in  order  to  constitute  an  equilibrium  with  the  6nit,  when  they 
impinge  on  one  another,  moving  in  opposite  directions,  the 
numerical  value  of  the  mass  of  the  second  will  then  be  the 

ratio  - ;  but  it  is  nearly  unnecessary  to  state,  that  this  means 

is  impracticable,  and  that  we  should  always  refer  to  the  weights, 
when  It  is  required  to  measure  their  masses. 

It  also  follows,  that  two  percussions  exetdscd  on  a  solid 
body  must  be  deemed  equivalent  when  they  produce  equal 
quantities  of  motion  ;  so  that  in  the  example  of  the  preceding 
number,  the  back  and  two  foces  of  the  wedge  will  experience 
the  same  effects,  or  will  be  struck  with  the  same  energy,  if 
for  the  mass  t»  and  the  velocity  a,  there  be  substituted  a  mass 
m'  and  a  velocity  a',  such  that  we  may  have  ma  ;:  jmV. 

128.  When  two  percussions,  arising  IJrom  velocities  which 
are  in  the  inverse  ratio  of  the  masses,  arc  simultaneously  ex* 
ertcd  on  the  two  dishes  of  a  balance,  there  will  be  on  equili- 
brium between  them ;   in  this  case  the  balance  supplies  the 
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place  of  the  intermediate  body  which  was  considered  in  tkt 
preceding  number.  For  example,  this  will  be  the  case  of 
two  heavy  bodies,  of  which  the  masses  are  m  and  m\  and 
which  impinge  at  the  same  instant  on  these  two  dishes,  banng 
respectively  acquired  velocities  v  and  r^  which  are  such  that 
we  have  wr  r:  m^v'. 

If  the  mass  m  is  at  rest  in  one  of  the  two  dttbet,  its 
weight  will  exercise  a  pressure  which  will  be  generally  over* 
come  by  the  percussion  of  the  other  mass ;  but  it  is  not  aociK 
rate  to  say,  as  is  generally  done,  that  this  will  be  always  the 
case,  however  great  the  pressure  may  be,  or  however  siaall 
the  percussion.  In  fact,  we  can  substitute  for  the  perctusioii 
of  m'  a  motive  force  acting  on  one  of  the  two  dishes,  without 
sensibly  deranging  it,  during  an  extremely  short  space  of  time, 
such  as  r.  Denoting  by  m'udi  the  infinitely  small  quaatitj 
of  velocity,  which  this  variable  force  is  capable  of  prodnciBf 

during  the  instant  eft,  the  product  m'  y  udi  will  be  the  qnaa- 

tity  of  velocity  which  will  be  communicated  to  the  balance 
during  the  time  r.  During  this  same  time,  the  weight  of  m 
will  produce  a  quantity  of  motion  represented  by  ■15^,  g  de> 
noting  the  gravity.     In  order  to  an  e<iuilibrium  in  the  srv 

tem,  it  is  necesssary  that  the  integral  ^    udt  should  be  the  en* 

tire  velocity  r'  with  which  the  mass  m'  is  actuateil  at  the 
instant  the  {)crcussion  commences,  so  that  there  nuy  not 
remain  any  degree  of  velocity  when  the  shock  has  ceased,  and 
this  being  so,  it  is  sufficient  that  the  quantities  of  motion  wtgr 

and  m'  V    udt  impressetl  in  opposite  directions  on  the  balance 

while  the  shock  U  going  on,  should  Ik*  equal  to  each  other. 
Hence  the  condition  of  this  e<iuilibrium  will  be  expressed  by 
the  c^iuation 

m'v'  zz  mgr ; 

and  according  as  wc  have  mv>  mtjxj  or  jm'f'  Z  mtjr^  the  per- 
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cus^n  will  prenul  over  the  pressuTe,  or  the  pressure  over  the 
perctunon.  Now,  although  the  time  r  may  be  extremely 
■mall,  this  last  case  iB  possible,  the  mass  m  being  supposed  to 
be  sufficiently  great  with  r^;ard  to  m' :  in  order  that  it  should 
be  impoeuble,  it  is  necessary  that  the  duration  of  the  pei^ 
cosnon  be  infinitely  small,  which  is  not  the  case  in  nature. 

As  in  dynamics  there  is  a  constant  application  of  the  prin- 
ciples that  have  been  expluned  in  this  chapter,  it  is  of  great 
consequence  to  have  accurate  notions  of  them,  before  we  pro- 
ceed to  the  resolution  of  the  different  problema  relative  to  the 
motioD  of  bodies. 


CHAPTER  II. 

BXAMPLBS  OF  RBCTILINBAR  MOTION. 

129.  It  appears  from  No.  1 19,  that  the  equations  of  recti- 
linear motion  are 

rff  dv       ^_^  ,1* 

^'^S'     ♦^^^      ♦-5?'  ^*' 

(the  last  of  which  may  be  deduced  from  the  two  otben :}  in 
these  expressions  x  denotes  the  distance  of  the  moTeable  at  the 
end  of  the  time  /  from  a  fixed  point  in  the  line  which  it  de- 
scribes, t;  denotes  the  velocity  which  it  has  acquired,  and  f  the 
force  that  solicits  it,  which  is  positive  or  negative  accordiBf 
as  it  acts  in  the  same  or  the  contrary  direction  from  ihftt  of 
the  velocity  r.  These  equations  are  applicable  not  only  to  aa 
isolatcNl  material  point,  hut  also  to  a  solid  Inxiy  of  any  mai^ 
tude  whatever,  of  which  all  the  points  doscril>e  parallel  ri^c 
lines,  and  which  consequently  will  Ik*  endowotl  with  a  mt^Uvto 
common  to  all  its  |>oints ;  ^  in  this  cane  will  be  the  accvlcratinc 
forci*,  e<iual  to  the  motive  force  di\ndetl  by  the  mass  of  the 
moveable. 

The  value  of  ^  is  supj)osiHi  to  be  pven  in  each  problem;  ado 
the  question  will  be  to  deiiuce  fn>m  the  pnxvtlinir  ixjuation^ 
tlie  exprcHsions  of  v  and  x  in  functions  of/.  They  will  contiir. 
two  constant  arbitrarii»s,  the  valui*s  of  which  can  Ik*  %icut' 
mine<i  from  those  of  x  and  r  at  the  commencement  oi  tin 
motion,  and  which  must  Ik^  ^iven  in  each  example.  In  the 
problems  w Inch  follow,  the  time  will  Ik  always  rtnrkoncd  trom 
this  eommeneement,  S4)  that  the  tjirtn  valuer  ol*  x  and  r 
answer  to  /  zz  u. 

The  intei^ration  uill  not  Ik*  generally  possible  in  a  6mtc 
form,  eteept  when  ^  depends  only,  as  in  the  falluwinc  ex* 
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amples*  on  one  of  the  quantities  /,  v,  x.  When  the  given 
value  of  ^  contains  all  the  three,  or  even  two,  the  values  ofx 
onii  V  can  only  be  expressed  by  a  series. 

130,  Let  the  force  ^  be  first  supposed  to  be  constant, 
then  if  it  was  required  to  determine  the  vertical  motion  of  a 
body,  which  descends  in  a  vacuo,  in  virtue  of  the  force  of  gra- 
vity, we  shall  have 

d?  =  ^' 
g  denoting  this  force  ;  hence  we  deduce, 

v  =  gt,    X-  \ge, 
and,  consequently, 

u'  =  igx, 

X  being  the  distance  from  the  point  of  departure  of  the  move- 
able, and  the  initial  velocity  being  supposed  to  be  cypher,  so 
that  we  have  »  =  0  and  v  =  0,  when  t=.0. 

If  a  denotes  the  velocity  acquired  in  descending  through 
riie  height  h,  we  shall  have 

a  =  \/2gh; 
which  is  a  convenient  expression  for  the  velocity  in  terms  of 
the  height,  through  which  a  heavy  body  should  fell  to  acquire 
this  velocity,  and  of  the  constant  velocity  g.  The  time  of 
felling  through  this  height  being  denoted  by  0,  we  shall  also 
have 


-=V^. 


9 

If  the  body  is  projected  vertically  upwards,  the  equation 
of  its  motion  in  a  vacuo  will  be 
(Px 

g  being  the  same  constant  velocity  as  in  tlie  preceding  case, 
uncc  the  action  of  gravity  on  bodies  in  motion  is  supposed  to 
Iw  independent  of  the  direction  in  which  they  move,  as  well 
as  of  the  magnitude  of  their  velocity. 
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If  the  initial  velocity  be  denoted  by  a,  we  thall  have 

which  express  respectively,  the  velocity  and  space  described 
in  any  instant  whatever.  It  is  evident,  that  the  moveable 
will  continue  to  ascend  until  this  velocity  vanishes.  Thcva* 
fore,  if  0'  denotes  the  time  during  which  it  moves  lulil  t 
vanishes,  and  k'  the  height  to  which  it  will  attain^  we  skill 
have 

and  as  these  values  coincide  with  those  of  9  and  k  of  the  pcf^ 
ceding  case,  it  follows  that  a  heavy  body  projected  vefticallf 
upwards  with  a  velocity  a,  ascends  in  a  vacuo  to  a  hcifrlit, 
from  which,  if  it  fell,  it  would  acquire  this  same  velocity,  aad 
the  time  it  takes  to  attain  this  height  is  equal  U>  that  of  its  £dl ; 
h  is  commonly  called  the  height  due  to  the  velocity  a,  aad 
conversely,  a  the  velocity  due  to  the  height  A. 

131 .  Whether  the  body  ascends  or  descends,  it  will  be  fof- 
ficient  in  order  to  obtain  the  equations  of  its  motions  oo  aa 
inclined  plane,  to  substitute  in  the  preceding  equations  5^. ciii« 
in  place  of  <7,  a  denoting,  as  in  No.  117,  the  complement  of 
the  inclination  of  the  given  plane  to  a  horixontal  plane. 
Hence,  in  the  case  of  descent,  we  shall  have 

r  =  5^/cosa,     x  =  j5^/'cosa,     r'=2^xcos«; 

now  if  /  be  the  length  of  the  inclined  plane,  and  A  its  bcighit 

we  have 

A  =  /cosa ; 

therefore,  if  k  denotes  the  velocity  acquired  in  falling  thrcMfk 
/  the  entire  length  of  the  plane,  we  shall  have  also 

A'=  2j//cosa  =  2i/A; 

Mhich  tthown  that  tlii^  velocity  is  the  same,  as  if  the  body  hiii 
fallen  through  the  vertical  height  A.     If  abc  (<ig.34}  be  the 
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circumference  of  a  circle  ntuated  in  a  vertical  plane,  and  if 
AB  represents  its  vertical  diameter,  we  can  determine,  by  means 
of  the  preceding  equations,  the  time  which  a  heavy  material 
point  would  take  to  describe  the  chord  ac,  which  is  terminated 
at  the  superior  extremity  of  this  diameter.  For  if  from  the 
point  c  the  perpendicular  co  be  let  &1I  on  ab,  we  shall  have, 
in  this  case, 

AC  =  /,     AD  =  A ; 

and  if  the  required  time  be  denoted  by  $,  then 

but  by  a  known  property  of  the  drcle,  we  have 

P=hb, 
b  denoting  the  diameter  ab  ;  hence  we  can  obtain 
AP  _  4/24 


But  this  time  is  that  of  the  &11  through  the  vertical  height 
b ;  consequently  it  follows,  that  the  chord  ac  will  be  described 
in  the  same  time  as  the  diameter  ab.  The  same  result  would 
be  obtained,  if  the  time  of  describing  the  chord  cb  which  is 
dmwn  to  the  lower  extremity  of  the  vertical  diameter  ab  be  r^ 
quired,  for  thi:4  time  is  also  equal  to  that  of  describing  the  vertical 
diameter.  As  then  it  appears,  that  the  time  of  describing  any 
chord  drawn  to  either  extremity  of  the  vertical  diameter,  is 
aliraifs  the  same,  and  independent  of  the  length  of  the  chord, 
it  will  l>e  the  case,  when  the  chord  becomes  indefinitely  small ; 
which  arises  from  this,  that  then  the  component  of  the  gra- 
vity in  the  direction  of  the  infinitely  small  chord  is  no  longer 
a  finite  quantity. 

132.  Let  now  the  moUon  of  a  solid  body,  which  descends 
or  which  is  projected  upwards,  in  a  resisting  medium,  and  of 
which  all  the  points  describe  right  lines,  be  considered.     In 
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order  that  the  accelerating  force  may  depend  solely  on  ibt 
velocity,  the  density  of  the  medium  is  supposed  to  be  every 
where  the  same. 

In  the  case  of  a  descent,  we  shall  have 

the  resistance  being  supposed  to  be  proportional  to  the  squarr 
of  the  velocity  (No.  124),  and  k  denoting  a  constant  and  girm 
velocity.  As  this  value  of  ^  is  a  function  of  r,  we  must  makf 
use  of  the  second  equation  (1),  and  shall  obtain  from  it(a), 

AVr        k  f  dv  dv  \ 

By  integrating  and  supposing  that  the  initial  velocity  » 
nothing,  so  that  t?  =  0  when  /  =  0,  there  results 


*-hr 


V 


and,  conversely, 


hence  we  obtain(6) 


^  =  iAlogj-- 


-. =  f    * 


In  these  aiul  similar  expressions  t  denotes  the  Iwtfe  tn'  t':** 
Naperiaii  system  of  lojrariihm*,  and  lo*j  a  loi^rithm  i»t  iL» 
sjK»cies ;  however  in  formulae,  in  which  the  l>aM»  of  ihrK 
logarithms  does  not  occur,  the  letter  c  will  be  employed  to 
repres<>nt  other  quantities.  Its  value  computed  to  an 
rate  approximation  is 

r=  2,7182818; 
and  that  of  the  constant  mo<lulus  bv   which   the   N 
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logarithm  of  any  number  should  be  multiplied,  in  order  to  ob- 
tain the  Tulgw  logarithm  of  this  number,  ia 


Since  dz  =  vdt,  we  shall  have  by  int^rating  and  sup- 
posing that  X  =  0  when  t  —  0(e), 


i»  /I?        =i\ 

We  have  tdgo 

and,  consequently((/), 

'=!'''«  F^'  <") 

is  the  value  of  x,  considered  as  a  function  of  v. 

133.  The  preceding  forniulfe  enable  us  to  solve  the  pro- 
blem completely.  It  appears  from  a  consideration  of  them, 
that  the  time  being  supposed  to  increase  continually,  the  mo- 
tion approaches  more  and  more  towards  uniformity,  and  that 
it  becomes  sensibly  uniform  when  gt,  the  velocity  arising  from 
the  action  of  gravity,  is  very  great  relatively  to  A.     In  foct, 

-v 
if  e  *  ,  which  in  this  case  is  a  very  small  fraction,  be  neglected, 
we  have(«) 

u  =  A,     ^  =  0,     x  —  kt log  2. 

As  the  resistance  of  the  fluid  is  a  force  which  acts  or  the 
surface  of  the  body,  the  motive  force  that  results  from  it  is 
independent  of  the  muss,  and  will  be  the  same,  whether  tlic 
body  consists  of  a  very  dense  matter,  or  whether  the  interior 
matter  be  taken  away  altogether,  and  nothing  left  but  a  very 
slender  envelope.  Now,  as  the  accelerating  force  is  equal  to 
the  motive  force  divided  by  the  mass  of  the  body,  it  follows 
that  the  first  of  these  two  forces  will,  every  thing  else  being 
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the  same,  be  in  the  inverse  ratio  of  this  mast,  ami 
quently(/)  h  will  be  in  the  direct  ratio  of  its  square  rooc 
This  is  the  reason  why  the  final  motion  in  a  resisting  medium 
is  more  rapid  for  those  heavy  bodies,  whose  density  is  ipvatrr, 
the  form  and  extent  of  surface  being  supposed  to  remain  the 
same.  When  the  density  of  the  medium  is  inconsiderable 
relatively  to  that  of  the  body,  the  quantity  k  is  very  grcmt, 
and  in  this  case  the  motion  will  not  approach  to  one  of  uni> 
formity  until  after  the  lapse  of  a  considerable  length  of  time. 
As  long  as  the  velocity  gi  does  not  become  very  considerable, 
we  obtain  in  converging  series 

jGL.^  =  ^'  +  ^  +  ^.. 


Or) 


and  formulte  (2)  and  (3)  become 


9"^ 

*"  =  ^'  -  TXa^  +  *'•'•' 

Thoy  are  re<luce<l,  us  ought  to  be  the  case,  to  tho«e  mhich 
a  motion  uniformly  accelcrateii  would  give,  when  the  density 
of  the  metlium  entirely  vanishes,  in  which  case  the  quantity 
k  lH.*eomeH  infinite. 

134.  In  the  case  in  which  the  Ixxly  is  projected  perpen- 
dicularly upward,  we  have 


gi^ 


If  it!»  superior  surface  is  the  same  as  its  inferior  sur£Mr«  tiw 
constant  k  will  be  the  same  as  in  the  case  of  descent ;  but  it 
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these  two  portions  of  its  surface  are  different,  the  values  of  k 
will  be  so  likewise  i  for  example,  if  the  projectile  was  a  cone 
of  which  the  base  was  horizontal,  the  quantity  k  would  in  its 
ascensdonal  motion  be  greater  or  less  than  in  the  descent, 
according  as  its  summit  was  situated  above  or  beneath  its  base. 
If  for  greater  clearness  the  body  be  supposed  to  be  a  homo- 
geneous sphere,  of  which  the  radius  is  r,  d  its  density,  p  that 
of  the  medium,  then  we  shall  have 

yp 

y  being  a  constant  arbitrary  depending  on  the  nature  of  the 
medium,  (namely,  whether  it  be  liquid  or  aeriform,)  and  on 
its  temperature.  If  the  preceding  value  of  ^  be  sabadtuted  in 
the  second  equation  (1),  there  will  result 


which,  by  integrating,  and  denodng  the  initial  velocity  of  the 
body  by  a,  give9(A) 

arc(uBg  =  H)=a,o(tang  =  2)-f. 

The  value  of  v  which  results  from  this  expression  may  be 
written  under  the  form 

a .  sin  ^  +  A .  cos  y 

By  multiplying  this  expression  by  dt,  and  integrating  a 
second  time,  so  tbat  when  <  =  0,  x  may  be  also  equal  to 
cypher,  there  results(i) 

*',      fa   .    fft   ^         fft\ 
»  =  -log(-^s.u^  +  co«-^-j. 

We  shall  also  have 

.  kh>dv 
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and,  con8equenU7(A), 

If  we  make  7  =  0,  and  then  suppose  a  =  0,  in  order  that 

these  fonnuUe  may  be  applicable  to  the  case  of  a  body  morinj^ 

in  a  vacuoy  they  will  assume  the  form  -,  and  by  the  known 

rule  for  determining  the  value  in  these  cases,  we  find«  as  we 
ought, 

v  =  a  —  ^r,     x  =  a/  —  4i7f*  ; 

a  result  which  we  would  arrire  at  by  expanding  these  fomala 
into  a  series  as  in  the  preceding  number(/). 

135.  If  A  denotes  the  greatest  height  to  which  the  body 
can  attain,  and  which  corresponds  to  v  =  0,  we  shall  hare 

Likewise  if  0,  denotes  the  time  it  takes  to  attain  thi'^  height. 
its  value  will  Ik»  (m) 

0.  =  ^arc(tan^r  =  j). 

After  havinir  attained  this  heii^ht,  the  bo<ly  will  fall  Kack« 
and  its  motion  will  he  oxpres'^ed  by  the  formula*  of  No,  \TI. 
If  rt' clenoti*s   its  velocity,  when   it  will  have  fallen  back  the 

m 

entire  heij^ht  /i,  we  shall  have,  by  means  of  e<|uation  [i\ 

and  by  makin^c  tlii**  value  of  h  e<]ual  to  the  preceding,  theft 
results 

aiitl,   eoiiM-tjuently, 


a'zz 


fi'A 


a'  +  k^' 
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hence  it  follows,  that  a!  is  less  than  a,  so  that  the  velocity  of 
the  body,  when  it  returns  to  the  point  of  departure,  is  less  than 
its  initial  velocity. 

Also,  if  0'  be  the  time  of  the  entire  descent,  in  which  case 
r  =:  a',  we  shall  have 

which,  by  substituting  for  a^  its  value,  becomes 


^       k    ,       y/g^  +  A^  +  q 
^  =  n-  log     ,  5 

it  is  evidently  different  from  the  value  of  0,  the  time  of  ascent. 
We  obtain  a  simpler  expression,  by  multiplying  both  the  nu- 
merator and  denominator  of  the  fraction  comprised  under  the 

logarithm,  by  v/a*  +  **  "-  ^C'*)*  1^7  which  means  we  get, 

0'  =  -log  * 


and  if  0  denotes  the  entire  time  O'  +  ^u  which  the  body  takes 
in  ascending  and  descending,  we  shaU  have 

gQ  _        f         _  «\       ,  * 


k 


=  arc  (tang  =  g  4-  log  — 


+  A'  -  a 


If  the  body  be  a  bullet  shot  into  the  air  by  a  cannon  di- 
rected vertically  upward,  we  can,  notwithstanding  the  rapidity 
of  this  motion,  determine  the  time  0  with  some  precision,  and 
if  we  knew  likewise  a  the  velocity  of  projection,  the  preceding 
equation  would  enable  us  to  determine  the  value  of  i^  with  respect 
to  r,  the  radius  of  the  bullet.  Also,  from  a  consideration  of 
the  expression  of  A^  given  in  the  preceding  number,  it  appears, 
that  if  h'  denotes  what  k  becomes,  with  respect  to  another 
bullet  consisting  of  the  same  kind  of  matter,  and  of  which  the 
radius  is  equal  to  r\  we  shall  have(o) 


200  IXAJfPLIS  OF  BICTILIHIAft  MOTIOlt* 

136.  If  the  effect  of  the  force  of  grarity  U  not  taken  into 
account,  the  solution  of  the  problem  presents  a  remarkable 
singularit\s  when  the  resistance  of  the  medium  b  supposed  to 
be  proportional  to  a  power  of  the  velocity  which  is  leas  than 
unity. 

Suppose,  for  example,  that 

g  and  k  representing,  as  before,  the  force  of  grarity  and  a  gircn 
constant  velocity.     The  equation  of  motion  will  be 


$=-Vl/j; 


from  which,  if  the  value  of  gdi  be  deduced,  we  obtain,  by  isk 
tegrating  and  denoting  the  initial  velocity  by  a, 

and,  consequently. 

Multiplying  the  mombors  of  this  equation  by  tiiy  anil  in- 
tegrating a  Hecond  time,  %o  that  wc  may  have  j*  =  0  when 
t  =  0,  we  obtain  for  the  value  of  the  9|)ace  {Ki!»scd  over  at  a 
^ven  instant (/>), 

'  =  -3^  -^  a^rA-^'  -  ^"  V  • 

It  appears  from  the  value  of  r,  that  the  vi-hvity  dlmi- 
nishi^  from  the  commencement  of  the  motion  until  the  iii^tAnt 

in  which  /= ;  at  thin  instant,  the  vehK'ity  vanishes;  iai* 

r/ 

miMliatcIv  afttT,  the  motion  continuiii  in  the  «amo  diriHrtiaa 
a.H  hffore,  and  the  veltK'ity  incre;Lses  indefinitely.  But  a«  the 
veliH'ity  vaniikheH  at  a  certain  instant,  the  acct*lenilini(  torte 
vani«»hi*H  at  then^ime  time  ;  consiH)uentl}  the  ImhIv  »hi>uM  %tk^ 
at  this  inntant  and  remain  at  rent.     Now,  it  ought  to  be  nr» 


maiked,  that  the  eqnlltioii  of  the  motioii  admits  a  particular 
solution  V  =  0 ;  so  that  its  complete  solution  is  the  sum  of  its 
int^;Tal  and  of  this  equation  i^±,0;  it  foUowb,  tkei^fote,  thut 

the  problem  is  resolved  £rom  I  s  0  to  ^  = by  the  inte- 
gral of  the  equation  of  motion,  and  bey^yHd  thid  rtlne  of  f ,  hf 
the  particular  solution.  I>u]jng  the  first  interval  of  time,  the 
body  describes,  with  a  motion  continually  retarded,  a  line 

equal  to  ,  at  the  ettMtiity  dl  trhidb  it  stops  and  i^ 

mains  at  rest. 

This  example,  which  is  purely  hypothetical,  suflSces  to  show 
how  necessary  it  is  to  tiJce  into  aecoimt  particular  solutions  of 
the  differential  equations  of  motion,  if  there  are  such ;  it  ap- 
pears, however,  from  the  expressions  for  the  forces  in  func- 
tions of  the  acquired  velocity  and  space  passed  over,  which 
have  place  in  nature,  that  no  such  case  actually  odcurs. 

137.  We  now  propose  10  give  some  examples  of  motions, 
in  which  the  accelerating  force  varies  with  the  space  passed 
over* 

The  simplest  case  is,  that  of  H  matorial  poiiit  stttfactefd 
towards  a  fixed  centre  in  the  direct  fkdo  of  the  dist  toce  from 
this  point,  which  is  supposed  to  exist  on  the  right  line  that 
the  moveable  describes.  Let  z  be  this  distance  at  the  end  of 
the  time  ^,  and  let  the  accelerating  force  at  a  given  distance  a 
he  supposed  eqnri  to  the  gravity^,  by  the  given  la#,  tre  sbaD 
have 

for  its  value  at  any  instant  whatever.  K  x  is  the  space 
described  at  this  same  instant,  and  if  c  be  the  distance  of  the 
point  from  the  centre  of  attraction  at  the  commencement  of 
the  motion,  which  is  supposed  to  be  directed  towards  this 
centre,  we  shall  have 

2d 
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dz 
and  the  third  aquadon  (1)  will  beoome 

lis  complele  integral  is 

z=Acos*v2  +  Bsm*V  ?; 

Aand  B  denoting  two  constant  arbitraiies. 

If  the  initial  velocity  of  the  moTcable  is  snppoeed  to  be 
nothing,  we  shall  hare  at  the  same  time 

dz 
IsO,    z=:c,    ^  =  0; 

hence  we  dednoe 

A  =  c,    B  =  0, 
and,  consequently, 

^ssccos*  V  2. 

o 

From  this  formula  it  appears,  that  the  distance  :  is  nothing, 
or  that  the  point  will  reach  the  centre  of  attraction  at  the  coJ 
of  a  time  which  is  independent  of  r  the  distance(9)  of  iu  poiai 

of  departure,  and  equal  to  }  ir  k   -  ;  after  that,  it  will  per- 

form  oscillations  on  each  side  of  this  centre,  of  which  the  coo- 
stant  amplitude  and  duration  will  be  respectively  equal  to  the 
distance  c  and  the  time 

138.  For  another  example,  let  the  motion  of  a  beary  be^ 
in  a  racuo  be  considered,  the  height  from  which  the  body  idb 
being  sufficiently  great  to  require,  that  during  its  £dl,  the  vt> 
nation  of  gravity  should  be  taken  into  account. 
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Let  BAB  (fig.  35)  be  a  vertical  great  circle  of  the  earth,  d 

the  poiht  firom  which  the  body  departs  in  this  plane,  m  its 

position  at  the  end  of  the  time  t,  on  the  right  line  dc,  which 

is  drawn  from  d  to  c  the  centre  of  the  earth,  and  meets  its 

surface  in  a.     Let  ca  the  radius,  be  represented  by  r,  the 

height  AD  by  A,  dm  the  space  passed  over  by  the  body  by  ^, 

and  CM,  its  distance  firom  the  centre  c,  by  z,  so  that  we  may 

have 

;;  =:  r  -f-  A  —  ^* 

The  accelerating  force  f  will  be  the  gravity  at  the  point 
M ;  if  ^  denotes  this  gravity  at  the  surfiu»  of  the  earth,  that 
is  to  say,  at  the  point  a;  and  if  its  intensity  be  supposed  to 
vary  in  the  inverse  ratio  of  the  square  of  the  distance  fit>m  the 
centre  c,  we  shall  have 

hence  we  obtain 

by  means  of  which  the  third  equation  (1)  will  become 

dPx gf^ 

If  its  two  members  be  multiplied  by  2dxj  and  then  into- 
grated,  we  obtain 


de 


=  2i^'(ni=^--rTA)^ 


dx 
the  constant  arbitrary  being  determined  by  making  -^  =  0, 

when  ^  =:  0 ;  by  means  of  this  expression,  the  velocity  ac- 
quired by  the  body,  at  smy  distance  such  as  x  firom  the  point 
of  departure,  can  be  determined.  At  the  point  a,  where  a;  =  A, 
this  velocity  will  be(r) 
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upd  oontequeAtly  Uiif  M  it  ought  to  h^  than  if  tlio  intcotity 
of  gravity  w«i  the  san^  tbioogh  ike  ooUie  hc^ffai  A»  m  al 
the  surface.     From  the  preoeding  equation  we  oblaiii(a) 

Now,  from  a  comparieon  of  this  diffBiaitial  aquatmi  with 
the  equation  (a)  of  No.  73,  it  appears  that  if  a  eemi-cydoMl 
DOC  18  constructed,  which  may  hare  its  summit  at  d,  ita  origin 
at  the  fomX  Of  situated  on  the  line  oc  which  ia  perpesdicniar 
to  the  right  line  en,  and  the  diameter  of  the  genetating  cirtle 
equal  to  cd,  then  if  through  the  point  m,  mm  is  drawn  perpen» 
dicular  to  the  line  nc,  and  meeting  the  cycloid  ia  Kt  we  thall 
have 


BO  that  UN,  the  ordinate  of  tke  point  N,  maket  known  I,  the 

time  in  which  the  abscissa  dm  is  described,  and  conrerMrlv.  Bv 
integrating  and  observing  that  x  =  0,  when  I  z:  0,  we  fthiU 
have,  in  a  finite  form(/) 

/  \/^^l  =  V(r+h)r-s'+ 1  (r+  A) arc («k  =  -^-^^] ■ 

When  the  height  /i,  and  conHtHjuently  the  di<«tancv  x,  at* 
very  small  with  res[K*ct  to  r,  thin  formula  difli*r»  vvrx  lifil** 
from  that  whieh  is  furni^hed  when  the  gravity  is  !^uppo»«d  to 
\yc  constant.     In  fact,  since 


/"  r  +  A-2x 


arc  i  coik  = 


\---       r  +  A 


j=:aro(«n  = ^^ j: 

when  the  Hinc  in  very  unall,  we  may  subftitute  it  in  pUce  ci 
the  arc,  which  renders  the  ^coml  term  of  the  nectind  niraib«f 
of  the  precetlin^  e<]uation  equal  to  the  fiwt.  Wo  may  a1*^* 
AuUtitute   the  railiu«  r  in  place  of  r  +  A  —  x,   and,  ct>a«- 
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qoently^  reduce  their  sum  to  2^rx ;  by  this  means,  the  for- 
mula in  question  will  become 

or  simply,  by  n^lecting  A  relatively  to  r» 

As  an  example  for  the  calculus,  we  shall  suggest,  before 
we  quit  this  subject,  but  without  entering  into  any  details, 
the  case  in  which  the  moveable  is  projected  perpendicularly 
upwards ;  and  we  now  proceed  to  the  consideration  of  the  last 
case  of  rectilineal  motion  that  we  propose  to  give,  namely,  that 
of  a  material  point  attracted  to  two  fixed  centres  situated  on 
the  line  which  it  describes. 

139.  Let  A  and  b  (fig.  36)  be  the  two  centres  of  attraction, 
M  the  position  of  the  body  at  the  end  of  the  tune  #,  and  d  its 
point  of  departure.  Suppose,  for  greater  clearness,  that  the 
modoo  takes  place  between  the  two  centres  of  attraction  and 
firom  A  towards  m ;  lei 

DM  =  jT,     AM  =:  z,     AD  =  a,     BM  z:  c  —  2: ; 

so  that  or  is  the  space  described^  «  the  distance  of  the  body 

from  the  point  a,  a  the  initial  distance^  and  c  the  length  of 

the  line  ab.     If  the  attractions  be  supposed  to  vary  in  the  in« 

verse  ratio  of  the  squares  of  the  distances,  and  if  the  intensities 

of  the  forces  which  emanate  from  the  centres  a  and  b,  are 

denoted  at  the  unit  of  distance,  by  a^  and  b\  we  shall  have 

a*  6' 

-=  and  : rs,  for  their  respective  intensities,  when  the  bodr 

is  at  M.  The  accelerating  force  ^  will  be  the  excess  of  the 
second  force  which  tends  to  augment  the  space  x,  over  the 
first  which  tends  to  diminish  it ;  therefore,  because  dzzz  dx, 
the  third  equation  (1)  becomes 


9ti6 


By  moltiplyiiig  equation  (a)  by  ids  and  intagatb^  «c 
obtain. 


y  being  b  oonstant  arbitrtfy.     In  oidor  to  iIiiIiiimjm  it»  fee  A 
be  the  initiil  Telocity  wUdi  nnswm  to  4r  =  « ;  $kmt 

and  if  this  aqoatimi  be  taken  froaa  Ae  pneefii^  limn  «il 
leeolt 

tUs  aquation  will  detennine  die  ^dochy  of  ^ bo4y»  iifliiiy 

position  whaterer  between  the  points  a  and  B. 

140.  There  exists  on  the  right  line  ab,  a  certain  point  c, 
in  which  the  two  forces  of  attraction  are  equal ;  so  that  if  a 
body  be  placed  there,  or  arrives  at  it  without  any  acquired  ts^ 
lodty,  it  will  remain  in  equilibrio.  Denoting  the  ^^rr^Ttrf  ac 
by  A,  we  hare 

From  this  equation  two  values  of  A  may  be  dedueed^  of 
which  one  belongs  to  the  point  c  situated  between  a  asd  b^ 
and  the  other  to  a  point  in  the  production  of  ab»  in  the  £- 
rection  of  the  centre  of  the  least  attractkm.  The  fiisl  of  thcst 
two  values  is 

Let/denote  the  least  initial  relodty  which  Most  be  i»- 
preased  on  the  body  in  order  that  it  may  teach  the  point  c,  •• 


_jjiLj  ja. 
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that  when  it  attains  to  this  point,  its  velocity  may  yanish ;  we 
shall  have  «t  the  same  time 

and  by  virtue  of  equation  (c)  and  of  the  value  of  A,  there  will 
result(tt) 

c  —  a        o    '  c  ^  ^ 

J£  the  initial  velocity  be  less  than^  the  body  will  fall  back 
on  a;  if  it  is  g^reater,  it  will  pass  beyond  the  point  c,  and  will 
fiodl  on  B.  In  the  case  of  A  =y^  the  body  will  take  an  infinite 
time  to  reach  the  point  c,  because  that  at  an  infinitely  small  dis- 
tance fit>m  this  point,  it  will  only  be  actuated  by  an  infinitely 
small  velocity,  and  solicited  by  a  force  which  is  equally  so* 

141.  If  A  and  b  are  the  centres  of  two  spheres,  which  are 
dtfaer  homogeneous,  or  composed  of  concentrical  strata,  we 
may  suppose  that  the  attractions  which  have  been  considered 
are  those  of  these  two  spheres ;  and  then  a'and  6^,  the  intensities 
at  the  unit  of  distance,  will  be  to  each  other  as  their  masses 
(No.  101).  Supposing,  for  example,  that  a  is  the  centre  of 
the  moon,  and  b  that  of  the  earth,  if  the  non-sphericity  of  the 
earth  is  not  taken  into  account,  we  shall  have 


a«  = 


6^ 
75' 


for  the  mass  of  the  moon  deduced  fi'om  its  action  in  raising 
the  waters  of  the  sea,  is  7^  of  that  of  the  earth.  Hence  we 
shall  have(r) 

A= ^-=  =  (0,10352)c; 

1  +  v^75 

so  that  the  distance  of  the  point  which  is  equally  attracted  by 
the  earth  and  its  satellite  the  moon,  firom  the  moon,  is  very 
nearly  the  tenth  part  of  their  mutual  distance. 

Let  r  be  the  radius  of  the  earth,  then  c,  the  distance  of 
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the  moon  item  the  etrth,  is  about  60r,  and  if  the  body  befbt 

to  move  from  the  surfieice  of  the  moon,  we  shall  hare  at  the 

same  time,  by  the  known  ratio  of  the  nuiius  of  the  moon  to 

3r 
that  of  the  earth,  a  =  yr*     By  means  of  these  values  of  rand 

o,  and  of  a  =  -7=.,  equation  (d)  becomes 

/»=  (0,044894)?^, 

and  since  ifg  denotes  the  attraction  of  the  earth  at  Its  surfror^ 
then 

is  the  expression  for  this  force  at  the  unit  of  distance ;  heaoe 

if  we  make 

(0,044894)  rzrr', 

there  will  result 


Now,  the  attraction  g  may  be  assumed  equal  to  the  weight 
of  which  it  coiiHtitutes  a  principal  part ;  consequently«yb  the 
velocity  acquired  in  fulling  through  tlie  height  r\  and  since 

g  =  9-,80896,     wr  =  20000000-, 

its  value  is 

/=  23G8-. 

As  the  atmosphere  of  the  moon  is  not  such,  that  its  rv>- 
sistance  can  diminish  the  velocity  of  bodies  projected  frooi  its 
surface,  it  follows,  that  if  the  earth  and  moon  were  al  ttU^  a 
body  projtxrted  from  the  surface  of  the  moon,  towards  the 
earth,  with  a  velocity  greater  than  2308  metres  in  a  ««ooi 
will  pass  iK'yond  the  point  of  equal  attraction,  and  at  length 
fall  on  the  surface  of  the  earth.  In  the  motion  of  the  mooa 
about  the  earth,  the  right  line  ab  drawn  from  one  ceotrr 
to  the  other  always  meets  the  surface  of  the  moon>'>  in  the 
same  point,  which  must  be  the  point  d  from  which  tW 
body  would  be  projected  in  the  direction  db  ;  but,  duriM  a 
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second^  the  point  d  trayerses  on  the  drde  described  about  the 
centre  of  the  earth,  a  length  of  about  1000",  consequently » the 
absolute  velocity  of  the  body  will  be,  in  magnitude  and  direc- 
tion, the  resultant  of  a  velocity  in  the  direction  of  db,  and  of 
a  velocity  of  1000"  in  a  second,  perpendicular  to  db.  This 
being  so,  the  body  will  not  remain  on  the  moveable  line  ab, 
but  will  describe  a  curve(a?)  in  space ;  so  that  the  preceding 
formulae  are  not  applicable  to  its  motion,  neither  will  it  Ml  on 
the  surface  of  the  earth,  as  it  would  do,  if  the  moon  was  im- 
moveable. 

142.  If  the  equation  (b)  be  resolved  with  reqpect  to  <ft,  we 
obtain 


di=z 


\/2a*c  —  (2a»- 24»  +  cy)  z  + -yz*  * 


The  int^pral  of  this  formula  may  be  always  expressed  by 
means  of  elliptic  functions,  so  that  when  tables  of  these  func- 
tions are  constructed,  the  time  which  corresponds  to  a  given 
distance  such  as  z,  may  be  computed,  and  reciprocally*  But, 
independently  of  the  cases  in  which  one  of  the  two  attractions 
is  supposed  to  vanish,  there  are  also  others  in  which  the  in- 
tegpral  of  the  preceding  formula  may  be  obtained  in  a  iSnite 
form.  These  cases  obtain  when  the  quantity  comprised  under 
the  radical  is  a  perfect  square ;  this  requires  that  we  should 

have 

(2a'-2ft^+cy)«=8a»cy; 

from  which  equation  we  can  obtain 

Y  =  H(a±6)«. 

If  this  value  be  put  equal  to  that  of  y  of  No.  139,  there 

resultsfy) 

^„       2ft^     ,  2a*      2(a±6)« 

c  -^  a        a  C 

One  of  these  two  values  of  V  is  that  of /*,  the  other  is 
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cnleBtlj  wumck  gicalcr.  It  fbUowt»  therefore,  if  eren  nrifhrr 
of  the  two  qiHuititiet  a  or  i  is  equal  to  cjrplier,  that  the  tiaM 
can  be  eiprea»J  in  a  finite  form  as  a  function  of  a,  when  the 
body  is  actiated  by  the  leatft  Telocity  /  with  which  it  can 
reach  the  point  c,  and  also  when  a  certain  Telocity  greater 
than  this  is  imprcased  upon  it(z). 

By  sttbstitating  the  double  Talue  otj  in  the  frpuaiici  far 
dk,  there  resulu 


v/ 


1  Oi-  ^^^  — ^^ 


whidi  formula  may  be  rendered  rational,  and  intcgmtcd  with- 
out difficulty,  by  the  ordinary  rules.  The  differential  of  it 
must  be  always  positiTC ;  the  differential  of  d!;  is  poaitiTC  while 
the  body  adTances  from  o  to  b,  and  negatiTC  when  it  returns 
towards  a.     In  the  first  case,  therefore,  the  sign  of  the  radical 

\^cz  —  z^  must  be  the  same  as  that  of  the  denominatcf 
ac'-{a±  b)Zf  and,  in  the  second  case,  it  must  be  aikdcd 
with  a  contrary  sign. 

143.  Suppose  that  b  =  0,  or  c  =  ac,  the  body  will  then  im.) 
be  subjected  to  the  attraction  of  the  centre  a.  The  equAiiv^a 
(c;  will  be  reduced  to 


dz^ 


= "-  -G  -  i)  ■■ 


the  value  o(  (it  which  can  be  obtained  from  this,  may  be  int^ 
grated  in  a  finite  form,  and  will  make  known  /  in  a  tunci:*'- 

of  r. 

(iz 
If  we  make  -;^  =  0,  we  shall  have 
at 

o  • 

by  moan>  of  which,  the  distance*  c  at  which  the  UhIv  mux  >t 
arrc^tcil,  can  1k»  obtained.  In  the  caie  of  2a*  z:  A'a  thi*  ^-^ 
taniv  uill  Ih?  infinite,  which  denoliH*  that  the  UhIv  «ill  ik'x*? 
be  iirrvaUti  in  its  motion.  Thit  is  also  Uw  casr»  when  2a'^  *'•• 


i 
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from  which  there  results  for  z  a  negative  value  that  cannot 
belong  to  any  point  of  the  indefinite  line  db,  in  the  direction 
of  which  the  body  has  been  projected.  In  these  two  cases, 
the  motion  of  the  body  approaches  more  and  more  to  uni- 
formity, according  as  the  distance  of  the  body  from  a  increases. 
When  the  distance  z  becomes  very  great,  and  the  motion  sen- 
sibly uniform,  its  velocity,  as  determined  by  equation  (e),  will 


to\/*.-*'^ 


be  very  nearly  equal  to  V  A* ,  or  to  v^A*  —  2ya,  on  the 

supposition  that  c?  z=  ^a%  that  is  to  say,  on  the  supposition 
that  the  body  is  projected  from  the  sur£Eu;e  of  a  sphere,  of 
which  the  radius  is  equal  to  a,  and  of  which  the  attraction  is 
equal  to  g.  This  shows  that  the  diminution  of  the  initial  ve- 
locity k  will  be  so  much  the  greater,  as  this  force  and  this 
radius  are  more  considerable* 


CHAPTER  III. 

OF  CCRVILINIAB  MOTIOM. 

I.  General  FarmukB  qftkU 

144.  In  cunrilinear  motion,  the  cunre  described  bv  ibc 
moveable  is  termed  the  trajectory  of  this  materimi  point.  At 
the  end  of  any  time  tj  let  M  (fig.  37)  be  the  position  of  the 
moveable.  If  $  denotes  the  arc  cm  of  the  trajectoiy  eooi- 
prised  between  the  moveable  and  a  fixed  point  c  arbitrarily 
taken  on  this  same  curve,  $  will  be  a  function  of  I ;  so  that, 
in  any  curvilinear  motion  whatever,  we  shall  have 

8  ZZ  Tt. 

If  at  the  same  instant,  x,y,r  denote  the  three  rectanj^ulir 
coordinates  of  the  moveable,  these  >'ariables  will  be  sl\m>  func- 
tions of  /,  and  we  shall  in  like  manner  have 

x=y?,    y=fty    z-rt. 

When  these  three  equations  are  known,  we  can  detluce  fnMi 
them,  by  the  elimination  of  /,  the  two  e(|uation<(  in  x,  jr,  z^  ci 
the  tnijectory.  By  means  of  the  iH]uations  of  tlm  curve.  *  c^s^ 
be  determined  in  a  function  of  one  of  the  thive  co<*rdinjit«H» 
and,  eonnequently,  in  a  function  of/;  in  this  ma)  the  Li« 
of  the  motion  on  the  trajectory  w  ill  In?  ohtainiHl.  I-^h  oi  ih^* 
thriv  pn'etHlinj^  iH|uations  in  that  of  the  ri'etilini*al  nH*ti*»o  v< 
the  projection  of  the  moveable  on  one  oi  the  axe^  of  the  cuuf- 
dinates ;  it  follown,  therefon*,  that  the  complete  detcnninatiae 
of  the  cur^'ilinear  motion  of  a  material  point,  is  rvducibic  w 
that  of  three  rectilinear  motions,  iihich  will  be  the 
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of  its  projections  on  0X9  oy,  oxr,  the  three  axes  of  the  coordi- 
nates. When  these  three  motions  are  uniform,  that  of  the 
moveable  will  be  also  uniform  and  rectilinear,  and  con- 
ver8ely(a). 

145.  During  the  instant  di^  the  moveable  will  describe  ds 
the  element  of  its  trajectory :  if  in  this  infinitely  small  interval 
of  time,  the  action  of  the  forces  which  solicit  it  be  neglected, 
its  motion  during  this  interval  may  be  considered  as  uniform 
and  rectilinear.  Therefore,  denoting  the  velocity  acquired  at 
the  end  of  the  time  t  by  v,  we  shall  have 

ds 

If  these  forces  cease  to  act  at  the  instant  in  question,  the 
moveable  will  continue  to  move  with  this  velocity,  and  along 
MT  the  production  of  the  element  ds^  that  is  to  say,  along  the 
tangent  to  the  trajectory,  since,  in  consequence  of  the  inertia 
of  matter,  it  cannot  then  change,  either  the  direction  of  its 
motion,  or  the  magnitude  of  its  velocity  (No.  113).  Hence, 
a  material  point  which  describes  any  curve  line  whatever,  may 
be  considered  as  being  actuated  at  each  instant,  by  a  velocity 
in  the  direction  of  a  tangent  to  this  curve,  and  expressed  by 
the  ratio  of  its  difierential  element  to  the  element  of  the  time. 

If,  at  the  end  of  the  same  time  t,py  q,r  denote  the  velo- 
cities of  the  projections  of  the  moveable  on  the  three  axes 
of  X,  y,  Mf  we  shall  likewise  have,  in  these  three  rectilinear 

motions, 

^dx         ^dy         ^dz 

^^H'  ^-*'  ''-A- 

Now  if  o,  /3, 7  be  the  angles  which  the  tangent  to  the  tra- 
jectory, or  the  direction  of  the  velocity  r,  makes  with  the  pa- 
rallels to  the  axes  of  «,  y,  z,  we  have  (No.  17) 

dx  r,      dy  dz 

cos«  =  ^,     cos/3=:-^,     cosy  =  ^; 
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henoe  we  obtain(6) 

pzrroosoy    9  =  roos^    rseeoty,  ft) 

and  also  at  the  same  time, 

As  the  time  i  goes  on  continually  increasiiig,  its  difcffs- 


is  always  positiye.  The  yelodties  p,  9,  r  are  postiTe  or 
negative,  according  as  tlie  coordinates  »,  jf,  z  increase  or  de- 
crease. In  equations  (I),  the  Telocity  9  may  be  regarded  as 
a  positiye  quantity.  The  direction  of  this  relodty,  or  the 
part  MT  of  the  tangent  to  the  trajectory,  along  which  it  will 
be  directed,  will  then  be  determined  by  the  signs  of  p^q^  r, 
which  will  indicate  whether  the  angles  a,  /3»  7  are  acole  or 

obtuse.     In  the  equation  v  =  ^t  the  Tdodty  v  is 

to  be  positive  or  negative,  according  as  the  are  a  ii 
decreases. 

The  componenis  of  r  the  velocity  of  a  material  point,  are 
fy  q^  r,  the  velocities  of  its  three  projections  on  the  rectangu- 
lar axes ;  and  each  of  these  three  components  is  what  is  meant 
by  the  velocity  of  the  motecMe  parallel  to  the  axis  to  which 
it  refers.  From  a  comparison  of  equations  (1)  with  tbote  ol 
No.  31,  it  appears  that  this  composition  of  velocities  b  per- 
formed according  to  the  same  rules  as  that  of  forces.  Hence 
it  follows,  that  if  through  the  point  M  any  line  ma  be  drawn, 
which  makes  with  the  parallels  to  the  axes  of  x,  y,  z^  draws 
through  this  same  point,  the  angles  o,  6,  r,  which  may  be 
cither  acute  or  obtuse,  the  general  expression  for  the 
ponent  of  the  velocity  r  parallel  to  this  line  ma,  will  be 

/I  cos  a -f- 9  cos  fr  4- r  COST. 

llie  quantity  of  motion  (No.  126)  of  an  isolated 
point,  and  that  of  a  body  all  whose  points  are  actuated  by 
equal  and  |Mirallcl  velocities,  can  be  decomposed  into  other 
quantities  of  this  nature,  and  these  may  be  nedueed  lo  oar* 
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according  to  the  same  rules  as  the  velocities  which  they  have 
for  factors. 

146.  Let  p  +p'f  q  +  q\  ^  +  f^i  be  what  the  three  com- 
ponents of  the  velocity  of  the  moveable  parallel  to  the  axes  of 
X,  y,  Zj  become  at  the  end  of  the  time  t  +  di;  so  that  p\<ji^r' 
may  represent  the  infinitely  small  increments  of  the  velocity^ 
which  have  place  in  these  directions,  during  the  instant  dt. 
The  increment  of  velocity  in  the  direction  of  the  line  ma 
will  be 

p'cosa +  9'cos6  +  ^' co8€r. 

Now,  whatever  be  the  quantities  p\  q\  r'j  if  we  make 

tc  being  considered  as  a  positive  quantity,  we  can  always  find 
three  angles  a^  jS',  7',  either  acute  or  obtuse,  such  that   . 

p'  =  tlCOSa^     j'=iicos/3',    r'zriicosy'; 

by  means  of  which,  the  increment  of  velocity  in  the  direction 
MA  will  become 

u  (cosacosa'4-cos&cos/3'-|-cosccos7^. 

Moreover,  we  know  that  the  quantity  between  the  brackets 
is  the  cosine  of  a  certain  angle  9.  Therefore,  the  increment 
in  question  is  equal  to  ti  cos  9 ;  consequentiy,  ti  is  its  greatest 
value,  and  it  answers  to  the  direction  of  the  right  line  ma,  for 
which  the  angles  a,  6,  c  are  the  same  as  a'y  j3%  y'^  and  thus 
renders  the  coefficient  of  u  equal  to  unity.  In  any  other  di- 
rection whatever,  the  increment  of  the  velocity  will  be  equal 
to  the  greatest  value  u,  multiplied  by  the  cosine  of  the  angle 
a,  which  this  direction  makes  with  that  of  the  greatest  value ; 
hence  it  follows,  that  it  will  vanish  with  respect  to  all  directions 
perpendicular  to  those  of  its  greatest  value. 

Whatever  be  the  variation  of  the  velocity  of  the  moveable 
in  magnitude  and  direction,  during  the  instant  dtj  there  is 
always  a  certain  direction,  for  which  the  increase  of  velocity 
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is  a  MoxiimiM,  and  to  which  this  proporty  belongs,  luuBely. 
that  for  all  directions  perpendicular  to  this  ODe»  the  Ydoriiy 
is  neither  increased  nor  diminished. 

147.  The  direction  of  a  force  which  acts  on  a  aatcrial 
point  in  motion,  b  the  right  line  along  which  it  incrsases  or 
diminishes  the  acquired  Telocity,  and  perpendicalarl j  to  which 
it  does  not  prodnce  any  change.  Thus,  when  wo  any  chat 
the  wdght  of  a  body  which  mores  in  any  direetioa  whatever 
is  vertical,  like  that  of  a  body  at  rest,  it  is  meant  by  thii^  that 
thb  force  increases  the  vertical  rdodty,  and  does  mod  pro- 
duce any  diange  whatever  in  the  horiaontal  vdocity. 

This  bdng  agreed  on,  let  c,  v\  c',  &e^  denote  the  intcn- 
sides  of  the  different  forces  whidi  at  the  end  of  the  time  I 
act  on  the  material  pwit,  the  curvilinear  motioa  of  which  ii 
considered;  a^bfC,  d^V^tf^  a*,  M,  e*,  ftc,  the  angles  which 
their  given  directions  make  with  parallels  to  the  aies  of 
X,  y,  r ;  and  x,  T,  z,  the  sums  <tf  their  components  in  the  dh 
rections  of  these  axes ;  we  shall  have  (No.  38) 

X  =  u  cosa  +  u'cosa'  +  u'^coso"  4*&c., 
Y  =  rcos6  4-u'co86'+  u^'cosft''  +  &c., 
z  =:  ucosc  +  *'''«»^  +  c"cosc"4-&c. 

Let  now  a,  a',  u"y  &c.,  be  the  infinitely  small  velocstiei 
which  these  forces  u,  u^  u'^  would  produce  during  the  u 
<//,  in  their  respective  directions,  on  the  supposition  tliat 
of  them  acted  by  itself  on  the  moveable  actuated  by  tlw 
city  r.  It  is  evident,  as  in  No.  1 16,  that  the 
of  the  forces  acting  simMliameoMsljf  will,  in  no  respect,  in- 
fluence either  the  magnitudes  or  directions  of  the  rrkrilifs^ 
which  are  actually  produced;  consequentlvt  if  we  still  denoSeby 
p'y  9^«  f^t  the  infinitely  small  quantities  by  which  |N  9,  r,  fift 
velocities  of  the  projections  of  the  point,  are  increased  in  fift 
instant  #//,  the«(o  quantities  will  be  the  sums  of  the  eomponorii 
of  M,  m\  u*%  &c.,  in  the  directions  of  these  three  axes ;  so  ^hsl 
we  shall  have 
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p'  ziu  COS  a  +  tt'cos  a'  +  ii"  cos  a"  +  &c., 
q^  zz  u  cos  b  +  u'cmb'  +  u"  cos  hf'  +  &c»j 
r^  =  tt  cos  c  4-  W  cos  c'  4-  ^"  cos  c'^  +  &c. 

Now,  since  it  appears  from  No.  118,  that  the  measure  of 
any  force  is  the  velocity  which  it  is  capable  of  producing,  it  is 
evident  that 

u  =  uA,     %i  =:  v'dU     u"  =  u"A,  &c. ; 

hence,  if  the  values  ofp',  j^r',  be  compared  to  those  of  x,y,z, 
there  results 

p'  z:  xdty     q*  =  Y  A,     r'  =  zdt ; 

which  shews  that  the  increment  of  the  component  of  the  ve- 
locity in  the  direction  of  each  axis,  in  the  instant  dt^  is  the 
velocity  produced  during  this  instant,  by  the  entire  compo- 
nent, in  the  direction  of  this  same  axis,  of  the  given  forces, 
which  act  on  this  material  point. 

It  is  because  the  forces  are  proportional  to  the  velocities 
which  they  impress  on  the  moveable  in  an  infinitely  small 
portion  of  time,  (which  infinitely  small  velocities  are  the  same, 
whether  these  forces  act  separately,  or  simultaneously,)  that 
this  result  obtains.  It  likewise  follows,  that  if  three  forces 
not  comprised  in  the  same  plane  are  applied  to  the  moveable, 
and  that  if,  on  the  directions  of  these  three  forces  u,  u^,  u'^, 
there  be  taken,  reckoning  from  their  point  of  application, 
right  lines  of  a  finite  magnitude,  which  are  to  each  other  as 
the  corresponding  velocities  w,  u\  u'' ;  the  resultant  of  these 
forces  will  be  represented  in  magnitude  and  direction  by  the 
diagonal  of  a  parallelopiped  of  which  these  three  lines  are  the 
adjacent  sides,  and  its  magnitude  will  be  to  that  of  each  of 
these  forces  as  the  diagonal  is  to  the  corresponding  side. 

148.  If  the  forces  which  act  on  the  moveable  are  inde- 
pendent of  its  velocity  and  of  its  position  in  space,  the  motions 
of  its  three  projections  on  the  axes  of  the  coordinates  will  be 
independent  of  each  other ;  so  that  its  projection  on  each  axis 
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ml  the  end  of  my  time  whtefer  will  be  bmd  U  the 
pointy  end  it  will  heTe  the  etme  rdodltf  ee  if  the  tmm 
the  Telodtiee  peiallel  to  the  other  two  uee  wera  cypher.  In 
general^  this  will  not  be  the  case  when  the  given  tmpm  my 
in  megnitnde  or  direction^  either  with  die  pnrilion  ef  the 
moTeeble,  or  with  itt  eoqniied  rdodty ;  its  Tdodty  and  po- 
sition cent  howeyert  be  alwmyt  detemdned  at  each  hvlantp  ia 
the  following  manner.  Smoe  all  die  fbreea  wUch  nd  en  the 
moTeaUe  are  redndUe  always  to  ooe^  let  u»  wUeh  b  ca* 
pable  of  produdng  the  Tebcify  n,  be  tUi  nniqne  §mm^  and 
let  t  be  die  space  which  it  censes  the  iMiveahle  lo  deectihs  la 
the  instant  A,  in  its  direcdon^  independendy  of  e^  theveledly 
of  this  material  point  at  the  end  efAe  time  I.  By 
been  slated  fai  No.  lU*  we  shall  have 

But»  in  nrtue  of  this  acqoiied  vriocity  e^  and  of  Ae 
of  the  force  Ut  or  of  its  component^  Ae  ipaeea  tnu 
the  projections  of  the  moveable  on  the  axes  o(  x^ftZf 

the  instant  dij  will  be 

pdi+^p'di,    gdi  +  ^f'Ji,    rdi^^r'di; 
therefore,  bccause(r) 

p'^MCosa,    9'  =  acos6»    r'safcosr* 

and  in  consequence  of  equations  (1)  and  the  valoe  of  f,  «i 
shall  have 

x'—  X  zr  «»cosa  +  f  coso, 

Jf' —  Jf  =  «  cos^  +  f  cos  A, 

«'  — ff  =  «»cos7-HffCosr; 


V  Mng  the  space  which  the  moveable  describee  in  the  ii 
*  in  virtue  of  the  velocity  r  solely,  and  **,  y*,  g*^  m  three  €•• 
ordinates  at  the  end  of  the  lime  I  «f  d!r,  which  werv  «,  y,  t ,  tf 
the  end  of  the  time  t. 

This  being  esublished,  let  m  (fig.  37)  be  the  point  ef  At 
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trajectory  of  which  Xy  y,  Zy  are  the  three  coordinates,  and  mt 
the  direction  of  the  velocity  v.  Likewise  let  ma  be  that  of 
the  force  u.  If  on  ma^  mt,  there  be  taken  the  lines  mh  and 
MK  equal  to  c  and  m,  and  if  the  parallelogram  mhm'k,  of 
which  these  lines  are  adjacent  sides,  be  completed,  the  extre- 
mity m'  of  this  diagonal  will  be,  in  virtue  of  the  preceding 
equations,  the  point  of  which  the  coordinates  are  x'^  \fy  y,  or 
the  position  of  the  moveable  at  the  end  of  the  time  t'\'dt{d). 
Naming  v'  the  velocity  of  the  moveable  at  the  point  m', 
which  velocity  will  be  directed  along  mt^  the  production  of 
the  line  mm',  its  value  will  be  the  component  of  v  in  the  di« 
rection  of  mm',  increased  by  the  velocity  produced  in  this  di- 
rection, by  the  action  of  the  force  u  during  the  instant  dt.  As 
the  space  t  is  infinitely  small,  relatively  to  o),  it  follows  that 
the  angle  tmm^  is  also  infinitely  small,  therefore  if  we  neglect 
quantities  infinitely  small  of  the  second  order(€),  the  compo- 
nent of  V  will  be  the  velocity  v  itself.  Moreover,  if  S  denote 
the  angle  amm^  which  the  direction  of  the  force  u  makes  with 
the  side  mm'  of  the  trajectory,  u  cos  S  will  be  the  increment  of 
the  velocity  which  will  be  produced  by  the  action  of  this  force, 
hence  there  will  result 

v'  =  r  4-  w  cos  8. 

If  vdt  zz  w\  and  if  on  mV  we  take  a  part  m'k'  equal  to  u}\ 
and  if  m'a'  be  the  direction  of  the  force  which  acts  on  the 
moveable  when  it  arrives  at  m',  by  taking  on  this  line  a  part 
m'h'  equal  to  the  space  that  this  force  causes  the  moveable  to 
describe  in  an  instant  dtj  and  completing  the  parallelogram 
m'h'm''k',  ia"  the  extremity  of  the  diagonal  will  be  a  third 
point  of  thfi  trajectory.  By  commencing  this  series  of  con- 
structions at  the  point  of  departure  of  the  moveable,  where  it 
is  necessary  to  know  its  velocity  in  magnitude  and  direction, 
it  is  evident  that  all  the  points  of  its  trajectory  can  be  suc- 
cessively determined,  whether  it  be  a  plane  curve,  or  one  of 
double  curvature  ;  and  also,  at  the  same  time,   the  velocity 
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with  which  it  it  actuated  at  each  of  these  pdntt.  If  the  inter* 
Tals  of  time  which  hare  been  suppoeed  infinitely  nnall  and 
denoted  by  Jtf  are  only  extremely  unall^  a  aetiee  of  poinii 
will  be  obtained,  which  will  be  the  snmmita  of  a  polygon,  and 
thete  will  diifer  to  much  the  lett  from  the  trajectory  aa  te 
tidet  are  tmaller.  If  the  velocity  on  each  tide  be  wgatdad 
as  oonttant,  and  if  for  itt  valne  there  be  attomed  the  tcay-amn 
of  the  relodtiet  with  which  the  body  b  aetnated  nl  the  two 
eztremitiet,  the  time  employed  in  detcribing  any  portioo  of 
the  polygon  may  be  computed ;  conteqnently  wo  can  in  thit 
manner  determine,  to  any  required  degree  of  aecmacy,  tim 
cunret  detcribed  by  the  moveable,  and  abo  its  rdocity  and 
petition  at  any  given  inttant  on  thit  curve.  But  it  it  pra^ 
feiable  to  make  the  valuet  of  the  eoordinatet  of  the 
in  fianctiont  of  the  time^  depend  on  diferential 
which  can  be  afkerwardt  integrated,  b  thete  caaca  in  which  it 
it  pottible. 

149.  Thete  differential  equationt  of  curvilinear  modonaio 
an  immediate  result  of  the  principles  established  in  Na  147. 

In  hex,  the  components  of  the  velocity  of  the  moveable, 

parallel  to  the  axes  of  the  coonlinates  x,  y,  ;,  being  .- ,  ^,  ^, 
at  the  end  of  any  time  /,  their  increments  during  the  instant 

dit  will  be  ^*'^>^'7^>^*^«    ^>^  ^  ^^"^^  ^f  (hem  ariws 

from  the  component  of  the  force,  tihich  acts  at  this  instant  on 
the  moveable,  parallel  to  the  corresponciiiiK  axis  it  is  evidtnt 
that  if  X,  T,  x,  denote  the  componentn  of  this  (ortt  parallel  to 
the  axes  of  the  coordinates  x,  y,  jt,  we  shall  have 

dx  dy  dz 

d  .  ■■  z=.  xdt^     d.'f^  =  ¥i/r,      d.-j--  xdt. 
dt  ili  ui 

or,  what  is  the  «ianie  tbin|;, 

iTx  J'y  iPz 
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» 

The  problem  in  each  case  will  depend  on  the  integration 
of  these  three  equations  of  motion ;  and  the  process  of  the 
preceding  number  may  be  considered  as  a  general  method  of 
approximation,  in  order  to  this  integration.  Their  integrals 
will  contain  six  constant  arbitraries,  which  can  be  determined 
by  means  of  the  three  coordinates  of  the  moveable  at  the  com- 
mencement of  the  motion,  and  of  the  three  components  of  the 
initial  velocity,  that  is  to  say,  by  means  of  the  values  of  the 

six  quantities  «,  y,  ;r,  --^,  —-,  -^,  which  will  be  given  in  the 

case  of  t  =  0.  These  integrals,  and  their  first  differentials, 
will  then  make  known  the  position  of  the  moveable  at  any  in- 
stant whatever,  and  also  its  velocity  in  magnitude  and  di« 
rection.  If  the  time  t  be  eliminated  between  them,  the  two 
equations  of  the  trajectory  will  be  obtained.  If  it  is  known 
beforehand,  that  this  curve  is  plane,  its  plane  may  be  assumed 
for  that  of  the  axes  of  x  and  y  for  example ;  which  will  reduce 
the  three  preceding  equations  to  the  two  first. 

150.  At  the  end  of  the  time  t,  let  a^bjCy  be  the  coordi- 
nates of  a  second  material  point,  whose  position  it  is  proposed 
to  compare  with  that  of  the  first.  The  axes  of  the  coordinates 
being  those  of  x,  y,  Zj  let 


a:  =  a  +  a:',     y  =:  6  4*  y^     Jr  =  c  H-  j? 


/. 

9 


the  variables  o^,  y\  z\  will  make  known  at  each  instant  the 
position  of  the  first  point  relatively  to  the  second ;  and  by 
equations  (2),  we  shall  have 

d^x'  _     _^     ^_     _^     ^_      _  <Pc 

eft*-*     de'  ae  "^     ae'   de''^     de' 

by  means  of  which  they  can  be  determined  in  functions  of  the 
time. 

When  the  motion  of  the  second  point  is  not  known,  but 
there  are  only  given  a,b,c,  the  components  of  the  force  which 
solicits  it,  parallel  to  the  axes  of  the  coordinates,  we  shall  have 
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(Pa  _         d'b  _         (Pc  _ 
rf?-^»      rf?-®»      i«5--C, 

and  there  will  result 

for  the  equations  of  the  relative  motion  of  the  first  poiat 
If  the  force  of  which  a,  b,  c,  are  the  components,  acts  si 
the  same  time  on  the  two  moveables,  these  components  will 
also  occur  in  the  value  of  x,  y,  z,  and  will  disappear  from  thcK 
last  equations.  This  will  be  the  case,  for  example,  witii 
respect  to  bodies  moving  at  the  surfisce  of  the  earth,  the  po- 
sitions of  which  are  referred  to  determinate  pobta  of  this  sv- 
hice :  the  forces  relative  to  these  points,  which  arise  firom  the 
diurnal  motion  of  the  earth,  do  not  occur  in  the  equatioiM  of 
the  different  motions  which  are  considered  on  its  sur&ee ;  tmi 
they  should  not  at  all  be  taken  into  account  in  the  fccMifinB 
of  these  equations. 

However,  it  is  not  to  be  understood  bj  this,  that  the  wtd^ 
tions  which  are  obsorvtHl  arc  altogether  inde[>en({ent  of  the 
velocity  of  rotation  of  the  earth,  for  it  influences  in  a  uasil 


ni 


degree  the  intensity  of  gravity,  and,  consequently,  the  rtrti^ 
motions.      Moreover,   whon   a  ho*iv  falU  from  a  conndermbW 

m 

height,  the  velocity  of  rotation  with  which  it  h  actuatot  a: 
the  point  of  departure,  is  somewhat  greater  than  that  of  tiK 
velocity  at  the  foot  of  the  vertical  drawn  through  this  potnt ; 
hence  it  is  easy  to  perceive,  that  the  moveable  must  deviates 
little  from  thin  line,  and  mivt  the  earth  at  a  small  distaace  iNm 
its  lower  extremity.  This  deviation,  which  has  been  actoaJlv 
observed,  proves  by  direct  ex|K'riment  the  motion  of  the  esrtli 
alH)ut  its  axis  y'^.  The  motions  which  are  inde{>rndeniof  th» 
rotation  are  thosi*  which  are  protluced  by  the  shock  oi  two 
bo<iii*s,  and  also  thove  which  arise  from  the  muMTuUr  actioo  ci 
men  and  other  animals. 

ITil.   Kqiiations  (2)  arc  those  of  the  motion  of  a  matcns^ 
|H)int  entirely  free  ;  but  it  is  easy  to  extend  them  to  a  mAttrj^ 
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point  constrained  to  more  on  a  given  sui&ce.  For  this  pnr» 
pose,  it  is  only  necessary,  as  in  the  case  of  equilibrium 
(No.  36)»  to  join  to  the  g^yen  forces  which  act  on  the  move- 
able, a  force  of  unknown  magnitude  representing  the  resist* 
ance  of  the  sur&ce.  This  force  will  be  normal  to  the  given 
sur&ce.  If  N  denotes  this  force,  and  X,  /x,  v,  the  angles  which 
it  makes  with  the  productions  of  the  coordinates  Xj  y,  Zj  the 
equations  of  motion  will  then  become 

(Px 

-^=  X  4- NCOS  A, 


^=  Y  +  NCOS/U, 

€Pz 

•^  =  Z  4-  N  COS  V. 


(3) 


If  the  equation  of  ike  given  surface  be  l  =:  0,  and,  if  for 
conciseness,  we  make 

_  ^ /^A^        rfL«        rfL«\^* 

we  shall  have  (No.  21),  at  the  same  time 


.         dh  dh  dh 

cosA  =  v---,     co8ii=:v-=-,    cosv  =  v-5-. 
dx  dy  dz 

If  after  having  substituted  these  values  in  equations  (3), 
the  product  nv  be  eliminated  between  them,  the  two  equations 
which  result,  combined  with  l  =:  o,  will  enable  us  to  determine 
X,  y,  ^,  in  functions  of  t.  Then  from  one  of  equations  (3),  or 
from  any  combination  of  these  equations,  the  value  of  nv 
laay  be  deduced,  and  as  n  must  be  always  a  positive  quantity, 
the  sign  of  this  value  will  indicate  that  of  v,  by  means  of 
which  the  normal  force  and  the  direction  in  which  it  acts  can 
be  completely  determined. 

If  the  moveable  is  constrained  to  move  on  two  given  sur- 
faces, or  on  their  curve  of  intersection,  it  may  likewise  be 
considered  as  entirely  free,  if  with  the  given  forces  there  be 
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oombined  two  unknown  forces  n,  v\  nonnal  to  tbcM  rarfiM«; 
kt  X»  fi9  V,  be  the  angles  which  detennine  the  diredioii  of  tlM 
first  with  respect  to  the  axes  of  x,  y,  z,  and  X',  ptj  v%  those 
which  refer  to  the  second,  then  there  will  result 

-33  =r  x4-ifcosX  +  if'c<>sV, 


^  =  y4-ncos^  +  m'cos/, 
•^  =  «  4-ncosv  +  n'cos/) 


(^) 


for  the  equations  of  the  motion.  If  l  =r  0  is  the  equataon  of 
the  surfiice  of  which  n  expresses  the  resistance,  and  Ul'sz  (^ 
be  that  of  the  sur&ce  to  which  m'  refers,  the  ralues  of  eos  X, 
cos  ^,  and  cos  v  will  be  the  same  as  in  the  preceding 
and  those  of  cos  X^  cos  fi'j  cos  v'y  may  be  deduced  fnm 
by  changing  y  and  l  into  v'  and  l\  When  both  the 
the  other  are  substituted  in  equations  (4),  the  products  irr, 
M^''  can  be  eliminated,  and  the  equation  which  results  from 
this  elimination,  combined  ^-ith  the  g^ven  equations  L  =  0, 
l'  =:  0,  will  enable  us  to  determine  the  values  of  x,  jr,  :^  in 
functions  of  /.  This  being  done,  we  can  deduce  ftom  any  tvo 
of  equations  (4)  the  values  of  nv  and  n'v',  the  signs  of  whidi 
will  make  known  those  of  v  and  ▼' ;  and  by  this  raeans,  the 
normal  forces  k  and  n'  can  be  determined,  and  also  the  di- 
rections in  which  they  act ;  their  resultant  will  be  ex 
in  magnitude  and  direction,  by  the  resistance  of  the  ctirre 
which  the  moveable  is  constrained  to  move. 

152.  A  more  simple  form  can  be  assigned  to 
(4)  in  the  following  manner,  let  m  be  the  mass  of  the 
able,  and  nil*  the  pressure,  which  in  its  state  of  motioo  it  ex* 
ercises  on  the  curve  it  is  constrained  to  describt*,  if  m^  (^\^\ 
be  the  angles  \%  Inch  the  direction  of  this  force  makes  with  the 
productions,  on  the  ()ositive  side,  of  x,  y,  x,  the  coordinalcs  d 
this  point,  the  resistance  which  the  curve  opposes  to  the 
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tion  of  the  moyeable,  considered  as  an  accelerating  force,  will 
be  equal  and  contrary  to  p ;  by  joining  it  to  the  given  forces 
X,  Y,  z,  which  act  on  the  moveable,  we  shall  have,  in  place  of 
equations  (4), 


-r^  =  X—  p  .cos  01, 
•^  =  Y  —  P.COSOI^ 
•^z  =  z  —  P .  COS  ia". 


(«) 


The  direction  of  the  force  p  is  not  given  d  priori^  it  is 
only  known  that  it  is  normal  to  the  g^ven  curve,  from  which 
it  follows  that  the  cosine  of  the  angle  comprised  between  this 
direction  and  the  tangent  to  the  trajectory  must  be  equal  to 
zero ;  this  gives 

dx  .  dy  ,     dz  .,      ^  ,^^ 

-7- CO^b) -{- -^  cos  to' + -r- cos  U}"  IZ  0.  (6) 

Moreover,  the  angles  to,  w'y  w'^  are  connected  together  by  the 

equation 

cos^  01  4-  cos^  o>'  +  cos*  o>"  =  1. 

p,  o;,  ol^  u)'^  can  be  eliminated  between  these  equations,  for 
by  adding  together  equations  (5),  after  having  first  multiplied 

them  ^y  'T'y'T'^'T'  respectively,  and  then  taking  into  account 
equation  (6),  and  making,  in  order  to  abridge, 

dx  ,      dy   ^      dz 

we  shall  have 

dxdPx  +  dytPy  +  dzcPz  _ 


s =  #• 


If  the  identical  equation 

de  ""d^' 

2g 
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be  differentiated,  and  then  divided  by  2  di,  it  will  appear  thai  iIk 
first  member  of  the  preceding  equation  is  the  same  ihtof  as 

-4 ;  therefore  we  shall  have  simply 

The  force  f  is  the  sum  of  the  components  of  the  given 
forces  acting  along  the  tangent  to  the  trajectory,  which  eon- 
ponents  can  be  regarded  as  positive  or  negative,  according  m 
they  tend  to  increase  or  diminish  f,  the  arc  described  by  the 
moveable.  Consequently,  equation  (7)  indicates,  that  in  cunri- 
linear,  equally  as  in  rectilinear  motion,  the  force  whidi  acts  oa 
the  moveable  in  the  direction  of  its  motion,  is  equal  to 
differential  coeflBdent  of  the  space  described ;  and 


coefficient  of  the  acquired  velocity.  This  equatioo  bciag 
independent  of  the  resistance  of  the  curve,  obtains  eqnallj 
in  a  motion  entirely  free,  and  in  that  of  a  material  puia: 
coiistraineil  to  exist  on  a  given  curve ;  but  it  is  priocipali}' 
in  the  case  of  a  material  point  which  moves  on  a  pvro 
eurve,  that  this  tKjjuution  can  be  useful.  'ITie  values  of  x,  jr.  r. 
in  functions  of  ^r,  may  be  deduced  from  the  ei|uations  of  th» 
curve,  an<i  after  havinjr  substituted  them  in  e(|uatioa  7",  it 
only  remains  to  integrate  this  e<|uation  of  the  second  order  be- 
tween s  and  t.  The  two  constant  arbitraries  which  an*  inm>- 
duced  in  tiiis  integration,  can  Ik'  determintHi  by  means  i4  the 

iU 
values  of  n  and    ,   when  /  =:  0,  tliat  is  to  sav«  by  mcmn4  ot  thr 

lit  •       • 

initial  |H)sition  and  velocity  of  the  movealile.     When  the  ihnpf 

c(K>r(linati*H  x,  y,  r,  shall  have  been  determined  in  functiMH  <!< 

/,   by  means  of  the  integnil  of  equation   (7),   ct^mbined  «iU 

the  two  ^ivrn  iNjuations  of  the  trajectory  ;  (Hpuitions  {^^\  •v- 

enable  us   to  «lrtermine   at  anv   inntiint  whatever*   xht  thrtv 

r<ini|Minents  of  the  jiri'^iHure  r,   t4i  which  the  curve,  on  •hxii 
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the  moveable  is  constrained  to  move,  is  subjected.  In  the  fol- 
lowing chapter  there  will  be  given  a  simpler  determination  of 
this  force  both  in  magnitude  and  direction. 


II.  Principal  Consequences  of  the  preceding  FormulcB. 

153.  When  the  moveable  is  solicited  by  a  force  directed 
towards  a  fixed  centre,  the  three  first  integrals  of  equations 
(2)  can  be  obtained  at  once.  For  this  purpose,  let  the  origin 
of  the  coordinates  be  placed  at  this  point,  let  the  radius  vector 
represent,  in  magnitude  and  direction,  the  force  which  solicits 
the  moveable,  and  let  the  parallellopiped,  of  which  this  radius 
is  the  diagonal,  and  the  axes  of  Xy  y,  z,  its  three  adjacent  sides, 
be  constructed.  The  three  coordinates  a;,  y,  z,  of  the  move- 
able, will  be  equal  to  these  three  sides  respectively,  and  will 
represent  the  three  components  of  the  given  force,  so  that  we 
shall  have 

hence  we  deduce 

xy  =  Yx,     zx  zz  xzj     Yzzz  zy. 

On  the  other  hand,  equations  (2)  can  be  replaced  by  the 

following : 

yd^x  —  xcPy  zr  {xy  —  yx)  d^,  1 

xd^z  —  zcPx  =  (zx  —  xz)  d^y  ^        (a) 

zdPy  —  yd^z  =  (yz  —  zy)  dt^\ 

but,  in  virtue  of  the  preceding  equations,  their  second  mem- 
bers vanish,  and  as  their  first  members  are  the  differentials  of 
ydx  —  xdyy  xdz  —  zdxy  zdy  —  ydzy  we  shall  obtain  by  inte- 
grating 

ydx  —  xdy  =  cdty 

xdz  —  zdx  zz  c'dty  *        (b) 

zdy  —  ydz  zz  &*dty 

c,  c\  c'\  being  three  constant  arbitraries. 

154.   The  theorem  contained  in  these  first  integrals  of  the 
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equations  of  the  motion,  impliet,  that  the  area  dcacribed  dvriif 
each  instant  A,  by  the  radius  vector  of  M,  the  projeeckHi  of 
the  moveable  on  the  plane  of  x,  y,  is  constant  and  equal  to  }  rA, 
and  the  same  is  likewise  the  case  for  the  projections  of  the  iBOf«- 
able  on  the  planes  x,  ? ;  y^z;  for  at  the  end  of  the  time  I,  let 
AMB  (fig.  38)  be  the  projection  of  the  trajectory  of  the  move- 
able  on  the  plane  of  the  axes  of  the  coordinates  x  and  y,  or  and 
MP,  the  abscissa  x,  and  the  ordinate  y ;  c  being  the  p<nnt  where 
this  curve  intersects  the  axis  oy,  let  u  denote  the  sector  com, 
p  the  area  copm,  q  the  triangle  opm;  we  shall  have 

^  If  M^  is  the  projection  of  the  moveable  at  the  end  of  the 
time  /  +  de^  mom'  will  be  the  area  described  by  the  radiaf 
vector  of  this  projection  during  the  instant  di ;  likewise  tUf 
will  be  the  differential  of  tr,  or  of  p  —  9 ;  and  beeause 

dpzzydxj     dq  zz  ^xdy  +  ^ydr^ 

we  shall  have 

rf«  =  J(yrfr  — x</y); 

hence  it  appears  that  the  first  equation  (b)  indicates  that  the 
area  described  durinji^  the  instant  dty  by  the  radium  vector  of  M, 
the  projection  of  the  moveable,  is  constant  and  ec^uol  to  \^dSi 
therefore,  aUo,  the  area  (ItscrilHsl  durin^r  /  any  time  *.^hatercf, 
is  proportional  to  tliis  variable  and  e<jual  to  J  r/.  The  .^rva* 
deserihiMl  in  this  same  time,  l)y  the  radii  vectorvs  of  the  pn>- 
jections  of  the  moveable,  on  the  planes  of  x  and  r,  and  ol  f 
and  Zy  will  Ik?  likeui^^?  equal  to  ]c7,  Jr  7. 

It  may  \)c  therefore  inferred,  that  \ihen  a  material  point  h 
subjectetl  to  the  action  of  a  fori*e  constantly  directtnl  tow:urd»s 
fixe<l  ivntre,  the  areas  deserilH'tl  alN>ut  this  point  by  the  radiiM 
vect(»r  of  itH  projection  on  any  plane  whatever,  |Kis«Mni(  thrMi^ 
this  H^ime  |>oiiit,  are  pro|M>rtional  to  the  time  emplow^l  to  dr* 
Rcriln*  tlit'm. 

Conver»i'l\,  ulioii  \hU  pro|HTty  o!>tains  with  rr*pcct  to 
three  rectaiij^ular  |»iamH  drawn  through  the  crntre  tU  iht 
areas,  it  may  be  inferretl  that  the  force,  or  the  rrtultant  of  the 
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forces  which  solicit  the  moveable,  is  constantly  directed 
towards  this  fixed  centre. 

In  &ct,  if  equations  (b)  are  given,  we  shall  obtain  by  dif- 
ferentiating them, 

y^x  —  xdPy  =  0,     xd^z  —  zdPx  =z  0,     zdhf  —  ycPz  =  0 ; 

consequently,  in  virtue  of  equations  (a),  which  are  those  of  any 
motion  wEatever,  we  shall  also  have 

xy  =  Y  J?,     zx  zzxzj     Yzzzzy; 

therefore,  the  forces  x,  T,  z,  will  be  to  each  other  as  x,  y,  2r, 
the  coordinates  of  the  moveable ;  which  is  all  that  is  required 
in  order  for  us  to  be  assured  that  their  resultant  must  be  con- 
stantly directed  towards  the  origin  of  the  coordinates.  In  fine, 
this  force  may  be  either  attractive  or  repulsive,  that  is  to  say, 
it  may  act  along  either  the  radius  vector  of  the  moveable,  or 
along  its  production. 

155.  When  a  material  point  is  subjected  to  the  action  of 
a  force  directed  towards  a  fixed  centre,  it  is  evident  that  its 
trajectory  is  a  plane  curve,  since  there  is  no  reason  why  it 
should  deviate  towards  one  side  rather  than  the  other  of  a 
plane  passing  through  the  direction  of  its  initial  velocity  and 
through  the  fixed  centre.  This  may  likewise  be  inferred  from 
equations  (b),  for  if  we  multiply  them  by  z,  y,  x  respectively, 
and  then  divide  them  by  dty  there  arises  from  their  addition 

cz  +  cy  H-  c"x  =  0. 

As  this  plane  may  be  assumed  for  that  of  x  and  y,  it  fol- 
lows, that  the  area  described  by  the  radius  vector  itself  of  the 
moveable,  in  the  plane  of  its  trajectory,  will  be  proportional 
to  the  time ;  and  moreover,  the  preceding  theorem  is  reducible 
to  this  proportionality.  In  fact,  if  it  obtains  for  the  area 
described  on  the  plane  of  the  trajectory,  it  will  equally  obtain 
for  the  area  described  by  the  radius  vector  of  the  projection 
of  the  moveable  on  every  other  plane,  for  this  other  area  is 
no  other  than  the  projection  of  the  first  on  this  plane ;  and 


230  OF  CUEVILINBAE  MOTION* 

we  know  (No.  10)  that  the  projection  of  a  plane 

stant  proportion  to  the  projected  area. 

156.  The  infinitely  small  area  mom' may  be  also  ezptcasni 

in  polar  coordinates.   For  this  purpose,  let  r  denote  the  ladim 

vector  oM»  0  the  angle  mox  which  it  makes  with  the  axis  afi. 

With  the  point  o  as  centre,   let  there  be  described  the  arc  of 

the  circle  omn,  which  cuts  at  the  point  N  the  radios  rector  om' 

corresponding  to  the  angle  0  *-  dOy  the  length  of  which  arr 

will  be  rdO.     The  circular  sector  mon  will  be  equal  to  |i^JI» 

and  may  be  assumed  for  the  area  mom',  by  neglecting  the  ia> 

finitely  small  area  mnm'  of  the  second  order.   Conseqiiently«  wt 

should  have 

ydx  —  xdy  zz  r^dO, 

an  equation,  which  may  in  hci  be  verified,  by  means  of  tk 

values 

x  =  rcos9,     y  =  rsin9, 

and  of  their  differentials. 


dxz:  cos0d>  +  r  sin  ft/9,     dy:=,unBdr  —  rcos 

iKHrause  that  of  the  angle  0  is  in  this  case  —  dO.    In  this  m^u- 
ner,  the  first  iKjuation  (h)  will  assume  the  form 

r^dO  =  cdty 

which  is  that  under  whieh  it  is  usually  employed. 

The  element  of  the  curve  may  Ik?  also  exproft^eii  in  \nAMt 
coordinates.  Denoting  the  arc  CM  by  <t,  and  this  elcnK*Di  b} 
d<Tf  we  shall  have  at  the  s;ime  time 

MM'-dtf,     MN  =  rc/tf,      SMzzdr; 

by  considering  msm'  as  a  rectilineal  triangle,  right  angbd  mx 
N,  wc  may  therefore  conclude 

rf<T'z:f/r'+rVeP; 
which  we  might  also  detiuce  from  the  formula 

i»y  means  of  the  precctling  values  of  tU  and  d^. 
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It  may  be  observed  on  this  occasion,  that  in  a  plane  tra- 
jectoijy  the  components  of  the  velocity  of  the  moveable  in 
the  direction  of  mo^  the  production  of  the  radius  vector  mo, 
and  in  the  direction  of  the  perpendicular  to  this  radius,  are 
respectively  expressed  by 

dr     rdO^ 

di'    "A' 

for  the  angle  o'mt  which  this  production  makes  with  the  tan- 
gent MT,  is  the  complement  of  the  angle  m  of  the  triangle 
m'mn  ;  by  this  triangle  therefore  we  have 

dr       .      ,  rdO 

COSOMT=-j-,     smo'MT=--j— ; 
a<r  da 

and  by  multiplying  this  cosine  and  this  sine  by  the  velocity 
-rp  directed  along  mt,  we  shall  have  the  components  in  ques- 
tion. It  is  frequently  convenient  to  employ  them.  They 
differ  from  -^^  ^  the  components  of  the  same  velocity  in  this, 

that  the  directions  of  these  last  are  fixed,  while  those  of  the 
preceding  vary  with  the  position  of  the  moveable. 

The  velocity  -=-  with  which  the  radius  vector  om  describes 

at 

the  angle  com  reckoned  from  a  fixed  right  line,  is  termed  the 

angular  velocity  of  the  moveable.     It  may  be  obtained,  as  is 

rdQ 
evident,   from  -^,  its  velocity  perpendicular  to  om,  by  di- 
viding it  by  the  length  of  this  radius. 

157.  Let  us  now  revert  to  the  differential  equations  of 
motion.  If  equations  (5)  of  No.  152  be  multiplied  by  dx^  dy^ 
dzy  respectively,  and  then  added  together,  there  will  be  ob- 
tained by  taking  into  account  equation  (6)  of  the  same  number, 
and  obesvring  that 

dxcfx  -h  dy^  +  dzd^z      ,  .  cfe*       ,  .    « 
le =  id.-,  =  irf.r^,  ^^^ 

\d.v^z=.y.dx -^-ydy -^zdz. 
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If  the  expressions  of  the  given  forces  x,  t,  z,  do  not  involft 

the  time  i  or  the  Telocity  r,  explicitly,  and  if,  x,  y,  x, 
regarded  as  independent  variables,  this  formula  b  an 
differential,  which  consequently  implies  that 

xdx  +  rdy  +  zdz  ^d.t (x,y,;) ; 

in  which  f  denotes  a  given  function  ;  then  by  integnuiii^cqiah 
tion  (c)  we  obtain 

t?*=2F(x,y,x)  +  c, 

in  which  c  expresses  a  constant  arbitrary.     In  order  to  diai* 

nate  it,  let  a,  6,  r,  A:  be  the  initial  values  of  x,  y,  x,  r ;  we  shall 

have 

A«=2F(a,6,c)  +  c, 


and  by  taking  this  equation  from  the  preceding, 

t^=A«+2F(x,y,x)-.2F(a,6,0.  (i) 

As  this  result  is  independent  of  n,  the  resisfance  of  tk 
curve,  which  resistance  is  e<iual  and  contrary  to  the  fofte  P» 
that  occur8  in  the  e(]iiationH  from  which  it  has  been  obtaioeit 
it  followH  that  it  luts  placo  equally  in  the  motion  of  a  materiil 
jMiint  entirely  iVoo,  and  in  the  motion  on  a  given  curve  \< 
surface. 

The  iinmi^liate  eoii'^equenco  of  this  ei]uation  <d)  ts^  that 
the  veloeitv  is  eoiistaiit  and  the  motion  uniform,  as  oheo  *• 
tlie  moveal)le  i**  not  solieitiHl  by  any  ^iven  ft>rcv  :  for  then  the 
function  r  is  cypher,  and  we  have  r=A',  whether  the  mocit«  h 
jHTformed  on  a  ^iven  curve  or  surfaces  or  whether  the  morfable 
is  entirelv  free. 

Thij*  i^jualion  !»liews  us  moreover,  that  in  the  hypochrt» 
uhieli  has  l»een  maile  riHi|Hvtini;  the  nature  of  the  force*  x,T,f. 
the  increment  of  the  vjiiare  of  the  veliK*ity  of  the  roovrabk, 
in  |ia«»siiijr  tVom  one  i>oint  to  ant>tlier,  is  alwa\s  ihe  «a»f% 
whatevtr  he  ilu-  curve  (k-scrik'd,  and  iie|H'nd%  ^dely  on  dA<'. 
i,  //,  r,  the  ei>ordiriate'^  of  the  l\w>  extnine  |H»int'».  When  ihs^ 
curve  i-  4(iven,   or  when  the  moveable  \%  only  ci»n%tra:ni^  t»> 
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move  on  a  given  Burfisu^,  k  should  be  assumed  as  the  velocity  of 
the  moveable,  which  is  tangential  to  this  curve  or  this  sur£EU». 
If  the  percussion  impressed  on  the  moveable  at  the  commence- 
ment of  its  motion  has  not  this  direction,  it  can  be  resolved 
into  two  other  forces,  the  one  normal,  the  other  tangential ; 
the  first  will  be  destroyed  by  the  resistance  of  the  given  curve 
or  surfEu^e ;  so  that  it  is  the  second  which  will  produce  the  ve- 
locity A,  and  determine  its  direction. 

c  denoting  a  constant  arbitrary,  the  equation 

F  (or,  y,  2r)  =2  c, 

will  be  that  of  a  surface  which  will  be  reached  with  equal  velo- 
cities by  all  moveables  subjected  to  the  action  of  the  same  forces, 
which  commence  to  move  from  a  point  of  which  a,  6,  c  are  the 
coordinates,  with  the  same  velocity  A,  in  diiSerent  directions. 
When,  for  example,  these  moveables  are  only  acted  on  by  the 
force  of  gravity,  this  equation  is  that  of  a  horizontal  plane. 

In  the  case  of  a  given  curve,  if  the  values  of  a;,  y,  z,  be  de- 
duced firom  its  equations  in  functions  of  the  arc  «,  there  will 

result  by  substituting  them  in  equation  (d),  and  puttmg  ^  in 

place  of  vQ/)y 

dt  zi  sdsj 

where  s  is  a  g^ven  function  of  «,  consequently,  in  this  case,  the 
determination  of  the  time  as  a  function  of  the  space  described, 
will  be  reduced  to  the  integpration  of  a  given  differential.  But 
the  supposition  on  which  equation  (d)  is  founded,  and  conse- 
quently, this  equation,  has  not  place  when  the  moveable  expe- 
riences any  resistance  in  its  motion  through  a  medium,  for  this  is 
a  force  dependent  on  the  velocity ;  neither  will  it  obtain,  when 
the  question  is  respecting  the  motion  of  a  material  point,  which 
18  attracted  or  repelled  by  other  points  that  are  themselves  in 
motion ;  a  circumstance  which  will  introduce  the  time  expli- 
citly in  the  values  of  x,  t,  z.  In  these  two  cases,  if  the  tra- 
jectory be  a  given  curve,  equation  (c)  ought  to  be  employed, 

2h 
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in  which  ^  should  be  Bubadtoted  in  place  of  v,  hj  wUck 

imeant  this  equation  will  be  changed  into  eqnalkm  (7)  of 
No.  152. 

158.  The  formula  xctr  +  Tcfy  +  idr  will  be  an  exMl  it- 
ferential  as  often  as  the  moTeable  being  attracted  or  repellsd 
by  fixed  centres,  the  intensities  of  these  forces  are  eiprasssi 
by  functions  of  the  distance  from  the  centres  firoa  wUch  thsy 
emanate. 

In  £BLct,  let  e^/,  ^  be  the  three  coordinates  of  ese  of  the 
fixed  centres,  referred  to  the  same  axes  as  x,  y,  ^  and  r  the 
distance  of  the  moveable  from  this  point,  we  shall  haira 

r>=  {e  -  *)•+  (/-  y)«+  (jf  -  *)•; 


and  the  cosines  of  the  angles  which  this  line  r  tmkm  wkk  tht 
axes  drawn  through  the  moreable  in  the  diiectioaa  of  tihe  psi^ 
tive  x$j ysj  zs^  will  be  the  ratios  of  e  ->  My/^  9*9^^  ^ ^* 
If  R  denotes  the  attractive  force  directed  from  die 
towards  this  fixed  centre,  the  expressions  of  its  three 
nents  will  be 

R  (g  -  x)      R  (/—  y)      R  (<7  —  :) 

r        '  r        '  r         ' 

and  consequently,  the  part  of  ndx  +  T^y  +  zdz  which  arisen 
from  Rf  will  be 

But  by  differentiating  the  value  of  H  we  obtain 

rrfr  =  -  ( «  -  X )  <ir  -  (/-  y)  </y  -  (5f  -  r )  ir  ; 

which  reduces  the  preceding  quantity  to  ~  mdr.  If  the  Caret 
which  emanates  from  the  fixed  centre  was  repulsive,  it  is  ealy 
necessary  to  change  the  sign  of  this  quantity,  which  will  thia 
become  Rd>,  a  being  regarde<l,  in  all 
quantity. 
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It  follows  from  this,  that  if  the  moveable  is  solicited  by 
any  number  whatever  of  forces,  such  as  R,  R^  R^^  &c.,  which 
emanate  from  fixed  centres,  and  of  which  the  distances  from 
this  material  point,  are  r,  r^,  r'\  &c.,  we  shall  have 

xd!r  +  Ydy  +  zcb  =  q:  Jkdr  q:  WdjH  qp  YJ'dr"  q:  &c. ; 

the  superior  signs  have  place  in  the  case  of  attractions,  and  the 
inferior  signs  in  the  case  of  repulsions.  Now,  supposing  that 
each  of  these  forces  is  a  given  function  of  the  corresponding 
distance,  all  the  terms  of  this  value  of  tAx  -f  Tdy  -f  zdz  will 
be  differentials  depending  on  one  sole  variable,  and,  conse- 
quently, this  formula  will  be  an  exact  differential,  which  was 
to  be  proved. 

It  appears  from  this  and  equation  (d),  that  the  increment 
of  the  square  of  the  velocity  arising  from  each  of  the  forces 
R,  r',  r'',  &c.,  will  be  the  same  as  if  it  solely  existed;  for  ex«« 
ample,  with  respect  to  the  force  r,  this  increment  will  be  ex- 
pressed by  q:  2jRd!r,  the  integral  being  taken  in  such  a  maiif- 
ner,  that  it  may  vanish  for  the  initial  value  of  r. 

159*  In  the  case  of  a  heavy  material  point,  which  moves 
on  a  given  curve  in  a  vacuo,  and  without  any  friction  on  this 
curve,  equation  (d)  will  be  reduced  to 

g  denoting  the  gravity,  and  the  direction  of  the  axis  of  the 
positive  zs  being  supposed  to  be  that  of  this  force,  so  that  we 
may  have 

x  =  0,     Y  =  0,     z  =  ^. 

Let  ADBC  (fig.  39)  be  the  given  curve,  b  its  lowest  and  a 
its  most  elevated  point,  which  need  not  exist  in  the  same  ver- 
tical as  B,  and  d  the  point  from  which  moveable  sets  out.  If 
the  origin  of  the  vertical  coordinates  z  be  placed  in  this  last 
point,  and  if  the  initial  velocity  A  be  due  to  the  height  A,  we 
shall  then  have 
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and,  coii8equeDtly» 

t^^2g{h  +  z). 

It  follows  from  this,  that  when  the  moreable  attaint  tbe 
point  B»  the  maximum  velocity  will  be  the  same  aa  if  it  feU 
from  the  height  A,  increased  by  that  of  the  point  d»  above  the 
horizontal  plane  drawn  through  the  point  B.  In  nrcne  of 
this  acquired  velocity,  the  moveable  will  ascend  along  bca  ; 
its  velocity  will  diminish  continually  ;  and  if  A  :i  0,  it  will  be 
nothing  at  the  point  c  situated  in  the  same  horiaootal  plane  as 
D.  Having  reached  the  point  c,  the  moveable  will  radcaccnd 
along  CB,  and  it  will  thus  oscillate  from  o  towards  c,  and  fitNB 
c  towards  d.  When  the  constant  A  does  not  vanisli«  tbc 
moveable  will  ascend  above  the  point  c.  If  the  eleraiion  of 
the  point  a  above  the  horizontal  plane,  which  comprisca  n  and 
c,  is  greater  than  A,  the  moveable  will  not  reach  tlie  point  a  ; 
its  velocity  will  be  cypher  at  a  certain  point  c' ;  and  if  tltfoiffc 
c'  there  be  drawn  a  horizontal  plane  which  intersects  the  carve 
in  another  point  n^  the  moveable  will  oscillate  indefinitrly 
from  c'  towards  d',  and  from  d'  toward  c'.  The  o^lIaiion« 
will  be  all  isochronous^  or  of  equal  duration.  Thi»  is  efident 
with  respect  to  those  which  are  performiHl  in  the  same  dirrc- 
tion  ;  aiul  it  appt^ars  also,  that  the  duration  of  each  c»»cilhitk« 
from  c'  to  n'  is  the  same  as  that  from  n'  to  c',  for  any  elefn<ftt 
whatever  of  the  curve  will  be  descrilwMl  with  the  same  vek^ 
city  in  the  two  cases.  This  common  duration  of  each  ot  the 
entire  oscillations,  will  (lo|>en(l  on  the  form  of  the  curve  andoa 
the  magnitude  of  A. 

When  the  elevation  of  a  above  the  horizontal  plane  which 
passes  through  the  point  of  departure  is  equal  to  A«  the 
moveahio  will  approach  indefinitely  to  the  |M)int  a«  but  «tU 
not  attain  to  it  until  after  the  lapse  of  an  infinite  time.  Uhea 
this  elevation  is  greater  than  A,  the  moveable  will  pasa  Ke\«oi 
the  point  a,  and  traverse  the  entire  circumfentnce  of  tbegitva 
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curve.  When  it  returns  to  the  point  D,  its  velocity  will  be  the 
same  as  at  the  commencement  of  the  motion ;  hence  it  follows, 
that  it  will  perform  an  infinite  series  of  revolutions,  the  dura- 
tion of  each  of  which  will  be  equal,  and  dependent  on  the  form 
of  the  curve  and  on  the  magnitude  of  A. 

If  the  given  curve(A)  is  comprised  in  a  vertical  plane, 
which  is  a  tangent  to  a  cylinder  of  any  base  whatever,  and  if 
this  plane  is  enveloped  on  the  cylinder,  so  that  the  given  curve 
may  become  a  line  of  double  curvature,  the  motion  of  the 
moveable,  whether  it  be  oscillatory,  or  one  of  revolution,  will 
not  be  at  all  changed,  it  being  always  however  supposed,  that 
the  point  of  departure  and  initial  velocity  remain  the  same ; 
for  then  the  value  of  /  in  a  function  of  «,  determined  as  has 
been  already  stated  (No.  157),  will  only  depend  on  that  of  2? 
in  a  function  of  «,  which  will  not  be  changed,  whatever  be  the 
base  of  the  vertical  cylinder  on  which  the  given  curve  is 
traced. 

160.  In  all  cases  in  which  equation  (d)  obtains,  and  in 
which  the  moveable  is  not  constrained  to  move  on  a  g^ven 
curve,  that  which  it  describes  in  passing  from  one  given  point 
A  to  another  given  point  b,  possesses  the  following  remarkable 
property.  If  the  moveable  be  entirely  free,  the  integral  Jrefe, 
taken  from  the  point  a  unto  the  point  b,  is  less  than  if  it  moved 
along  any  other  curve,  terminating  at  these  two  points ;  if  it  is 
constrained  to  move  on  a  g^ven  surface,  this  property  of  the 
trajectory  obtains  only  relatively  to  all  curves  traced  on  this 
sur&ce,  and  which  always  terminate  at  the  points  a  and  b.  In 
these  two  cases,  ds  is  the  differential  element  of  any  curve 
whatever,  which  corresponds  to  the  coordinates  at,  y^  z,  and  v 
is  a  function  of  these  three  variables  and  of  a  constant  A,  which 
is  given  by  equation  (d). 

The  demonstration  of  this  theorem  consists  in  proving  that 
in  virtue  of  the  equations  of  motion,  the  variation  of  \vds  is 
nothing,  (the  limits  of  this  integral  being  supposed  to  be 
fixed).    In  consequence  of  this,  ^vds  will  be  either  a  maximum 
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or  ifitiitifiarm,  but  it  is  evident  that  it  must  be  a  wumimmm  b  dai 
ease,  in  which  the  moreable  is  entirely  free ;  for  ihm  atefnl 
Ivds  increases  indefinitely  with  the  length  of  tlie  ciunre»  aad, 
consequently,  cannot  be  susceptible  of  haTing  a  ■»>■■■■ 
value. 

Now,  by  the  rules  of  the  calculus  of  variatiooai  wm  have 

moreover,  di  being  the  element  of  the  time»  we  have  0b  s  wdi^ 
therefore, 

If  equation  (d)  be  differentiated,   and  if  tlit  firiafisi 

&r,  Sy»  S^,  be  substituted  for  the  differentials  dlr,  df^  di^  wt 

shall  have 

i  S.  v*  =  xSx  +  vSy  +  s&r. 

By  substituting  for  cosX,  cosv,  eos^  disir  vabieB  pnm 

in  No.  151,  and  observing  that(i) 

equations  (3)  of  same  number  will  give 

(Px  Jhs  d^2 

Now  if  the  moveable  is  entirely  free,  the  term  Kvf  l  will 
not  occur  in  this  equation,  and  when  it  is  constrained  to  move 
on  a  surface  of  which  the  equation  is  L  =  0,  thb  tern  if 
cypher,  for  as  all  the  curven,  which  are  compared  to  the  tra> 
jectory  of  the  moveable,  must  also  be  traced  on  thb  far€K«* 
wc  have  Sl  =  0,  therefore,  in  all  cases  this  term  mmt  be 
suppressive! ;  it  foliowH  from  this  that 

With  respect  to  titU  the  second  term  of  the  rariatioo 
we  have 
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and,  consequently, 

hence,  because  ds  zz  vdt,  by  changing  the  order  of  the  cha- 
racteristics d  and  S  in  the  second  member,  we  shall  have(A) 

vSds^^dSx  +  ^dSy  +  ^dSz; 
ai^  €U  at 

and  by  adding  together  these  two  parts  of  the  value  of  S.vcb, 
there  results, 

consequently  we  obtain, 

S8*r&  =:  ^8a;  + ^  8y  4- ^  8z  +  constant, 

for  the  indefinite  integral  of  S.vcb.  But  as  the  two  extreme 
points  A  and  b  are  supposed  to  be  fixed,  the  variations  Sat,  Sy, 
Sz,  which  respect  these  points,  must  be  nothing.  Therefore, 
the  definite  integral  IS.vdSj  taken  from  the  point  a  to  the 
point  B,  which  is  equal  to  the  variation  S.^vda^  will  be  re- 
duced to  cypher ;  which  it  was  required  to  demonstrate. 

161.  When  the  moveable,  being  constrsdned  to  move  on 
a  curved  sur&ce,  is  not  solicited  by  a  given  force,  its  velocity 
is  constant  (No.  157),  and  the  integral  ^vds  is  then  the 
product  vs.  Consequently,  the  arc  s  described  by  the  move- 
able is,  in  general,  the  shortest  line  between  the  points  a  and 
B  ;  and  firom  the  uniformity  of  the  motion,  it  follows  that,  in 
this  case,  the  moveable  goes  firom  one  point  to  another,  in  a 
less  time  than  if  it  was  forced  to  describe  on  the  given  sur- 
face  any  other  curve  than  its  trajectory.  However,  if  this 
surfiice  is  closed  on  all  sides,  as  a  sphere,  for  example,  the 
pcnnts  A  and  b   will  be  the  extremities  of  two  arcs  of  a 
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great  circle^  one  of  which  will  be  lem  and  the  odicr  greater 
than  all  other  arcs  of  lesser  circles  of  the  sphere,  tcfmiiiasiiig 
at  the  same  points ;  and  the  moveable  can  describe  either  the 
one  or  the  other  of  these  two  portions  of  the  same  gremt  ctrde, 
according  to  the  direction  of  the  initial  .relocity  A,  which  n 
tangential  to  the  sphere. 

The  differential  equation  of  the  trajectory  may  be  pteseotcd 
under  a  form,  in  which  the  property  of  the  shortest  line  oo  any 
surfetce  whatever  will  be  immediately  apparent ;  which  eonaists 
in  this,  that  its  osculating  plane  in  each  point  b  Boraal  to  ikb 
sur£Bice* 

The  forces  x,  t,  z,  being  supposed  to  be  cypher,  equa- 
tions (3)  of  No.  151  are  reduced  to 

^SN.COSA,     -^ZIN.COS^,     ^sH.eosv. 

Because  v  is  constant,  and  that  vi  =:  «,  we  have 

the  arc  8  being  assumed  as  the  independent  variable  ;  and  thh 
being  the  case,  the  preceding  equations  may  be  replaced  by  the 
following  : 

(ij(Py  —  dufPx       N  fdx  dw        .  \ 

— dP —  =  7A5;~"*-rfi~«V' 

dz(Px  -  (LrtPz       s  (dz       ^       dx         \ 

d? — ^vAii'^^-di'^'h 

duiPz  —  dzd^u       N  fdu  dz  \ 

-"— 5?— "  =  irAi  «« •- -  2i  «"•)• 

which  may  be  deduced  from  them  without  any  difficulty.  If 
they  be  multiplied  by  cos  v,  cos/i,  cos  X,  respectively,  sfti 
then  added  together,  the  quantity  N  disappears,  and  we  have 
simply 

dxiPu  —  dytPx              dzfPx  —  diiPz  ^ 

--- J/7-— CO.V  + ^^-, c«^+     I 

dud'z-dztPy        ,      ^  ■  '* 
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hence  finom  the  values  of  cosX^  cosjti,  cos  v,  cited  in  No.  151, 
we  shall  hare 


dxdh/  —  dydPx  dh      dzdPx  —  dxdPz  dh 
d?~~*dz'^  d?  'dy^ 

dydPz  —  dzd^y  dh  ^ 


(0 


for  the  second  differential  equation  of  the  trajectory.  If  in 
this,  there  be  substituted  the  value  of  one  of  the  three  coor- 
dinates Xj  yj  My  in  a  function  of  the  two  others,  deduced  from 
L  =  0,  the  equation  of  the  g^ven  surface  on  which  the  curve  is 
supposed  to  be  traced,  and  if  the  equation  between  the  two 
variables,  which  results  from  it,  be  then  integrated,  the  two 
constant  arbitraries  which  the  integral  will  contain  being  de- 
termined, by  subjecting  the  curve  to  pass  through  the  two 
points  A  and  b  of  the  given  surface,  the  equation  which  will 
be  obtained  in  this  manner  will  be  independent,  as  is  evident, 
of  the  ms^^tude  and  direction  of  the  initial  velocity  A,  and 
must  be  that  of  the  shortest  line  between  these  two  points. 
Now  if  a,  /3, 7  be  the  angles  which  the  normal  to  the  oscu- 
hiting  plane  of  any  curve  whatever,  at  the  point  of  which  the 
coordinates  are  Xj  y^  z,  makes  with  their  productions  in  the 
positive  direction,  and  if,  in  order  to  abridge,  we  make 

[(dxd^-'dyd'xy+{dz(Px'^dxd'zy+{dyd'Z'^dzcPy)^^=zh, 

we  shall  have  by  formulae  (3)  of  No.  19,  in  which  these  angles 
are  represented  by  X,  jti,  v, 

cos  a  =  ^  {dyd^z  —  dz(Py)f 
cos/3  =:  J  {dzdPx  —  dxd^z)^ 
cosy  =1  ^  (dxd^y  —  dyd^x)y 

consequently  in  virtue  of  equation  (e),  we  shall  have 

cos  X  cos  a  +  cos  /3  cos  /li  +  cos  y  cos  V  =  0  ; 

2i 
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which  shews  that  the  normal  to  the  osculating  plane  of  tke 
trajectory,  and  the  normal  to  the  given  surfiice  are  perpeafi 
cular,  the  one  to  the  other ;  hence  we  infer,  that  cquatioo  (0 
which  belong8(^)  to  the  shortest  line,  is  also  that  of  tlie  core 
which  has  every  where  its  osculating  plane  normal  to  the 
given  surface,  so  that  these  two  lines  are  one  and  tlie  saae 
curve  traced  on  this  surface,  when  both  the  one  and  tlie  otiwr 
are  constrained  to  pass  through  the  same  ezticme  points 
A  and  B. 

It  follows  from  this,  that  when  these  two  points  bdong 
to  one  of  the  lines  of  curvature  of  the  given  siirfiiee»  tUs  line 
is  the  shortest  from  one  point  to  another ;  (ot  its 
plane  in  any  point  whatever,  contains  two 
mals  to  the  given  surface,  and  is,  conseqoentlyt  nonmd  to  tUs 
surfiEuw. 

III.  Digression  an  the  Motiam  qfUgkt* 

162.  The  theorem  of  No.  ICO  is  known  by  the  denoouna- 
tion  of  (hf  principle  of  Itast  action^  which  was  given  to  it, 
from  the  metaphysieal  point  of  view  in  which  it  was  first  con- 
sidered, Imt  this  hiis  been  ninee  properly  abandoned.  How* 
ever  it  may  be  u»*eful  liere,  to  jrive  one  of  the  first  appUcatioe^ 
whieh  \v:ts  ma<le  of  this  principle,  namely,  that  which  t*  rt*Liti%t 
to  the  reflexion  and  refraction  of  light  in  the  M%tcm  i«c 
emission. 

As  lon^  as  a  ray  of  light  moven  in  a  medium  of  oniibrm 
density,  its  velocity  and  diriH'tion  remain  the  same  ;  but  whco 
it  passim  from  one  mo<lium  to  another,  itsdifivtion  i»  inficctrd, 
an<l  its  velocity  chani^es.  At  the  instant  of  the  tnuiMt*  thr  hjcilS 
describcH  a  curve  of  inappreciable  extent,  uhicli  i^itivrqumt;^ 
wc  may  mxltet  without  any  sen*»ible  error.  Therx-torv.  ti 
traji'clory  of  racli  luinin(»u<*  particle  may  W  %up|^»M<%i  lo 
sistoftv^o  linc'«,  each  of  which  is  <ie<icrilKNi  uith  a  uniiors 
veliKity.      Thus,   if  i/,  y'  In*  the  lengths  of  tlu*«s^*   Ui>«*%  ■  *M 
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velocily  of  light  in  the  first  medium,  and  nf  its  velocity  in  the 
second,  ny  will  be  the  value  of  the  integral  \vd8  taken  from 
the  point  of  departure  of  the  particle  to  its  entrance  into  the 
second  medium ;  and  n^  the  value  for  the  part  of  this  integral  re- 
lative to  the  second  medium ;  consequently,  this  integral  taken 
in  the  entire  extent  of  the  trajectory,  will  be  expressed  by 
ny  +  «y,  and  it  is  this  sum,  which,  by  the  principle  of  least 
action,  should  be  a  minimum. 

Before  we  proceed  further,  it  is  necessary  to  observe,  that  if 
the  second  medium  is  a  diaphanous  and  crystallized  substance, 
the  velocity  of  light  in  this  substance  will,  in  general,  depend 
on  the  direction  of  the  luminous  ray ;  so  that  it  will  be  con- 
stant for  the  same  ray,  but  variable  from  one  ray  to  another. 
The  phenomenon  of  double  r fraction  which  is  observable  in 
Iceland  spar,  and  the  greater  number  of  transparent  crystals, 
arises  firom  the  difference  of  velocity  of  the  different  luminous 
rays  which  traverse  them.  The  velocity  n'  should  then  be  re- 
g^arded  as  a  function  of  the  angles  which  determine  the  direction 
of  each  ray  ;  and  the  law  of  refraction  depends  on  the  form  of 
this  function.  Laplace  succeeded,  by  means  of  the  form  which 
he  assigned  to  this  function,  iu  deducing  from  the  principle  of 
the  least  action^  the  law  of  double  refraction,  which  was 
originally  discovered  by  Huyghens,  and  afterwards  confirmed 
by  the  experiments  of  Malus ;  but  as  this  is  not  the  place  to 
enter  into  a  detail  of  this  theory,  we  shall  restrict  ourselves 
to  the  consideration  of  the  case  in  which  all  the  rays  move 
with  the  same  velocity,  whatever  be  their  directions.  There- 
fore, in  the  following  investigation  the  velocities  n  and  n'  will 
be  considered  as  given  quantities  for  each  medium  in  parti- 
cular, and  independent  of  the  direction  of  the  luminous  rays. 

163.  Let  now  a  and  b  (fig.  40)  be  the  two  extreme  points 
of  the  trajectory,  and  through  them  let  a  plane  pass,  inter- 
secting the  surface  of  separation  of  the  two  media,  which  is 
supposed  to  be  plane,  in  the  right  line  cd.  Let  the  line  aeb, 
the  parts  of  which  aie  ae  and  eb,  represent  the  projection  of  the 
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trajectory  on  this  plane,  and  through  the  pointt  ▲»  b,  B,  kc 
AF,  BG,  HBK  bc  drawB  perpendicular  to  the  line  cd.  Sisee 
the  position  of  the  points  a  and  b  is  giren^  the  three  liaa 
AFy  BGy  FG  are  known,  but  the  position  of  the  point  b^  9mi 
the  angles  abh,  bbk  are  unknown,  and  must  be  deiermineil  hj 
the  condition  of  the  minimum*     Therefore,  let  Af  :^  a,  Bo^l^ 

FG  =  C,  ABH  =  X,  BEVi  =  o/. 

From  the  right  angled  triangles  apb  and  boB|  we  obtain 
BF  =  atangx,     Bo^fttangx'; 
consequently,  there  results 

atangx-t-fttangx'sc.  (s) 

The  luminous  ray  traverses  the  surfiioe  which  sepaiata 
the  two  media,  in  a  point  of  which  B  is  the  projeetioii  am  ik 
plane  of  the  fig^ure.  If  z  denotes  the  distance  of  this  mikaovi 
point  from  the  point  b,  y  will  be  the  hypothenuse  of  a  rigk 
angled  triangle,  of  which  z  and  ab  are  the  two  lever  sidesi 
and  t/  will  be  the  hypothenuse  of  another  triangle,  of  wkidi 
z  and  BB  are  the  two  lesser  sides,  but  from  the  triangles  Air» 
and  BEG,  we  obtain 

a  b 

AB  =  ,       BB  =  ,; 

cosx  cosx' 

hence  we  shall  have 


=  '/^M^..    y'=V^ 


cos'x      '  cos'r' 

If  these  values  be  substituted  in  the  expression  sf  4>  a  y* 
there  will  result  a  function  of  z,  x,  x^  which  should  be  a  bujbk 
mum  with  respect  to  these  three  variables,  the  two  lasl  of 
which  are  connected  together  by  equation  (a).  It  is,  therdfare, 
in  the  first  place  necessar}*,  that  the  differential  of  thb  te^ 
tion  taken  with  respect  to  r,  should  be  equal  to 
we  obtain 


n'du'       nz   .   b'x 


</x    '      iiz    ^   p  ^    j^ 
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But  this  conditioii  can  only  be  satisfied  by  assuming  z  =  0; 
which  shews  that  the  luminous  ray  traverses,  at  the  point  s, 
the  surface  that  separates  the  two  media,  and  consequently 
that  it  does  not  deviate  from  the  plane  drawn  through  the 
points  A  and  b  perpendicular  to  this  sur&ce.  Therefore, 
making  z  =  0,  we  shall  have  simply, 

,       na     ,      nb 
^        ^      cos  a:      cos  j/ 

and  by  putting  the  complete  differential  of  this  quantity  equal 
to  cypher,  there  arises 

na^xdz  .  n*b%\nx'd3^ 
cos^'o?  cos' a/ 

but  by  differentiating  likewise  equation  (a),  we  have  at  the 

same  time 

€Ldx    .    bdxf 

— 5-H 2::/  =  ^> 

cos^aj      cos^'a?^ 

and  if  —  be  eliminated  between  these  two  equations,  there 

results 

nsina?  =  n'sina?^  (b) 

This  and  equation  (a)  will  determine  the  values  of  x  and 
or',  which  answer  to  the  minimum  of  ny  +  n'y'.  The  value 
of  X  being  obtained,  the  point  e  can  be  constructed,  by  taking 
BF  =:  a  tang  a; ;  then  the  lines  ab  and  bb  can  be  determined; 
and  the  line  abb,  the  parts  of  which  are  ae  and  bb,  will  be  the 
path  of  the  luminous  ray  in  passing  from  the  point  a  to  the 
point  B. 

The  angle  abh  contained  between  eh  which  is  normal  to 
the  surfitce  of  separation  of  the  two  media,  and  the  incident 
ray  ab,  is  what  is  termed  the  angle  of  incidence ;  the  angle 
BBK  contained  between  bk,  the  production  of  this  normal  and 
the  refracted  ray  be,  is  the  angle  of  reaction.  These  two 
angles  have  been  denoted  by  x  and  x*.  Hence  equation  (b) 
wiU  make  known  the  angle  of  refraction  when  the  angle  of 
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incidence  is  given ;  and  from  this  equation  it  appears,  that  tW 
sine  of  the  angle  of  incidence  is  to  the  sine  of  the  angle  of  i^ 
fraction  in  a  constant  ratio. 

This  is,  in  &ct,  the  known  Uw  of  ordinary  refraction^  which 
was  first  discovered  by  Des  Cartes.  The  ratio  of  the  two  niies 
depends  on  that  of  the  velocities  n  and  n'  relative  to  the  media 
which  are  considered ;  and  for  this  reason,  it  varies  with  tlie 
different  descriptions  of  transparent  media. 

164.  If  the  lominoos  ray,  instead  of  penetrating  tlie  second 
medinm,  is  reflected  at  the  sur£eice  of  separation^  its  velocity 
will  be  constant  for  the  entire  length  of  the  trajectory,  which 
then  exists  altogether  in  the  same  medium.  Hence  the  inte-> 
gral  Icds  will  be  equal  to  the  entire  length  of  the  tnyectory, 
multiplied  by  this  constant  velocity,  consequently,  in  virtue  of 
the  principle  of  least  action,  this  length  should  be  a  a 

Let  us  therefore  suppose,  that,  as  in  the  preceding 
ber,  the  surfi^e  of  separation  is  a  plane.  Let  a  and  b  (fig.  41) 
be  the  two  extreme  points  of  the  trajectory,  thiough  these 
points  let  a  plane  be  drawn  |>erpcndicular  to  this  «urfiiice,  and 
intersecting  it  in  the  line  cd  :  each  particle  of  light  will,  in  its 
passage  from  the  point  a  to  the  |K>int  b,  de5cril>e  the  lino  Axa«  the 
parts  of  which  are  ab  and  bb,  and  it  will  be  the  shortest  of  all 
those  that  are  reflected  from  the  surface  of  ^paration.  Now 
it  is  immediately  evident,  that  this  line  must  exist  in  the  plane 
perpendicular  to  this  surfact*,  for  every  other  trajectory  »  ne- 
cessarily lonpfcr  than  its  projection  on  this  plane.  Moceover. 
it  is  easy  to  show  without  the  assistance  of  the  calculus.  tlMt 
the  shortest  line  between  a  and  b,  which  meets  the  surfMr  of 
separation,  is  that  which  makes  equal  angles  with  the  line  c  d, 
that  is  to  say,  if 

ABC  z:  BED, 

the  line  abb  will  be  shorter  than  any  other  line  such  as  %■  a. 
of  which  the  point  k\  like  the  point  b,  appertains  to  the  li»c 

CD. 
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In  &ct,  from  A  let  the  perpendicular  af  be  let  fell  on  this 
line,  and  produce  it  so  that  af^  may  be  equal  to  af,  and  let 
the  lines  a'e,  a'e'  be  drawn.  The  two  angles  aec,  a'ec  will  be 
equal ;  hence  the  two  angles  a'ec,  bed  will  be  so  likewise  on 
account  of  the  preceding  equation ;  consequently  a^eb  will  be 
a  right  line,  and  we  shall  have 

a'e  4-  be  Z  aV  +  BB^ ; 
and  as 

A^E  =:  AE  and  a^e^  =  ae^ 

there  will  result 

AE  +  BE  Z  AE^  +  SS^  > 

which  was  to  be  proved. 

If  at  the  point  e,  the  perpendicular  eh  be  erected  to  the 
line  CD,  AEH  and  beh  will  be  the  angles  of  incidence  and  re- 
flexion of  the  luminous  ray  which  issues  from  the  point  a  to 
the  point  b.  These  angles  will  be  equal,  because  they  are 
the  complements  of  the  equal  angles  aec  and  bed  ;  hence  re- 
sults the  known  law  of  the  reflexion  of  light,  which  consists 
in  this,  that  the  angle  of  incidence  is  always  equal  to  the  an^ 
gle  of  reflexion. 

165.  If  the  theory  of  the  emission  of  light  be  admitted, 
the  laws  of  reflexion  and  refraction  can  be  inferred  from  the 
expression  of  the  square  of  the  velocity  of  a  point  subjected 
to  the  action  of  attractive  forces  (No.  168),  in  a  more  di- 
rect manner,  than  by  making  use  of  the  principle  of  least 
action.  As  this  question  presents  us  with  an  example  of  the 
motion  of  a  material  point,  which  is  interesting,  as  well  from  a 
consideration  of  the  nature  of  the  forces  which  operate,  as 
from  its  physical  application,  we  will  give  the  solution  of  it  in 
the  ordinary  case,  in  which  the  two  media  traversed  by  the 
light  are  not  crystallized. 

In  this  theory,  each  luminous  particle  is  supposed  to  be 
subjected  to  the  attraction  of  all  the  material  points  of  the  me- 
dium which  it  traverses,  and  this  force  is  regarded  as  an  un- 
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known  iiinction  of  the  distance,  for  all  that  is  known  retpectbf 
it  is,  that  it  decreases  with  extreme  rapidity  when  the  £^ 
tance  increases,  so  that  when  the  distance  is  of  a  sensible  auig- 
nitude,  it  becomes  altogether  insensible.  Thus,  for  exanplet 
if  r  denotes  the  distance  of  the  attracted  from  the  attraetiBf 
point,  a  a  line  of  a  finite  but  insensible  magnitndey  and  e  the 
base  of  the  Naperian  system  of  logarithms,  then  a  force  of  this 


—  r 


nature  may  be  represented (n)  by  a.  e;^  a  betng  the  iDtensiry 
relative  to  an  infinitely  small  distance  r ;  when  this  distance  b 
of  a  sensible  magnitude,  and  is,  consequently,  m  coDMdermUe 
multiple  of  o,  the  value  of  this  function  will  be  no  kmger 
sensible. 

If  the  luminous  ray  moves  in  a  homogeneoot  BMdimi  of  a 
uniform  density,  the  attractions  which  it 
ally  destroy  each  other's  effect,  and  its  motion 
form  and  rectilinear.  But  if  it  attains  the  point  m  (ig.  4S) 
utuated  at  an  insensible  distance  from  the  surfiice  cd,  wUch 
separates  the  two  media,  and  which,  for  greater  clearness,  we 
will  suppose  to  be  horizontal :  let  a  perpendicular  MP  be 
drawn  from  this  point  on  ci),  and  then  in  the  up|ier  medium 
let  there  be  drawn  two  planes  c'd'  and  c'  i>"  parallel  to  co, 
the  mutual  distance  of  which  may  ))e  equal  to  MP,  and  let  the 
first  pass  through  the  |>oint  m  ;  it  is  evident  that  the  attrac- 
tions exercised  on  the  luminous  rays  at  the  point  M,  by  the 
two  strata  of  the  up|K*r  meilium,  which  are  comprised,  the  one 
between  cd  and  c'd',  the  other  l>etwi»en  c'd'  and  c'd\  will  be 
equal  and  contrary  ;  therctore  they  will  destroy  each  other '« 
eflfect^^,  and  the  moveable  will  only  be  solicittHl  by  the  part  of 
the  meilium  it  traverses,  which  is  a)>ove  i"d'  ,  and  by  the  eotiie 
attraction  of  the  inferior  minlium.  The^  two  forces  will  be 
|H*rpfinlicular  to  ii> ;  ami  tlii'V  uill  vary  with  the  ili»tance  MP, 
accortliiiir  to  unknown  laws  but  •^uch,  tliat  each  of  the»e  fcrrr* 
will  Ik.'  in>4'n«»il>lf  when  mi*  in  ni»l  m>,  ami  lh«»v  will  attain  their 

m 

maxima  when  this  distance  vaiiishi'^  ;  in  which  cum:  the  mvrr* 
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able  will  have  attained  to  the  surface  which  separates  the  two 
media. 

At  the  end  of  the  time  t,  let  z  be  the  distance  mp,  and 
Zf  z'  the  unknown  functions  of  z,  which  express  the  accelera- 
ting forces  arising  from  the  attraction  of  the  inferior  medium, 
and  from  the  part  of  the  other  medium  above  c^^D'^  Tlie  entire 
accelerating  force  tending  to  diminish  z^  will  be  the  difference 
z— z';  consequently,  we  shall  have,  in  the  superior  medium, 

g  +  z-z'  =  0;  (1) 

for  the  equation  of  the  vertical  motion  of  a  luminous  particle. 
When  the  moveable,  after  traversing  the  surface  cd  in  a 
point  E,  has  penetrated  into  the  lower  medium  as  £urasapoint 
yL\  which  is  such  that  m'p^,  the  perpendicular  to  cd,  may  be 
also  represented  by  «,  it  is  easy  to  see  that  the  accelerating 
force,  which  will  tend  to  diminish  this  variable,  will  be  then 
the  difference  z^—  z,  so  that  we  shall  have 

g+z'-z  =  0,  (2) 

for  the  equation  of  vertical  motion  in  the  inferior  medium. 

As  to  the  horizontal  motion  or  that  parallel  to  cd,  it  will 
be  uniform,  and  the  horizontal  velocity  will  undergo  no  change 
in  passing  from  one  medium  to  the  other ;  for  the  attractive 
forces  of  each  medium  parallel  to  cd,  wiU  destroy  each  other's 
effect,  so  that  a  luminous  ray  is  not  subject  to  any  accelerating 
force  in  this  direction.  Thus,  if  k  be  the  velocity  of  light  at 
A,  a  point  of  the  superior  medium,  situated  at  a  sensible  dis- 
tance from  CD,  and  a  the  acute  angle  that  the  direction  of  this 
velocity  makes  with  the  vertical,  A  sin  a  will  be  the  velo- 
city parallel  to  cd  at  any  instant  whatever.  If  the  luminous 
ray  penetrates  by  a  sensible  quantity  into  the  inferior  me- 
dium, and  if  A'  and  a  denote  what  k  and  a  become  at  a',  any 
point  of  this  medium,  situated  at  a  sensible  distance  from  cd, 

2k 
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we  can  likewise  represent  the  horizontal  velocity  of  the  more- 
able  hy  k'  sin  a! ;  so  that  we  should  have 

k  sin  a-z:  k'  sin  a'.  (3) 

It  appears  also,  a  priori ^  that  the  trajectory  of  the  moTcable 
will  be  a  plane  and  vertical  curve ;  therefore  it  only  renuuM  to 
determine  its  velocity  perpendicular  to  CD,  whether  in  the  •»- 
perior  or  inferior  medium,  at  z  any  distance  whatever  from  ikb 
surface  CD. 

166.  Let  this  velocity  be  denoted  by  m,  so  that  we  aaj 

have  -^  =:  u'  for  the  two  media.     By  multiplying  e<iiiatid« 

(1)  by  2</z,  then  integrating  and  denoting  the  contmt  arbi- 
trary by  r,  we  shall  have  in  the  superior  medium 

tt'  =  c  +  2Sz'rfz  -  2lzdz. 

Let  these  two  integrals  \>e  supposed  to  vanish  with  x,  and  kt 
their  values  at  a  sensible  distance  from  cd  be  A  and  kf ;  th«t 
integrals  A  and  h'  can  be  extended  from  lero  to  infinity^  ht 

by  hypothi*sis  heyoiul  a  son<iible  value,  the  functions  z  and  f « 
and  coiisiHjuently,  the  c(>rres|H>ndinjj^  parts  of  ^zd:  and  Jr'ir 
vanish,  or  become  inHen»*iblf. 

Therefore,  we  may  write  if  we  please^ 


Moreover,  for  any  sensible  value  of  r,  we  have 

u'^  =  A'  coji'  a  I 

hence  in  that  case  we  shall  have 

A'.  co^'a  =  r  +  2A'-2A; 

and  by  eliminating  c  from  the  general  value  of  ar',  theft  «^ 
result  at  any  point  whatever, 

u^  =  A'cos'a  -+-  2A-2A'  +  ^t'dc  -  t^tdz. 

Let  A,  be  the  velocity  of  the  moveable  at  g  any  point  of  tW 
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surface  cd,  and  let  oi  be  the  angle  which  its  direction  makes 
with  the  vertical.  At  this  point  we  shall  have  m*  =  ki^  cos^ai ; 
and  as  in  this  case  -?  =  0,  the  two  last  terms  of  the  preceding 
formula  will  vanish,  and  it  will  be  reduced  to 

ki"  cos'ai  =  A'  cos'o  +  2 A  -  2A'.  (4) 

In  order,  therefore,  that  the  luminous  ray  may  reach  the 
sur£EU^e  which  separates  the  two  media,  it  is  necessary  that  the 
second  member  of  this  equation  should  be  a  positive  quantity, 
and,  consequently,  that 

A'  Z  A  +  iA^  cos^a. 

If  this  condition  be  not  satisfied,  in  which  case  the  attract 
tion  of  the  upper  medium  should  surpass  that  of  the  inferior, 
the  vertical  velocity  will  be  destroyed  before  it  reaches  the 
plane  cd  ;  therefore  there  will  be  a  point  of  the  trajectory,  at 
which  the  tangent  will  be  horizontal.     Having  attained  this 
point,  the  moveable  will  retrograde,  the  two  branches  of  this 
curve,  which  terminate  in  this  same  point,  will  be  similar, 
since  they  are  described  by  the  action  of  equal  forces,  for  the 
same  value  of  z ;  and  when  this  distance  2:  is  of  a  sensible 
magnitude,  these  two  branches  will  be  changed  into  right  lines, 
which  make  equal  angles  with  the  vertical,  or,  in  other  words, 
the  angles  of  incidence  and  reflexion  will  be  equal.     If,  on 
the  contrary,  the  attraction  of  the  inferior  medium  surpasses 
that  of  the  superior,  and  if  the  preceding  condition  is  satisfied, 
the  luminous  ray  will  penetrate  into  the  inferior  medium  with 
a  velocity  the  direction  of  which  will  be  perpendicular  to  cd, 
and  which  will  be  determined  by  equation  (4).     In  this  hypo- 
thesis we  shall  have,  by  equation  (2),  relative  to  this  medium, 

u^  =  A,»  cos'ai  +  2Sz(/z  —  2Sz'rfz, 

the  integrals  being  always  supposed  to  vanish  when  2  zzO. 
At  a  sensible  distance  from  cd,  m^iz  A'^  cosV;  therefore  we 
shall  have 

A'^  cosa''  =  A,^  cos  a,^  +  2 A  -  2A' ; 
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and  eliminating  Ai'  cosai'  by  means  of  equation  (4),  tbcre  wiH 
result 

A'^  COS  a*'  =  h\  coso*  +  4  A  -  4A^  (5) 

Therefore,  in  order  that  the  luminous  ray,  after  hariiif  tn* 
versed  the  surfsice  cd,  may  penetrate  to  a  sensible  depdi  into 
the  inferior  medium,  it  will  be  necessary  that 

A'ZA  +  lA«cosV 

and  this  is  the  only  condition  that  is  necessar}'. 

It  may  happen  that  A^  although  less  than  A  -f  |  A' cot's, 
surpasses  A  +  ^  A^  cos'o,  in  which  case  the  moveable  will  ooc 
penetrate  into  the  inferior  medium  a  sensible  distanee  bejoad 
CD ;  but  it  will  return  into  the  superior  medium,  and  tlie  tw« 
branches  of  the  trajectory  whioh  it  describes  will  be  tt 
on  each  side  of  the  point  at  which  it  commenced  to 
Consequently,  the  light  will  be  reflected,  as  in  the 
case,  making  the  angle  of  incidence  equal  to  the  ftngle  of 
flexion ;  so  that  there  are  two  distinci  casei  ofrejkxkm  in  the 
theory  we  are  considering. 

167.  Let  us  now  suppose  that  neither  the  one  nor  the 
other  of  theie  two  cases  obtains  so  that  the  luminous  ray  muia 
be  refractetl,     Hy  equation  (3)  we  have 

A"^  sin V  =  A' sin»a  ; 

and  by  adding  the  corres|K)nding  members  of  equation  (5),  and 
of  this  there  will  ri»*>ult 

which  shows  that  the  increase  of  the  square  of  the  velocity  of 
the  moveable,  in  pattning  from  the  point  a  of  the  superior  me> 
dium,  to  tlie  {xiint  a'  of  the  inferior  medium,  is  (as  it  ought  to 
be  (No.  K07;)  in(le|H>n(lent  of  the  route  along  which  it  moves. 
LikewuMs  from  iH|uations  (3)  and  ((>)  there  rcaults 

ninn'  k  ^ 

sin  a  ~  vA''+17A^T)  * 
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firom  this  fonnula  it  appears,  that  the  sine  of  the  angle  of  in- 
cidence is^  to  the  sine  of  the  angle  of  refraction  in  a  constant 
ratio,  and  it  is  evident  that  the  value  of  this  ratio  is  a  function 
of  A,  the  velocity  of  light  in  one  of  these  two  media,  and  of  A — h\ 
the  difference  of  their  refractive  powers  h  and  h'. 

If  the  inferior  medium  is  terminated  by  two  parallel  planes, 
and  if  the  medium  below  is  the  same  as  that  above  it,  experi- 
ment shows  that  the  light,  after  having  undergone  two  refrac« 
tions,  and  traversed  the  two  faces  of  the  intermediate  medium, 
resumes  a  direction  parallel  to  that  which  it  had  in  the  supe- 
rior medium.  This  likewise  results  from  equation  (7).  For 
if  a'^  be  the  angle  which  the  luminous  ray  makes  with  the  ver- 
tical after  it  emerges  from  the  intermediate  medium,  it  is  neces- 
sary, in  order  to  determine  sin  a"i  to  interchange  among 
themselves  the  quantities,  A  and  A',  and  to  put  A^,  a\  a*'  in- 
stead of  A,  a,  a\     Consequently,  we  shall  have 

sin  a''  k* 


sin  a'        y/k'^  4. 4  (A'-A)' 
or,  in  consequence  of  equations  (6)  and  (7), 


?EfL  =:  V^A'-h4(A-A0  .  sing 
sin  a  k  sino'* 


which  gives  in  fact 


a    —  a< 


The  phenomenon  of  dispersion  which  arises  from  a  diffe- 
rent value  of  the  angle  of  refraction  a',  for  the  differently 
coloured  rays,  of  which  the  same  incident  ray  is  composed, 
may  be  attributed,  agreeably  to  formula  (7),  either  to  an  in- 
equality in  their  velocity  A,  or  to  a  different  action  in  each 
medium  on  these  different  rays,  from  which  results  unequal 
values  of  A  —  A'. 

168.  Every  thing  else  being  the  same,  it  appears  from  equa- 
tion (7)  that  the  ratio  of  the  sine  of  the  angle  of  incidence  to  the 
sine  of  the  angle  of  refraction,  must  change  with  the  velocity  of 
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the  light.  Now,  for  a  star  situated  in  the  plane  of  the  ecUptift 
there  is  an  epoch  in  the  coarse  of  the  year,  in  which  the  di- 
rection of  the  Telodty  of  the  earth  is  contrary  to  that  of  light* 
and  another  epoch  in  which  the  direction  of  the  first  metttiwwJ 
velocity  is  the  same  as  that  of  the  second ;  this  reodeft  the 
velocity  of  light,  relatively  to  the  medium  in  which  it  aMnrss 
along  with  the  earth,  sensibly  greater  in  the  first  case  than  ta 
the  second.  The  ratio  in  question  most  consequently  be  dif> 
ferent  at  these  two  epochs ;  but  from  extremely  acenratc  expe- 
riments instituted  by  M.  Arago,  it  appears  that  this  mis 
does  not  vary  in  a  sensible  manner,  during  the  entire  eowie  of 
the  year,  and  moreover,  that  its  magnitude  is  the  same  far  the 
sun  and  for  the  different  stars,  from  which  light  on  the  theory 
of  emussion  emanates. 

Whatever  theory  of  light  be  adopted,  it  is  a  very  twmmk* 
able  fiict,  that  the  composition  of  its  velocity  with  that  of  the 
earth,  which  is  indicated  in  the  apparent  motion  of  the  stan* 
termed  aberration^  has,  notwithstanding,  no  appreciable  ia- 
fluence  on  the  refraction  of  the  lights  which  ui  transmitted  to 
us  from  them  on  different  days  of  the  year. 

In  a  vacuo,  the  motion  of  light,  whether  direct  or  rvflecued, 
in  always  uniform,  and  its  velocity  is  independent  of  the  fouroe 
from  whence  it  emanates.  This  velocity  is  so  great,  that 
light  traverses  in  493,34  seconds,  the  mean  distance  of  the  sua 
from  the  earth  :  from  which  it  follows,  that  it  describca  30^50 
mvriametres  in  a  second. 

A  luminous  ray  emitted  from  the  sun  or  a  star«  sho«id« 
like  any  other  projectile,  experience  a  diminution  in  its  vel^ 
city,  caused  by  its  gravity  towards  this  star,  that  is  to  say,  by 
the  attraction  in  the  inverse  ratio  of  the  square  of  the  distances 
from  its  centre,  which  the  mass  of  the  body  exerts  on  e^h 
material  particle  of  light ;  but  this  diminution  is  a  ver>'  onaL 
fraction  of  the  final  velocity  of  light.  Thu«,  for  example,  m 
it  will  be  shown  hereafter,  that  the  intensity  of  gravity  at  the 
surface  of  the  sun  is  twenty-seven  times  and  a  half  grvatrt 
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than  the  intensity  of  the  terrestrial  gravity,  and  as  the  sun's 
radius  is  1 10  times  the  radius  of  the  earth,  it  follows  from  what 
has  been  observed  in  No.  143,  that  the  velocity  of  light,  in 
order  to  be  30950  myriametres  per  second  at  a  considerable 
distance  from  the  sun,  must,  when  issuing  from  the  surface, 
be  g^reater  by  a  little  less  than(A)  two  millioneths  only. 


CHAPTER  IV. 


OF   THE    CBNTRirCGAL   POECB. 


169.  Thb  pressure  of  a  material  point  on  m  conre  wUek  ic 
is  constrained  to  describe,  is  not  the  same  as  wlicn  it  is  is 
equilibrio  on  this  curve.  In  consequence  of  the  motioo,  s 
particular  pressure  arises,  which  is  termed  ike  c€mir\fmgd 
Jbrce^  because  it  was  first  considered  in  the  cirde,  whete  it  ii 
directed  along  the  production  of  the  radios,  and  coQtia«Jlf 
tends  to  increase  the  distance  of  the  moveable  on  which  it  aeH 
from  the  centre.  It  is  this  force  which  we  now  proceed  It 
consider  in  any  curve  whatever. 

Let  MiM  and  mm'  (fig.  43)  be  two  equal  and  itmsectttift 
elements  of  the  given  curve,  ii  and  h'  their  middle  points 
MT  and  m't'  their  productions.  Their  plane,  and  the  angle 
tmt',  will  Ih?  the  osculating  plane  and  angle  of  contact  of  the 
curve  at  the  |>oint  m  ;  and  if  in  this  plane  the  line  mo  be 
drawn,  dividing  the  angle  M|Mm'  into  two  e<]ual  parts  its  di- 
rection will  coincide  with  that  of  the  radius  of  curvature  at  thi* 
same  point  m  ;  and  consequently  the  centre  of  curvature  will 
exist  in  a  certain  |K)int  of  this  line  such  as  o.  Let  dl#  denote 
M|M  the  element  of  the  curve,  which  will  be  also  equal  to 
HMir ;  moreover,  let  e  be  the  infinitely  small  angle  tmt',  iixi 
^  the  radius  of  curvature  mo,  we  shall  have  (No.  18) 

.^  ^  iU 

This  being  estahlishe<i,  let  us  first  abstract  from  the  constiie* 
ration  of  the  given  forces  which  may  act  on  the  moveable,  a^ 
let  us  suppose,  that  at  the  end  of  the  time  /,  it  rtAcbet  tk 


OF  THE  CENTRIFCGAL  FORCE.  257 

point  M,  with  the  velocity  v.  If  it  was  entirely  free  it  would 
continue  to  move  on  the  line  mt  with  the  same  velocity ;  but 
it  is  by  hypothesis  forced  to  describe  a  g^ven  curve,  this  pro- 
duces a  change  in  the  direction  of  its  motion,  which  thus  be- 
comes MT^  Now  if  there  be  erected  to  mt^  the  perpendicular 
MK,  such  that  it  may  exist  in  the  osculating  plane,  and  fah 
without  the  concavity  of  the  curve,  we  can  substitute  for  the 
velocity  v,  the  direction  of  which  is  mt,  two  other  velocities, 
of  which  one  is  equal  to  v  cos  S,  and  directed  along  mt^  and 
the  other  equal  to  v  sin  S,  and  directed  along  mk,  the  effect  of 
the  curve  will  be  to  destroy  the  last  of  these  two  velocities,  so 
that  the  first  only  remains,  or  in  other  words,  this  effect  will 
be  the  same  thing  as  if  there  was  impressed  on  the  moveable 
a  vdocity  equal  and  contrary  to  v  sin  S.  Therefore  if  the 
g^ven  curve  be  replaced  by  an  infinitismal  polygon,  its  re- 
sistance consists  in  impressing  on  the  moveable  at  each  sum- 
■ut  of  this  polygon  such  as  m,  an  infinitely  small  velocity 
V  sin  S,  in  a  direction  opposite  to  that  of  mk. 

In  order  that  this  resistance  may  be  completely  assimilated 
to  y^  a  motive  force  which  acts  incessantly  on  the  moveable, 
the  velocity  v  sin  S  may  be  supposed  to  be  produced  while  this 
material  point  moves  from  h  to  h',  and  dt  may  be  assumed  as 
the  time  during  which  this  action  continues.  The  change  in 
the  direction  of  this  force  may  be  also  neglected  in  this  inter- 
val, and  it  may  be  assumed,  for  example,  parallel  to  the  line 
MO.  Then  the  measure  of  the  corresponding  accelerating 
force  will  be,  like  each  of  the  forces  u,  u^  u'',  &c.  of  No.  147, 
the  velocity  v  sin  S,  which  is  produced  in  the  instant  dtj  di- 
vided by  dl ;  and  if  the  mass  of  the  moveable  be  denoted  by  nt, 
there  will  result,  for  the  value  o(/y 

^     mrsinS 

Consequently,  if  8  be  substituted  for  sin  8,  and  —  for  8,  we 

P 
tliajl  obtain,  since  ds  zz  vdtj 

2l 
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fiir"* 


The  prasure  that  the  cunre  experiences,  and  which  h  toMy 
due  to  the  state  of  motion  of  the  material  point  thai  deserihf 
it,  or  the  centrifugal  force  that  acts  on  thb  moreabie,  is  c<|«l 
and  contrary  to  this  force y.  It  follows  therefore,  that,  at  any 
point  whatever  of  the  giren  cunre,  such  as  M,  the  eetitrifugal 
force  exists  in  the  osculating  plane,  and  te  directed  firooi  the 
concavity  of  this  curve  along  n  n ,  the  production  of  its  rafias 
of  curvature,  and  that  its  intensity  is  in  the  inverae  ratio  of 
this  radius,  and  in  the  direct  ratio  of  the  mass  of  the  moveablt 
and  of  the  square  of  its  velocity. 

170.  As  thb  velocity  along  the  side  M|M  is  9,  and  aait  b#> 
comes  &  cos  S  along  the  following  side  mm',  it  follows  that  its 
magnitude  is  not  affected  by  the  curve;  for  the 
V  ( 1  —  cos  S)  may  be  neglected,  being  an  infinitely  aoMll 
tity  of  the  second  order,  from  which  there  can  only  rmilt  aa 
infinitely  small  diminution  of  velocity  on  a  part  of  the  curve  of 
which  the  magnitude(a)  is  finite.  Hence,  then  the  molioa 
on  any  curve  whatever  is  finite,  when  the  moveable  tt  not 
solicited  by  a  given  force.  This  has  been  already  observed  is 
No.  157  ;  but  moreover,  the  rea.Hon  why  thi^  i'*  the  rtH^.  n 
liecauHe  the  an^le  of  contact  is  infinitely  fimalU  for  in  a  f*nvx 
where  two  dilferent  curves  intersect  at  a  finite  an|rW>,  thf 
moveable  will  ex|K»rience  a  finite  lojw  of  velocity  in  pae%fMnc 
from  one  curve  to  another,  which  loss  will  be  equal  to  th*  pri- 
mitive velocity  nuiltij»liiMi  by  the  verninl  *ine  of  this  an^lr. 

When  the  moveable  in  8olicited  by  one  or  more  ci^npa 
forces,  its  velocity  varit»s  with  the  com|K>nents  of  these  toftv< 
that  are  tawftntial  to  (he  tmjtvtor>%  and  their  morwuii  co»- 
poncntH  exert,  as  in  a  niate  ot"  ri»st,  a  pressure  on  thi*  cunv, 
ulilch  niu«»t  Ik*  i^ombincd  with  the  centrifu^  foriv. 

In  t^encral,  let  imi  Ih»  the  n*sultiint  of  the  given  forv^^^  mhwrti 
act  on  the  moveable  when  it  attains  the  |H»int  \i.  If  thi*  m»»civf 
force  Ih»  resolved  into  t\io  others,  the  one,  in  the  direction  ol  iW 
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tangent,  the  other  normal  to  the  trajectory,  and  represented 
respectively  by  mr  and  mQ  ;  the  first  force  is  that  which  causes 
the  velocity  to  vary,  and  the  second  will  produce  the  part  of 
the  pressure  that  is  independent  of  the  state  of  motion  of  the 
moveable.     If  by  the  rule  for  the  composition  of  forces,  the 

resultant  of  wtQ  and  of  the  centrifugal  forcejfor  — ,  be  taken, 

the  entire  pressure  exerted  on  the  point  m  of  the  given  curve 
will  be  obtained,  both  in  magnitude  and  direction.  This 
force,  divided  by  the  mass  of  the  moveable,  or  the  resultant  of 

the  accelerating  forces  q  and  — ,  ought  to  coincide  with  the 

force  p  of  No.  152.  It  is  in  fact  this,  which  we  now  proceed  to 
verify. 

171.  We  may  substitute  for  equations  (5)  of  this  number, 
the  following,  which  can  be  immediately  deduced  from  them. 

dxdPv'-dydPx        dx        dy        fdx         ,     dy         \ 

dzd^x  —  dxd^z        dz        dx        fdz  dx         A 

— =x-i — z-5 Pl-rcoscu  — T*cosw"  ), 

ds        ds        \d8  ds  / 


dsde 


dydPz  —  dzd^y  __    dy 
d^        ""  ^  di""  ^ 


dz         (dy  „      dz         \ 


(I) 


whichever  of  these  is  considered  as  the  independent  variable, 
we  have 

5?         -^dP^dT' 

we  have  also,  at  the  same  time, 

,    dy  ,  dy 

d^_d^d^      _l^-_^^. 
cft^*"  dg'dt''       dt    "    ds  dt' 

ds 
and  because  t;  =  ^ ,  there  will  result(6) 
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.    if 

In  the  same  manner,  there  may  be  obtained^ 

dziPx -^  dxiPz  ^    ^(dzd^x ^ dnPz) 
5iJ5?         "^  5?  • 

dyd^z  —  dzdH/  _    ,  (dyd^M  —  dzd^) 
dsde        "  ^  5?  • 

If  9»  9^,  q^i  denote  the  angles  that  the  force  q  makes  vitk 
the  parallels  to  the  axes  of  x,  y,  jr,  we  shall  likewise  hare,  z,  T«  i 
being  the  components  in  the  direction  of  these  parmllek,  ef  Q 
and  of  the  tangential  force  T, 

dx  du  dz  t 

X  ZTT^  +  QCOSy,    Y=T-~4-QCOSy',    ZST— -f  Q  COSf ; 


and  by  means  of  these,  and  of  the  preceding  rallies,  eqiatkai 
( 1 )  will  become 

,  fdjrd'y  ~  di/fPr\  ( dx  ^      dy  \        ^ 


V 


(ds  ,       i/y  \ 

I     ,-00*^01 7- CO^  fc*  I, 

\  dsS  (lA  J 


'A — 7/.;^^ — )  =  n;s^^v-  7^-t-o.v  ;  - 

(dz  dx  \  '• 

I'l  -  .    COscu -cos  CM*   I, 

\  du  du  J 

,  idtfd^z  —  dz(Py\  /dt/  dz  \ 

/dy  dz  \ 

F  (     .    COS  w Ot>*  te*   ) . 

\d.s  djt  / 

Now,  if -y,  7%  y"  Ih»  the  anylc^  uhich  the  dir\x-tior  oi  tic 
ccntrifuufal  foriv,  timl  in  to  Ki\  mn,  the  production  of  ih^  rv 
dius  of  curvature  mo,  rnake^  with  the  |mrallcU  to  ihe  air*  «' 


OF  THB  CBNTRIFUGAL  FORCE.  261 

«,  y,  2y  drawn  through  the  point  m,  and  if  x'j  y\  zf,  be  the  co- 
ordinates of  the  centre  of  curvature  o,  we  shall  have 

a?  —  ar'zzpcosy,     y  —  y'z:  pcosy',     z— 2/= /acosy**, 

and  by  combining  equations  (2)  with  the  formuke  of  No.  20, 
we  may  without  difficulty  deduce  from  them  (c) 


r' 


— cos  7 

p 


Cdyfdx         .    dy        \     dzfdz  dx        ,,M 

[dy  (dx         ,     dy         \      dz  fdz  dx         .AT 

»»  ,  rdzfdy  ,,  dz  \  dxfdx  ,  dy  \^^ 
-cosy  =QL^(^^08y"-^^?'j-  -(^-cosj'-^cosyjj 

Cdz  fdy         „    dz  \      dxfdx  ,      dy  NT 

rf^U*^^**  -5i««'-)- diU*^*-  -d;*^*'ji 

[dx  (dz  dx         „\      dy  (dy  ,,     dz         AT 

But  because  the  forces  p  and  q  are  perpendicular  to  the 
tangent  of  the  trajectory,  we  have 

dx  dy         ,     dz 

5^CO8y+^CO9j'  +  ^CO8j"=0, 

dx  .  rfv         /     dz  ,,      ^ 

-7-COS cii  +  -r-coscii  +  -r-cosw^'n  0; 
as  as  as 

this  reduces  the  coefficients  of  Q(d)  in  the  three  preceding 
equations  to  —  cos  y,  —  cos  y',  —  cos  q'\  and  those  of —  p  to 
—  cos  wj  —  cos  to'i  and  —  cos  ta*' ;  therefore  we  shall  have 

—  cos  7  +  Q  COS  a  r=  P  cos  a;, 
P 

—  C0S7'  +  QC0Sa'  =  PC0Sw, 

p 

—  COS  7"  +  Q  cos  j'^  =  P  COS  ia". 

p 
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froa  wUch  it  appmi%  iku  tbe  facte  p  b  die  letultouit  in 

and  Erection  of  tbe  two  forces —and  Q,  as  may  be  ennlT 

9 


172.  Wben  tbe  moTcable  b  nerdy  constnined  to 

on  a  giren  suifBct^  it  is  necessary  tbat  tbe  lesnltant  of  tbe 

sir' 
Bodre  faeces  »q  and  — ,  wbicb  we  know  abeady  is  pcipsn- 

dicular  to  its  trajecioty^  sbould  be  moreorer  normal  to  tbii 
smr^Kt.  Tbeiefore,  denoting  tbis  resultant  by  «y,  and  tbe 
angles  wbetber  actite  or  obtuse,  tbat  its  two  eompoaeaii 
make  witb  a  determinate  part  of  tbe  normal  to  tbe  sorfaee,  st 
tbe  point  wbere  tbe  moveable  exists,  by  f  and  ^  we  sbaD 
bare 

p 

Tbe  force  n  will  act  in  tbe  direction  of  tbis  part  of  tbe 
normal,  or  in  tbe  direction  of  its  prodoction,  accordinf  si 
tbe  quantity  compri^  between  the  crotchets  w  pnsitiTe  sr 

nefi^live,  and  in  order  that  n  may  be  always  a  po^ti« 
quantity,  we  should  take  the  superior  sitjra  in  the  fir^t  ca«<. 
and  the  interior  *^i^\\  in  the  second.  Thii  accelerating  fn^rce 
N  shouM  Ih»  e<]u;il  and  ci>ntniry  to  that  which  tx'cur*  in  eqtt»> 
tions  (3)  of  No.  1^1  ;  in  fact,  tht^v.^  last  differ  fri>m  equa- 
tions (,>)  of  No.  \o2  onlv  in  this  that  thev  contain  n.  X,  h.  •, 
in  place  of  —  i»,  m,  w'fW  \  an«l  by  the  precetlinj^  anal\^  we 
can  detiuce  from  them  the  com|>onent«i  of  the  force  >,  vbick 
will  bo  equal  and  contrary  to  those  tbat  have  been  found  lor 
the  force  r. 

In  thiii  ^me  case  of  a  given  surface,  U  f\\l'  denote  tbr 

angb*^  that  the  fori^eii  iaq  and  —  make  witb  an  axis,  draws 

P 

tlirou(^)i  the  |>oint  where  the  moveable  exist*  on  tbe  cun^. 
tangential  i4»  thin  surface,  and  |HT|H.>ndicular  to  tbe  trmjecttfri, 
so  that  we  may  have 

t^>s'  f  4.  i»os'  f '  =  I ,     cos'  \L  +  c<i»'  ;X  =  1, 
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is  necessary  that  the  sum  of  the  components  of  these  two 
»rces  acting  in  the  direction  of  this  tangential  axis,  should  be 
jual  to  cypher,  because  their  resultant  is  normal  to  the  same 
3int  of  the  surface ;  consequently  we  shall  have 

qcosa'  +  — cosii':=0 ; 
P 

y  means  of  which  equation,  xf/  the  inclination  of  the  oscu- 
iting  plane  of  the  trajectory  on  the  plane  which  touches  the 
iven  sur&ce,  can  be  determined. 

When  the  moveable  is  not  subjected  to  the  action  of  any  given 
>rce,  or,  more  generally,  when  it  is  only  subjected  to  the  action 
fa  force  tangential  to  its  trajectory,  we  shall  have  Q=0;  hence 
bere  results  cos  i//^  =  0  and  \p^  =  90^ ;  so  that  the  osculating 
lane  of  this  curve  will  be  constantly  perpendicular  to  the 
iven  surface.  As  this  is  in  general  the  property  of  the 
bortest  line  between  two  given  points  on  this  suriace,  it  is 
iis  line  that  the  moveable  will  describe,  as  has  been  already 
tated  (No.  161);  but  we  see  now  besides,  that  a  force  which 
\  tangential  to  a  surface,  such  as  friction  against  the  g^ven 
ir&ce,  or  the  resistance  of  a  medium,  will  not  cause  the 
loveable  to  deviate  from  the  shortest  line  between  the  two 
oints,  from  the  one  to  the  other  of  which  it  passes. 

173.  Finally,  if  the  moveable  be  entirely  free,  it  is  neces- 
iry  that  the  component  of  the  motive  force  utR,  which  is  nor- 
lal  to  the  trajectory,  should  be  in  equilibrio  with  its  centri- 

igal  force  — ,  since  in  this  case,  there  is  nothing  in  the 

urve,  or  given  surface,  which  can  destroy  the  normid  result- 
nt  of  these  two  forces.  It  is  necessary,  therefore,  in  the  first 
lace,  that  the  osculating  plane  of  the  trajectory  should  be 
liat  which  passes  through  the  tangent  and  the  given  direction 
f  the  force  mn;  naming  0  the  angle  which  this  direction,  at 
ny  point  whatever,  makes  with  the  radius  of  curvature  mo, 
lis  angle  should  be  acute,  in  order  that  the  normal  compo- 
mi  of  the  force  mR  may  act  in  a  direction  opposite  to  the 
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centrifugal  force  which  is  directed  along  uv  ;  and  this  bcuf 
so,  we  should  have 

RC08  9  =  — .  (•) 

P 


When  the  accelerating  force  r,  to  the  action  of  which  the 
moveable  is  subjected,  is  a  central  force  directed  to  a  knovi 
point,  and  when  the  curve  described  about  this  fixed  ocaire 
is  known  from  observation,  the  radius  of  curvature  p  and  the 
angle  0  that  it  makes  with  the  direction  of  the  force  a  may  be 
deduced  from  the  equation  of  this  curve ;  there  may  Ukene 
be  obtained  from  this  equation  and  the  proportionalily  of  iht 
areas  to  the  times  (No.  155),  the  expression  of  the  vdocity  9 
at  any  point  whatever  of  the  trajectory ;  consequeiitly« 
tion  (a)  will  determine  the  value  of  r,  or  the  law  of  the 
force,  by  the  action  of  which  the  moveable  is  made  to 
the  given  curve(/).  It  is  in  this  manner  that  Newtoa 
covered  the  law  of  the  force  directed  towards  the  centre  of  tht 
sun,  which  causes  each  planet  to  describe  an  ellipse  of  which 
this  point  occupies  one  of  the  foci ;  but  it  will  be  shown  in  the 
sequel,  tiiat  proceeding  from  the  same  data,  thi^  detemunatiuQ 
can  l)e  effected  by  a  much  simpler  procesw. 

174.  Huyghens  to  whom  we  are  indehteti  for  the  measure 
of  the  eeiitrifugul  force,  (le(luee<l  it  from  the  couMderation  oi 
circular  motion  ;  and  although  tliis  metho<l  is  less  direct  thia 
the  preceding,  it  may,  notwithstanding,  [yc  useful  briefly  to 
explain  it  here. 

Let  M  (fig.  44)  l>e  a  material  |H>int  attaclu^i  to  a  fii*d 
point  c,  by  an  inextensible  thread  cm  ;  if  by  me^n«  of  a  per- 
cussion a  velocity  a  )>e  impre^!HHi  on  it  in  a  direction  pefpra* 
dicular  to  the  length  of  the  thread  :  and  if  in  onier  to  mimpLfy 
the  question,  no  other  given  motive  foret^  be  sup|K>9ed  to  *ct 
on  the  moveable  ;  this  material  {>oint  then  de^^riU^s  a  circk 
AMI),  of  which  the  centre  and  radius  are  the  fixed  |Miint  m»A 
the  length  of  the  tlirea<i.  During  this  motion,  the  thr««i 
which  retains  the  moveable  will  exjKTience,    in  the  »tircctiv* 
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of  its  length,  a  certain  tension  which  is,  in  fact,  the  centri- 
fugal force.  By  applying  to  the  moveable  a  force  equal  to 
this  tension,  and  constantly  directed  towards  the  fixed  centre, 
we  may  abstract  from  the  consideration  of  the  thread,  and 
consider  the  material  point  as  entirely  free.  It  is  therefore,  in 
virtue  of  this  central  force,  the  magnitude  of  which  is  un- 
known, combined  with  the  velocity  a,  that  the  circle  will  be 
described. 

It  follows  immediately,  that  the  circular  sectors  traced  by 
the  radius  of  the  moveable,  will  be  proportional  to  the  times 
(No.  155)  ;  this  requires  that  the  arcs  of  the  circle  which  are 
described  should  be  so  also.  Hence  the  circular  motion  will 
be  uniform ;  and  if  s  denotes  the  arc  described  in  the  time  tf 
we  shall  have  s  =  aL  Let  m  be  the  mass  of  the  moveable, 
fna  the  central  force,  and  consequently,  a  the  accelerating 
force  which  is  to  be  determined.  Whatever  the  nature  of  this 
force  may  be,  we  can  consider  it  as  constant  in  magnitude 
and  direction  for  an  infinitely  short  interval  of  time.  Thus, 
while  the  moveable  describes  mm^,  an  infinitely  small  arc  of  the 
cbcle,  the  force  a  may  be  supposed  to  be  constant  and  pa- 
rallel to  CM,  the  radius  which  is  drawn  to  the  origin  of  this 
arc ;  hence  it  follows,  that  if  the  moveable  was  not  actuated 
by  the  velocity  a,  the  central  force  would  cause  it  to  describe, 
in  an  infinitely  short  interval  of  time,  the  versed  sine  mn, 
or  the  projection  of  the  arc  mm^  which  it  actually  describes,  on 
CM.  Now,  the  measure  of  every  accelerating  force  is  twice 
the  infinitely  small  space,  which  it  is  capable  of  making  the 
moveable  describe  in  an  infinitely  short  time,  divided  by  the 
square  of  the  time  (No.  1 18) ;  therefore  if  £  denotes  the  versed 
sine  MN,  and  r  the  time  in  which  the  arc  mm^  is  described, 
we  shall  have 


2 


c 


but  if  we  denote  this  arc  by  (t,  and  the  radius  cm  by  r,  we 

have 

2  m 
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<f» 


*  =  27' 

the  arc  being  taken  for  the  chord  ;  hence,  because  9  =  or  ve 
shall  have 

a  z:  — • 

r 

This  value  of  a  b  therefore  that  of  the  centrifugal  feroe  if^ 
ferred  to  the  unit  of  mass,  in  a  circle  described  with  a  unilbni 
motion.  It  follows  at  once,  that  this  force  in  any  curve  what- 
ever, will  be  equal  to  the  square  of  the  velocity  divided  by  the 
radius  of  curvature ;  for  since  in  the  trajectory  any  two  con- 
secutive elements  are  common  with  its  osculating  ctrcle,  wt 
can  suppose  that,  during  an  infinitely  small  portion  of  ti 
the  moveable  will  move  circularly  about  the  centre  of 
ture,  and  that  consequently  it  has  the  centrifugal  force  whkk 
corresponds  to  this  motion.  If  this  accelerating  force  be  aat 
tiplied  by  m,  we  shall  obtain  the  same  value  as  for  llie  ibitc 
denoted  byyin  No.  169. 

1 75.  In  order  to  compare  the  centrifugal  force  in  the  dtcU 
with  the  gravity,  leta  be  the  velocity  acquired  in  falling  through 
the  height  h,  ho  that  we  may  have  a^  =  2^h  (No.  130),  57  d^ 
noting  the  gravity  ;  then  there  will  result 

a  _2h 

.'/  ~    ^  ' 

whicli  nhewn  that  the  eeiurifugal  toree  i*  to  the  gTa%-ity,  m 
ixKice  the  height  tlirough  which  the  moveable  should  Ul  to 
ac<juire  the  velocity  a,  to  the  radium. 

If  the  moveable  is  a  \hm\\  of  which  the  ilimennicmft  mrt  frry 
small  with  ri»n|>ect  to  it^  dintance  from  the  fKiint  c,  the  valor 
of  tt  niav  Ik»  coiiMcleretl  fur  itn  entire  extent,  a%  n««rlv  coii«a«U 

and  coiiMKjiicntly  \sv  may  a^nume  -  an  the  expre*%ion  ol  iW 

nitio  <»t*  the  eentrit'ugal  forct»  ariiini^  from  circular  mol 
the  ueight  of  the  iMHJy  (»n  \%  liich  it  act<i. 
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When  the  motion  is  not  performed  in  a  horizontal  plane, 
the  velocity  of  the  moveable,  the  centrifugal  force  and  tension 
of  the  thread  attached  to  the  point  c,  will  be  variable.  If  the 
motion  takes  place  in  a  vertical  plane,  and  if  2gh  denotes  the 
square  of  the  velocity  when  the  moveable  is  in  the  horizontal 
plane  passing  through  the  point  c ;  let  2:  be  its  distance  from 
this  plane,  at  any  instant  whatever,  which  is  considered  as 
positive  when  the  moveable  is  situated  below,  and  as  negative 
when  it  lies  above  this  plane,  2g  {h-^^z)  will  at  this  instant 
be  the  expression  for  the  square  of  the  velocity  (No.  159),  and 

2mg' i  for  the  centrifugal  force.    In  order  to  obtain  the 

entire  tension,  there  should  be  added  to  this  force  the  component 
of  the  weight  acting  in  the  direction  of  the  production  of  its 

radius,  which  component  it  is  easy  to  shew  is  equal  to  —^-ig)* 

Therefore,  naming  0  the  total  tension  of  the  thread  at  any  in- 
stant, we  shall  have 

g^m(y(2A  +  3^) 
r 

This  force  expresses  likewise  the  pressure  which  the  point 
c  experiences  at  any  instant  in  the  direction  of  the  radius  ter- 
minating at  the  moveable.  It  will  attain  its  mdximum^  when 
the  moveable  is  at  the  lowest  point  of  the  circle,  i.  e.  when 
z  =  r,  and  its  minimum^  when  it  is  at  the  highest  point,  i.  e., 

3r 
when  «  =  —  r.     If  A  is  less  than  —  the  tension  will  become 

negative,  or  will  be  converted  into  a  contraction(A)  during  a  part 
of  the  motion.  It  is  therefore  then  necessary,  that  the  thread 
should  be  inflexible  in  order  that  the  circular  motion  may  have 
place.  In  this  discussion,  the  weight  and  centrifugal  force  of 
the  thread  are  neglected,  because  its  mass  is  considered  as  ex- 
tremely small  with  respect  to  that  of  the  moveable.  It  will  be 
shewn  hereafter,  how  this  ought  to  be  taken  into  accoimt  if  it 
should  be  necessary  to  do  so. 
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176.  Let  us  now  revert  to  the  consideration  of  the  unifcm 

motion  performed  in  a  circle,  and  let  t  denote  the  tiiBe  in  which 

the  moveable  describes  the  entire  circumference ;  we  shall  thci 

have 

_2irr 

T 

and»  consequently, 

T* 

from  which  it  appears,  that  the  centrifugal  force  »  in  the  &> 
rect  ratio  of  the  radius  of  the  circle,  and  in  the  inverw  ratio 
of  the  square  of  the  time  of  an  entire  revolution.  When  a  solid 
body  revolves  about  a  fixed  axis,  all  its  points  describe,  in  tht 
same  time,  circles,  the  planes  of  which  are  perpendicular  to  tht 
axis ;  their  centres  lie  in  this  axis,  and  their  radii  are  the  pcf- 
pendiculars  let  fall  from  each  point  on  this  same  axis  ;  coiim^ 
quently,  the  centrifugal  forces  of  their  several  points  aie  lo 
each  other  as  these  perpendiculars.  Thus,  for  example,  the 
centrifugal  force  of  bo<lii»s  at  the  surface  of  tho  earth.  anJ 
which  revolve  with  it  about  its  axis,  i«4  proportional  to  the  raiiii 
of  the  jxirallcls  which  they  ciescrihe ;  and  moreoviT,  this  forctr 
at  each  place  acts  in  the  direction  of  the  prcnluction  of  the  ra- 
dius of  the  parallel  drawn  to  thin  |>oint. 

177.  The  force  which  causi»s  Inxiieii  to  de^vnd  to  th*  *ur» 
face  of  the  earth,  and  which  is  termed  wtit/ht^  i^  due  jMrinci- 
pally  to  the  attraction  of  the  terrestrial  "^pher^Md  on  ihr*< 
bodies.  But  whatever  he  the  caus*»  of  it,  thor\»  can  be  ik^ 
douht,  that  the  ci*ntrifugal  forc*e  diminishe^  thiA  tendencv  i^ 
heavy  iHxIies  ;  so  that  except  at  the  |H>le,  w  here  the  ccnth- 
fui^al  force  is  nothing,  the  weight  i^  in  every  other  place  m 
than  if  the  earth  had  no  rotatory  motion.  At  tho  equator,  the 
centrifugal  force  and  weight  act  in  (»p|HKite  diri*ctii»n%  xht  o«c 
to  the  other;  therefore,  the  weight  is  cHpial  to  the  excvM  ^' 
the  attraction  of  the  earth  over  the  centrifugal  totxx  ; 
quently  we  have 
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47rV 

g  being  this  weight,  g  the  terrestrial  attraction,  or  the  weight 
which  would  have  place  if  the  earth  was  immoveable,  r  the 
radius  of  the  equator,  and  t  the  time  of  the  earth's  rotation. 

As  the  second  term  of  the  second  member  of  this  expres- 
sion is  very  small  relatively  to  the  first,  we  have,  very  nearly. 


^=:g(i- 


47rV\ 


4irV 
In  order  to  find  the  numerical  value  of  — s-,  the  radius  of 

the  meridian  may  be  assumed  in  place  of  r  the  radius  of  the 
equator,  from  which  it  differs  but  little ;  we  shall  then  have 

27rr=:  40000000*. 

Assuming  the  second  for  the  unit  of  time,  and  neglecting, 
in  this  computation,  the  small  variation  of  gravity  at  the  surface 
of  the  earth,  we  have  also  (No.  115) 

g  =  9*80896. 

Moreover,  by  (No.  Ill) 

T  =  86164  ; 

hence,  we  obtain  very  nearly, 

47rV_ 

Hence,  at  the  equator,  the  weight  is  diminished  by  ^^ ,  in  con- 
sequence  of  the  motion  of  rotation  of  the  earth  about  its  axis. 
If  this  motion  should  become  more  rapid,  t  would  diminish,  and 
the  centrifugal  force  would  differ  less  from  g^vity.  Since  289 
is  the  square  of  17,  it  is  evident  that  if  the  rotation  was  per- 
formed in  the  seventeenth  part  of  a  day,  the  centrifugal  force 
would  be  equal  to  that  of  gravity ;  in  this  case  the  weight 
would  be  equal  to  cypher,  and  bodies  remitted  to  themselves 
would  remain  in  equilibrio. 
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In  this  oompatedoiit  we  have  only  coniidbfed  the 
fiigal  force  arising  from  the  motion  of  heavy  boifiea  abo«t  lb 
axil  of  tlie  earth ;  and  in  fiict,  it  it  eaay  to  eoiieehr%  tkil  ihi 
motion  of  translation  about  the  sunt  which  is  eonnMm  la  ihs 
eartlu  to  its  azik  and  to  all  these  hndins  ^•— *m>^  iai^iBai 
their  tendency  to  deviate  from  this  moveahk  Una.  For  if  we 
suppose,  for  eicample,  a  thread  parallel  to  the  eqaaiar  sfk 
taehed  to  this  axis,  and  terminating  b  a  body  sitaaled  at  lb 
sur&oe,  it  is  evident  that  its  tension  will  not  bn  in  aay  lespeil 
dianged  by  the  effect  of  a  motion  which  eanies  aloag,  at  ihs 
same  timei  the  azisi  the  thread,  and  the  body,  widiovl  chaHiv 
their  rebtive  positions. 

178.  The  centrifiigal  force  diminishes  the  we%lil  Is  dl 
pobts  of  the  earth's  sur&ce,  but  by  a  giealsr  quantity  at  ihs 
equator  than  at  any  other  pdnt,  both  because  the  osuniii- 
gal  fi»ce  decreases  in  passing  from  the  equator  to  the  pelsi^ 
and  also  because  the  angle  which  it  maltes  with  the  vsilifBl 
increases.  Nandng  r  the  radius  of  the  equator,  ^  the  lateit 
of  any  place  on  the  sur&ce  of  the  earth»  and  a  the  radiui  ef 
the  corresponding  parallel,  we  shall  have 

u  =  rco8|i ; 

the  non-sphericity  of  the  earth  being  neglected,  the  angW  • 
will  be  that  which  the  production  of  ir,  or  the  direction  of  tht 
centrifugal  force  makes  with  the  vertical ;  therefore  the  vcrticsl 
component  of  the  centrifugal  force  will  be  oblmned  by  mulb- 

plying  its  intensity  — ^  by  cos  ^  ;  this  gives 

4yVcos*/4 

for  the  diminution  of  tlie  centrifugal  force  arising  fromi  the  r^ 

tation  of  the  earth  ;  and,  by  what  precedes,  the  actual  value  ef 

quantity  will  be 

cos*^ 

289  ' 


J 
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This  would  be  all  the  diminution  that  the  weight  would  ex- 
perience, if  the  earth  was  a  homogeneous  sphere,  and  as  it  is 
proportional  to  the  square  of  the  cosine  of  latitude,  the  entire 
diminution  from  the  pole  where  fi  =:  90^,  to  the  equator  where 
;i  =  0,  amounts  to  ^^^.  But  the  earth  is  a  spheroid  flattened 
at  its  poles ;  and  for  this  reason,  the  attraction  which  it  exerts 
on  bodies  situated  on  its  surface,  diminishes  from  the  poles  to 
the  equator ;  this  diminution  in  each  point  of  the  surface  is 
also  proportional  to  the  square  of  the  cosine  of  latitude ;  it 
should  be  added  to  that  which  is  produced  by  the  centrifrigal 
force ;  and  by  this  addition  the  coefficient  ^^  becomes  ^^{e) 
very  nearly.  Therefore  it  is  this  fraction  ^^  which  will  ex- 
press, as  has  been  observed  (No.  117),  the  total  increment  of 
the  weight  of  a  body  transferred  from  the  equator  to  the  pole. 


CHAPTER  V. 

IXAMPLIS  OP  TUB  MOTION  OF  A  MATERIAL  POIKT  OS  A 
CURVE  OR  ON  A  GIVEN  SURFACE. 

I.   Oscillation  qfthe  simple  Pendulum. 

179.  A  pendulum  is,  in  general,  a  solid  heavy  body,  whkk 
oscillates  about  a  fixed  and  horiiontal  axis.  But,  in  order  to 
fieurilitate  the  comparison  of  the  durations  of  the  onciUatioos  «f 
different  pendulums,  and  the  corresponding  intensitie*  of  gn- 
vity,  geometers  have  devised  an  ideal  pendulum,  that  is  tcnacd 
the  simple  pendulum,  and  which  consists  of  a  heavy  material 
point,  attached  to  a  fixed  point,  by  means  of  an  inflexiUe  is* 
extensible  string,  that  is  supposed  to  be  void  of  grant y  aa*! 
of  uniform  density  ;  the  length  of  this  string  is  that  of  th^* 
pendulum. 

In  a  subsequent  ehapter  it  will  \k*  sheun,  that  there  ai«i\% 
exists  a  simple  {HMidulum  of  whieh  the  oseillation^  coincide, 
both  as  to  their  duratioiiH  aiul  amplitudt^,  with  thote  of  any 
other  [HMidulum  whatever.  It  will  also  be  shewn  there,  ko«, 
when  the  form  and  dimensions  of  the  second  descriptioo  d 
|K*ndulum  are  given,  the  length  of  the  first  can  be  determir.o% 
and  in  the  disi'ussion  on  this  subject  it  uill  ap|H»ar«  that  i!  :h;« 
agreement  obtains  between  the  motions  of  two  ♦uch  prno^- 
lums  in  a  vacuo,  it  will  also  subsi-^t  in  a  re^^iMinif  mrdiua, 
whatever  1h»  the  function  of  the  velocity  which  ciprt"*»r^  the 
rt*Hif»tancc.  Thun,  it  will  l»c  sufficient  to  c<mM«lfr  the  m^^^vs 
of  the  simple  ikmhIuIuui  either  in  a  vacuo,  or  in  a  rv^%ti£^ 
meiiium,  which  wc  pro|N)M*  to  do  in  thi*k  first  Mvtion. 

Let  c  (fig.  4.'»)  U'  the  |>oinl  of  susjH'nMon,  i  h   the  »*rt:»rA. 
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passing  through  this  fixed  pointy  and  ca  the  initial  position  of 
the  pendulum.  If  the  material  point  at  the  extremity  of  ca, 
mores  from  the  point  a  in  a  direction  perpendicular  to  ca, 
and  in  the  plane  of  the  lines  ca  and  cb,  with  a  Telocity  repre- 
sented by  A,  it  is  evident  that  it  will  not  deviate  from  this  ver- 
tical plane,  and  that  it  will  describe  arcs  of  acircle,  of  which 
the  centre  is  a  and  radius  ca. 

After  any  time  such  as  i^  let  m  be  the  position  of  the 
moveable,  from  m  and  a,  let  the  perpendiculars  mp  and  ad  be 
let  fisdl  on  the  vertical  cb,  and  let  us  make 

cp  =:  »,     CD  =1  e. 

Then,  ifg  denote  the  gravity,  and  v  the  velocity  of  the 
moveable  at  the  point  m,  we  s^all  have,  when  the  motion  is 
performed  in  a  vacuum,  (No,  159), 

and  if  s  denotes  the  arc  described  by  the  moveable,  we  have 
-^  =  r,  consequently  there  results(a) 

ds 
dtzz 


If  0  denotes  the  angle  mcb,  which  will  be  positive  when  the 
pendulum  exists  to  the  left  of  cb,  and  negative  when  the 
pendulum  lies  to  the  right  of  the  vertical ;  likewise  if  a  be  the 
angle  acb,  or  the  initial  value  of  0,  we  shall  have 

,      ^         ds  de 

a  representing  cm  or  ca  the  length  of  die  pendulum.  We  shall 

have  also 

2r  =  a.cos0,     c  =  a.cosa; 

by  means  of  these  values,  that  of  dt  will  become 

dt  = -—=^M=====         (1) 

/A'  4-  2ga  (cos  6  -^  cos  «)' 
2n 
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This  b  the  ezpretaion  which  it  is  piopoted  to  bl^gnUe 
exactly  or  by  approsdmstion. 

181.  There  is  only  one  esse  in  wliich  the  intcgntioo  ciB  bt 
eflReeted  in  a  finite  fi>nnt  and  that  is  wlien(i) 

A*  =  29a(l+coso); 

thb  equation  obtains,  when  the  moveable  depaita  froai  ihs 
point  A  with  a  Telocity  acquired  in  fidling  thioogh  m  lMi|^ 
equal  toso;  m  being  the  most  elevated  point  of  the  code  is 
which  the  pradolum  moves.  Making  SsS/ii  and  observing  ihsc 

1  +cosS^  =  Scos"^ 
we  then  have(c) 

9  oos^ 

If  this  expression  be  integrated,  and  the  constant  aibittsiy 
determined,  so  that  ^  =  ^o  when  1  =  0;  it  beoomesi  by  sab- 
stitoting  1 6  in  place  of  ^ 

*'^   5^    '^(l  +  sinJ»)(l-Mn4«)- 

If  the  point  a  coincides  with  the  point  B,  we  thall  hivY 
a  =  V ;  and  this  will  render  the  preceding  value  of  I  infinitr, 
whatever  may  be  the  magnitude  of  the  angle  0.  Tht§  in^ 
cates  that  the  moveable  does  not  leave  the  point  s  ;  in  fiKi,  is 
this  case,  its  initial  velocity  will  be  nothing,  aud  as  the 
at  the  point  b  is  horizontal,  it  will  renuun  at  rest. 

At  the  |>oint  b,  0  =  0,  therefore  in  every  other 

*        i^     *   1  —  sin  J « 

expresses  the  time  that  the  moveable  takes  to  describe  the  arc 
AB.  It  will  ascend  on  the  semi-ctrcumference  ba'b  vith  tk 
velocity  acquin*d  at  this  point ;  but  it  is  evident  from  what  km 
been  stated  in  No.  159,  that  it  would  require  an  infinite  timr 
to  reach  the  point  B ;  and  this  is  in  fiict  evident  from  the  pe> 
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ceding  expression,  in  which  when  0  =:  —  ir,  ^  =  x  •  What- 
ever be  the  bitial  velocity  k  and  the  angle  a,  formula  (1) 
may  be  integrated  by  elliptic  functions ;  so  that  the  times  of 
oscillations,  or  of  revolutions  of  a  pendulum,  may  be  always 
determined  by  means  of  the  numerical  tables  of  these  functions, 
but  as  in  practice,  it  is  only  necessary  to  know  the  durations  of 
very  small  oscillations,  we  shall  here  restrict  ourselves  to  the 
consideration  of  such. 

182.  In  order  that  the  pendulum  may  make  only  small 
oscillations  on  each  side  of  the  vertical  cb,  it  is  necessary  that 
the  angle  a  and  the  velocity  k  should  be  inconsiderable ;  aa 
this  velocity  may  be  rendered  entirely  evanescent(€Q,  by  making 
the  moveable  depart  from  a  point  a  little  more  elevated  than  a, 
that  is  to  say,  by  a  suitable  increase  of  the  angle  a,  the  gene- 
rality of  the  question  will  not  therefore  be  affected  by  sup- 
posing kzzO;  this  supposition  reduces  equation  (1)  to 


dt=-V^. 


de 


(2) 


9   V^2cos0—  2co8a 
By  known  formulae,  we  have 

*^''=^- 2 +r2X4 -«'*'•' 

And  since  by  hypothesis,  the  angles  a  and  0  are  very  small, 
their  fourth  powers  may  be  neglected^  therefore  we  shall  have 


A=-\/f. 


d9 


g  v/««_e» 

By  integrating  and  observing  that  £  =  0  when  0  =  a,  there 
resolts 


9 
hence  we  can  deduce 


«  =  V  -arclco8  =  -), 
a        \  aJ 
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a'    m  a  ^    m 

Thete  figrmnhs  indiote,  agreeably  to  what  hat  been  thmif 
pmnted  out  (No.  159)»  that  the  pendultim  mil  make  aa 
finite  teriea  of  equal  and  iaodmmout  oedDationa  on 
of  the  tertical  cb  ;  the  velocity  yaniahea,  and  the 

ill  return  to  the  point  A,  where  O^cywhaMfer  I V^'  «B 


he  a  multiple  of  Sv9  and  to  the  pomt  a'  eqoaUy  demtad  aaa, 
and  where  6  s  —  «,  aaoftenaaf  willbeanoddmnlt^efv. 
If  T  denotea  the  time  employed  in  pairing  from  osa  of  thme 
extreme  p(nnta  to  the  other,  thatistoiay,  the  timeofan 
oacillation,  we  haTe(€) 

9 

The  durations  of  the  two  temi-oadllationa,  the  om 
ing,  and  the  other  ascending,  will  be  leqwetivdy  eqoal  la 

T 

other  and  expressed  by  -. 

In  general,  at  two  instants  separated  by  an  intemi  oi 
time  equal  to  t,  the  pendulum  will  exist  on  opposite  sMtn  d 
the  vertical  cb,  in  points  which  are  equally  di«cant  from  ilui 
line,  and  will  be  actuated  by  equal  and  opposite  velocities  tw 

if  in  the  values  of  9  and  "^^  '  +  ^  be  substituted  in  place  oC 

I,  it  is  evident  that  the  only  change  which  ihey  ondemo  m  s 
change  of  sign(/). 

The  pendulum  coincides  with  the  vertical  when  #  s  4,  is 

which  case  I  is  an  odd  multiple  of  - ;  hence  it  follows,  iktf 
•ndt  conacquently, 
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expresses  the  velocity  of  the  moveable  at  the  point  b.  Naming 

b  the  height  db  of  its  point  of  departure  above  b^  we  shall 

have 

6  =  a. (1  —  cos  a)  ==  ^aaS 

because  the  fourth  and  higher  powers  of  a  are  neglected. 
Consequently,  abstracting  from  the  consideration  of  the  sign, 
the  velocity  acquired  at  the  lowest  point  will  be(^) 

which  expresses,  as  it  ought  to  do,  the  velocity  acquired  in 
fidling  through  the  height  b. 

183.  The  value  of  t  is,  as  we  have  seen,  independent  of 
the  angle  a ;  it  will  even  subsist,  and  be  rigorously  exact,  when 
this  amplitude  a  is  infinitely  small.  Therefore,  if  the  pen- 
dulum deviates  by  an  infinitely  small  quantity  from  the  ver- 


V^to 


tical,  it  will  take  a  finite  time  equal  to  ^  ir  k   -  to  return  to  it. 

In  this  movement,  the  moveable  will  describe  an  infinitely 
small  space  in  a  finite  time,  this  arises  firom  the  circumstance 
of  the  intensity  of  its  accelerating  force  being  infinitely  small. 
In  fact,  this  force  b  that  of  gravity  resolved  in  the  direction 
of  a  tangent  to  the  trajectory ;  now  in  the  extent  of  the  in- 
finitely small  arc  that  is  terminated  at  the  lowest  point  of 
this  curve,  the  tangent  makes  with  the  vertical  an  angle 
which  differs  from  a  right  angle,  by  an  infinitely  small 
quantity,  consequently  the  cosine  of  this  angle,  by  which  the 
gravity  must  be  multiplied  in  order  to  obtain  its  component, 
is  infinitely  small,  therefore,  this  component  must  be  also  infi- 
nitely small. 

This  result  may  be  extended  to  the  oscillations  of  a  heavy 
material  point  on  any  curve  whatever,  of  which  the  osculating 
plane  at  the  lowest  point  is  vertical ;  for  within  an  infinitely 
small  extent,  the  curve  coincides  with  its  osculating  circle, 
and  in  an  extent  which  is  only  very  small,  it  deviates  from  it 
very  little ;  hence  it  follows,  that  if  c  be  the  centre  of  this 
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circle^  the  doimtiim  of  the  very  taudl  iwcillatioM  m  th 
on  eadi  ddeof  its  pmnt  b,  is  the  same  as  fiw  a  ani|ile 
dulum  whose  point  of  tuspenuon  is  c,  and  of  which  the 
will  be  CB,  the  radios  of  curvature  correspoiMfing  to  thb  point 
B.  Therefore,  the  duration  of  very  small  nsriHationa  oa  sB 
▼ertioal  curves,  which  have  the  same  curvature  at  their  lownt 
point,  is  the  same  and  independent  of  their  amplitude.  Wkn 
the  osculating  plane  in  thispobt  is  not  vertical,  we  arast  sih- 
stitute  in  the  ezpreision  for  t,  in  place  of  the  gravity  f^  in 
component  in  this  plane,  which  is  equal  to  ^sb  i, 
the  inclination  of  thepven  plane  on  the  hotiBoalal 

184.  When  the  angle  a  is  of  a  finite  magajtrnfa^ 
small,  then  the  preceding  value  of  t  is  only  aa 


one.    In  fiict,  if  the  fourth  powers  of  a  and  9  urn 
the  values  of  cos  a,  cos  0,  and  if  they  are  subatitBted  ia 
(S),  we  shall  have(A) 


At  this  degree  of  approximation,  we  must  assume 

(I  -  T«,  .(«•  +  »•))-»  =  1  +  V, .(«'  +  tfO; 

therefore  we  shall  have 

which  formula  may  be  intograted  by  the  known  rules.  By  in- 
tegrating from  0  =:  a  to  0  =:  ~  o,  in  order  to  obtain  T  the  4^ 
ration  of  an  entire(f)  oscillation,  we  find 

from  which  it  appears,  that  this  duration  is  a  little  L 
by  the  magnitude  of  the  amplitude. 

It  follows  firom  this  expression,  that  if  a  denotes  the  at 


OSCILLATION  OF  THE  SIMPLE  PENDULUM  IN  A  VACUUM.    279 

ber  of  infinitely  small  oscillations  of  any  pendulum  in  a  given 
time,  and  n'  the  number  of  oscillations  of  the  same  pendulum 
and  in  the  same  time,  when  their  amplitude  a  is  only  very 
small,  we  shall  have(A) 


«  =  «'(i  +  ^); 


for  this  number  n'  must  diminish  in  the  same  ratio  as  the  du- 
ration of  each  oscillation  is  increased  by  the  magnitude  of  this 
amplitude. 

185.  Although,  in  the  different  applications  of  the  pendu- 
lum, philosophers  always  take  precautions  that  the  amplitude 
of  the  oscillations  should  be  very  small,  by  which  means  the 
correction  relative  to  the  magnitude  of  a,  which  has  been  de- 
termined above,  will  be  always  sufficiently  accurate,  it  may, 
nevertheless,  be  useful  to  know  the  converging  series,  by  means 
of  which  the  duration  of  an  oscillation  may  be  expressed, 
whatever  be  its  amplitude. 

For  this  purpose,  let  x  and  j3  be  the  versed  sines  of  the 
angles  9  and  a,  so  that 

1  —  cos  0  =:  it,     1  —  cos  a  =:  /3 ; 
and  also,  at  same  time, 

dOzz        ^ 


The  formula  (2)  will  become 


d^  =  -i\/i 


dx 


^iZ/Sx-ar^v/l  — ire' 

and,  in  order  to  deduce  from  these  the  duration  of  ^t,  a  semi- 
oscillation,  we  must  integrate  from  a?  ==  /3,  (which  answers  to 
0  zzQj)  to  X  zzOj  (which  answers  to  0  =:  0.)(/) 

Now,  developing  by  the  formula  for  expanding  a  binomial, 
we  obtain 

/I       1    \-«       1.1^.   1-3  ^  .   1-3.5  ar*  ,   ^ 


180    OSCILLATIOII  or  TBI  tlMrLB  PBUDOLUM  III  A  TAOnm. 


in  tUs  flertei  the  gmend  term  b 

1  •3mfi •   SA  —    1 

S«4«6  ••••••  Sa 


®". 


and  it  always  conveigea,  beeanae  x  n  conttantly  leaa  daa  % 
U,  therefore,  the  order  of  integration  be  revenedt  wUdi  wean 
permitted  to  do,  by  changbg  at  the  tame  time  the  mgm  ef  J, 
and  if  we  make 


8 


(n  bdng  eidier  eyi^Mr  or  any  nmnber  whatetei)  Aam  w9 
reeult 

T  being  the  duration  of  an  entire  oarillaticm* 

The  valaet  of  the  definite  integrals  Att  Aiy  Af,  Ag,  am  esi^ 
nected  together  in  soch  a  manner,  that  one  ef  them  \m% 
known,  it  is  easy  to  deduce  successirely  all  the  others.    Is 

feet,  we  have(m) 


p  x*^'d!j        c     x^dM 

hence  we  infer 


.  (2n-l)^C  *^'«^ 
+  — 2-PJ^^P' 

and,  consequently, 
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At  the  two  limits  aj=  0  and  a?  =:  /3,  we  have  \//3a;— af'siO; 
and,  therefore,  by  taking  the  definite  integrals  we  shall  have, 
by  means  of  this  last  equation, 

(2n-l)jg 
^-        2R ^»- 

If  in  this  formula  we  make  n  =  l,  n=z2,  n=i3,  &c.,  suc- 
cessively, we  obtain  from  it 

Ai  =  i  j3ao, 

Aa=  |/3ai=:^j3»Ao, 

A3  =  |^A4=^^^/3%, 

&c. ; 

consequently,  we  shall  have,  generally, 

1.3 .5 291— '1  ^^ 

^•""      2.4.6 2n    *^^* 

and  as  to  the  value  of  Ao,  it  is,  when  taken  between  xzzo  and 

Ao  =  \^-7===  =  7r. 

By  substituting  these  values  of  Ao,  Ai,  a^,  &c.,  in  that  of 
T,  there  will  result 

-'^['+©'©-{^)'©'+(S)'(f)V«^]. 

for  the  required  value  of  t,  and  which  necessarily  converges, 
since  }  /3  is  always  less  than  unity. 

If  the  fourth  power  of  a  be  neglected,  we  shall  obtain 
/3  =  ^  a^ ;  hence  this  series  will  be  reduced  to  its  two  first 
terms,  and  the  value  of  t  will  coincide  with  that  of  the  pre- 
ceding number. 

2o 


S8S  08CILLAT10K  OP  THE  SIMPLI  FINDrLm 


186.  I^t  US  now  proceed  to  cmmidertlie  motion  of  a  nqik 
pendulum  in  a  resisting  medium.  If  the  prece&ig  ittrtatiirtt 
be  retained,  the  force  of  gravity  resolved  in  the  directioo  of  the 
tangent  mt  will  be  ^  •  sin  0,  because  the  angle  which  this  Gne 
makes  with  the  vertical  mn  is  the  complement  of  the  aagk 
MOB  or  0.  As  the  accelerating  force  arising  from  the  raifl> 
ance  which  we  denote  by  v,  acts  in  a  directioo  contrary  to 
9  •  sin  0,  the  equation  of  the  motion  will  be  (No*  15>) 

^  =  ^8in0-v.  (3) 

(in  which  8  denotes  the  arc  am).  We  may  make  £ftercBt 
hypotheses  as  to  the  value  of  v,  considered  as  a  fimctioo  sf 
the  velocity  of  the  moveable ;  the  simplest  is  that  in  which  il 
is  supposed  to  be  proportional  to  this  velodty,  in  which 
we  have 


h  denoting  a  given  constant  velocity.     We  have  also 

«  =  a(a  -  0),     am  0  =  0  -  YTz  "*"  *^^' ' 

if,  therefore,  0  be  eonsidered,  as  heretofore,  a  very  small  in^r^* 
aiul  if  itsj  third  |K)wer  be  neglected,  e<iu:ition  (3)  will  becoiae 

of  which  the  complete  integral  i»(N) 

e  =  [f  cos  t-,  V  •-  +  c'  sin  ty  V^  e*^, 
in  which  r,  c',  denote  two  constant  arbitnriet,  c  the  haw  *< 

# 

the  Naperion  system  of  logarithms,  and  alto,  for  \he  tut  ^ 
abridging, 
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Bu  uy  uie  conainons  v  =r  a  ana 
^  z=  0,  which  gives 


cand  c'are  determined  by  the  conditions  9  =  a  and^  =:  0,  when 


consequently,  we  shall  have 


and,  by  different]ating,(o) 

for  the  expressions,  by  means  of  which  we  can  determine  at 
any  instant  whatever,  the  position  of  the  pendulum  and  its 
angular  velocity. 

At  the  end  of  each  oscillation,  we  have  -r-  =  0 ;  this  is  the 

€U 


ty\/iiB 


case  as  often  as  fy  V  -  is  a  multiple  of  ir.  It  follows,  there- 
fore, that  the  oscillations  are  isochronous,  as  in  a  vacuum,  and 
that  we  have(p) 

y      9 

for  the  duration  of  an  entire  oscillation,  so  that  it  is  increased 
by  the  resistance  of  the  medium,  in  the  ratio  of  unity  to  the 
fraction  y.     As  to  the  amplitudes  of  the  oscillations,  it  is  evi- 

dent  from  the  form  of  the  exponential  e  ^ ,  that  they  continu- 
ally diminish.  Naming  an  the  amplitude  of  the  n^  oscillation, 
that  is  to  say,  supposing  that  0  =  (*-  l)"aA  when  t  zz  nr, 
there  will  result(9) 


an  =  ae    *'>^* 


9 


which   shews,   that  the  successive   amplitudes  constitute  a 
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decreasing  geometrical  prog^ression,    of  which    the  ratio  » 

e    ^^    . 

This  oscillatory  motion  supposes  that  t  is  a  real  quantity : 
and,  in  fact,  this  is  the  case  in  all  experiments  of  the  penduloBt 
in  which  the  length  is  never  very  considerable,  its  densty 
being  at  the  same  time  always  very  great,  compared  with  that 
of  the  air  in  which  it  moves ;  and  as  the  velocity  k  b  pro- 
portional to  the  ratio  of  the  first  density  to  the  seoood,  it  if 

very  considerable  compared  with  J  \/y<i,  and,  coineq[iieiitly,  7 
is  a  real  quantity,  that  differs  very  little  from  unity.     How- 

ever,  if  2k  was  less  than  x/t/a^  y  would  be  imaginary,  and  of 

the  form  /3  V^—  1,  /3  denoting  a  real  quantity  ;  by  the  kson 
formulse,  the  sines  and  cosines  which  occur  in  the  exprrwoo 
for  0,  will  then  be  transformed  into  exponentials,  and  wIms 
this  transfiDrmation  b  effected,  it  \^  evident  from  inspeetioe, 
that  the  time  required  to  lapse,  before  0  vanishes,  b  iiifiiiite(r\ 
so  that  the  pendulum  will  approach  indefinitely  near  the  nt^ 
tical  CB,  without  ever  passing  or  even  attaining  to  it. 

187.  It  appears  from  exj)eriment,  that  acconling  a*  di 
amplitudes  of  the  oscillations  perfonne<l  in  the  air  *limi:.i*h. 
they  tend  more  aiul  more  to  decrease  in  a  geonu'tric  pnhrrr*- 
gion ;  for  example,  they  deviate  little  from  thi?*  pr\*ifTv*- 
sion,  when  the  angle  a  is  the  third  of  a  degn^e,  or  v>nit*«Li: 
less.  KxjHmment  likewise  provi's,  that  this  decrease  l*  %trs 
slow ;  thus,  in  the  expi»riments  of  Uorda,  in  which  the  mmplj- 
tudes  of  the  oscillations  constitute,  as  to  senst*,  a  gvomctric 
progression,  the  amplitude  was  reduceil  to  about  twi^-thircv 
after  IHOO  oscillations.  Therefore,  if  to  this  example,  ihir  ex- 
pression for  a»,  given  al)Ove,  Ik*  applieil,  we  slmll  obtain 

and,  consocpiently, 

iHOOirv/^ 

.^^^-  =  7logJ=>(0,40:.4f;); 
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but  we  have 

^«  -  1         a. 

hence  there  results 

(1800)V(1  -  y»)  =  y'^  (0,40546)'; 
from  which  we  obtain 

y  zz  1,00000000257 , 

or  y  =  1,  jr. |i .;  we  are  therefore  permitted  to  neglect  the  con- 
sideration of  the  resistance  of  the  air  in  computing  the  value  of  t. 
It  follows  from  this,  that  when  the  oscillations  are  very  smaU, 
the  resistance  of  the  air  may  be  assumed  to  be  proportional  to 
the  velocity,  as  has  been  supposed,  and  also  that  this  resist- 
ance does  not  sensibly  influence  their  duration.  But  when  the 
amplitudes  are  of  some  magnitude,  it  appears  from  observa- 
tion^ that  they  do  not  decrease  in  a  geometric  progression,  so 
that  it  becomes  necessary  to  make  some  other  hypothesis  on 
the  law  of  resistance. 

188.  Let  it  be  assumed  that  this  force  is  proportional  to 
the  square  of  the  velocity,  and  let 

k  being  a  given  constant  velocity,  which  will  always  be  very 
great ;  so  that  if  we  make 

H  will  be  a  very  small  firaction.  Since  d«  =  —  a<20,  equation 
(3)  will  become 

^+^8me  =  iMrf^;  (4) 

multiplying  this  equation  by  2d0,  integrating  and  making 

de»  ..  _         dtp  _  dy 

we  shall  have 


s 


286  OSCILLATION  OF  TUB  8IMPLB  PIVDCLCM 

this  being  a  linear  equation  of  the  first  order,  its  oonplele  is* 
tegral  i8(«) 

j,^ce>^+2ff—^j-^-^——, 

c  being  a  constant  arbitrary,  and  e  the  base  of  tlie  Napcnaa 
syst^n ;  differentiating  with  respect  to  9,  and  ■nlwlitnlBin  — ^ 

in  place  of  ^ ;  there  results 

which  is  a  first  integral  of  equation  (4)  given  in  a  finite  fotm 
In  order  to  determine  c,  let  us  assume,  as  has  bees  doae 

M 
aboye,  that  -r.  =:  0,  when  0  =  a ;  then  there  will  moll 
at 

^    (cos  a  -t-  M  ^in  a) 

consequently,  we  shall  have,  at  any  instant  wliatover, 
':i7i  +  /I   i  '  iv    [cosg+fASinO  —  (cosa  +  ^sina)r--^— ^  .  (jj 
Therefore,  at  the  lowest  point,  where  0  =:  0,  wc  shall  hire 
-^  ==  Y"^,  [!  -  (cosa  + ^sina)  r--^, 

for  the  expression  for  the  square  of  the  acquirc«i  velocitr, 
which  is  eviiiontlv  less  than  in  a  vacuum.  In  \irtue  ot  lb* 
velocity,  the  nioveablo  will  a>cciui  on  the  arc  ma  to  a  jxMnt  i, 

li*ss  clcvatcii  than  a',  ami  for  which  we  sludl  have  — -  zz  0. 

di 

If  the  corresponding  value  of  0  be  denoted  by  —  «!,  thrrv 

will  result 
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(cos  d  — /tt  sin  ai)  c**"*  =z  (cosci  +  M  sin  a)  e-^% 

and  if  the  exponentials  be  developed  according  to  the  powers 
of  fi,  the  square  of  /u,  which  is  a  very  small  fraction,  being 
neglected,  we  shall  obtain(^) 

eoft  ai—  fi  (sin  oi—  ai  .cos  ai)  =  cos  a  4*  f*  (fii^  o  —  a  cos  a). 

The  value  of  oi  which  can  be  deduced  from  this  equation, 
differs  very  little  from  a ;  therefore,  by  making  ai  =  a  —  S,  and 
n^lecting  the  square  of  S  and  the  product  juS,  there  results 

Ssina=:  2/ti(sina  — acosa); 
so  that  we  shall  have(tt) 

ai  =  a r-^  (sm  a  —  a  cos  a), 

sm  a  ^ 

as  an  expression,  abstracting  from  the  sign^  for  the  magnitude 
of  0  at  the  end  of  the  first  oscillation. 

This  result  does  not  imply  that  the  oscillations  are  very 
small ;  however,  if  they  are  so  small,  that  the  fourth  power  of 
a  may  be  neglected  in  the  expression  for  ai  it  will  become(v) 

2fAa^ 

After  the  moveable  attains  the  point  Ai,  it  will  descend 
^;ain,  and  will  thus  continue  to  oscillate  from  one  side  to  the 
other  of  the  point  b,  until  the  amplitudes  of  these  oscillations 
to  all  appearance  vanish.  If  03  denotes  the  amplitude  of  the 
second  ascending  demi-oscillation,  it  is  evident  that  it  can  be 
deduced  from  ai,  as  ai  has  been  deduced  from  a,  so  that  we 
shall  have 

O)  =  ai 5— . 

and  in  like  manner,  if  039  04,  &c.,  be  the  successive  amplitudes 
of  the  other  ascending  demi-oscillations,  we  shall  have 


288  OSCILLATION  OF  THB  8IMPLB  PBKDULCM 

aa  —  O)  —  — - — 9     04  —  tta  —  — ^ »  «c. ; 

which  shews  that  they  no  longer  decrease  in  geometric  pfo> 
gression,  as  in  the  case  of  a  resistance  proportional  to  tbe 
velocity. 

189.  In  order  to  determine  the  time  in  whidi  the  angle  I 
is  described,  the  value  of  dt  deduced  from  equation  (5)  mat 
be  integrated,  and  this  can  be  always  effected  by  die  method 
of  quadratures,  when  the  numerical  values  of  «,  ^  #,  are 
known.  But  when  the  oscillations  are  small,  tlie  vahie  of  I 
considered  as  a  function  of  ^  may  be  obtained  in  a  oonvcrgiag 
series,  and  vice  verui. 

The  initial  velocity  of  the  moveable  is  always  arnnnwd 
equal  to  cypher  s  and  the  value  of  0  at  any  instant  wfaaleftr 
will  be  a  function  of  a  and  ^  which  should  beoome  cypker 
when  a  =  0 ;  therefore  it  can  be  represented  by 

0  =  aO|  4-  a'Ot  +  a'03  +  &c.  ; 

Pi>  Oi»  O31&C.,  being  coefficients  independent  of  a.  By  «il>- 
stituting  this  series  in  equation  (4),  and  then  developing  the 
two  members  according  to  the  powers  of  a,  we  shall  obtain  by 
putting  the  coefficients  of  the  same  powers  respectively  equil 
to  each  other,  a  series  of  differential  equation*  of  the  *tf<Mx:d 
order,  by  means  of  which  the  unknown  quantities  0|,  9,,  f>. 
&c.,  can  be  determined.      Moreover,  in  order  that  we  shouU 

have  0=0  and  -7-  ==  0,   when  /  =  0,    whatever  mav  be  the 

(U 

magnitude  of  a,  it  is  necessary  that  the  initial  values  of  6j.  •:• 
&c.,  -  \  ~  \  &c.,  should  all  vanish,  and  that  those  of  6,  M»i 

-,  *  Hhonld  he  unity  an<l  cypher  ;  it  is  hv  means  of  the^e  cc»» 
(it  .  .  I 

ditions  that  the  constant  arl>itrarit*s  which  are  contained  in  the 
complete  integrals  of  these  scries  of  expiations  can  be  defer- 
mine<l.    In  thin  manner,  we  may  compute  as  many  terms  «•»* 
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please,  of  the  preceding  series.  If  the  apprbzimation  be  limited 
to  the  square  of  a,  in  which  case  the  cube  and  higher  powers 
of  this  quantity  should  be  negtected,  we  obtain 

cPe_  acPOi   .     aCPOa 

sin  0  =  aOi  +  a'03 
rf»»_    .d0,» 

and  if  these  values  be  substituted  in  equation  (4),  there  result^ 
by  equalling  the  coefficients  of  a  and  of  c^  in  its  two  members^ 


^Oi       fir      _, 


If  the  first  of  these  two  equations  be  int^;rated,  and  if  the 

two  constant  arbitraries  be  determined  in  sueh  a  manner  that 

M 
Oizz  0  and  -=7  =:  0,  when  ^  =  0,  we  shall  have 


0,  =z  cos  t  Y?.^ 

a 

Hence  there  results 

consequently  the  second  equation  will  become(^) 

§+2(,,  =  fM(l_co82<\/?); 
,  dr      a         4a  \  a) 

and  then 

«,  =  -  §  cos  «  V^  +  i|U  +  Tl^lli  C082<  V^, 

will  be  its  complete  integral  subject  to  the  conditions  03  =  0 

and  -3^  =  0,  when  ^  =  0. 
di 

2p 
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By  means  of  these  expressions  for  0|  and  0tt  thai  far  f 
becomes 

and  because  t?  =  — ^,  we  shall,  at  the  same  time,  have 

these  formulse  make  known  the  position  and  fdodty  of  the 
moveable  at  any  instant  whatever. 

190.  If  in  the  last  equation,  we  substitute  io  place  of 

2  £  V  ^,  its  value  2  sin  £  V  ^  cos  ^  V  ^,  Iheeqiiatioo  rs#. 


sm 

a'  '     a  a 

which  obtains  at  the  end  of  each  osdllation,  will  aasume  the 

form 

(,-ai  +  2tcosl\/i)«nl\/i=0. 

As  the  anjrle  a  is  very  small,  the  first  factor  cannot  nnwi . 

the  second  is  cypher  as  often  as  /  v    -  is  a  multiple  ot  r.     l: 

follows,  therefore,  that  the  interval  of  time  which  lapM^  V- 
tween  two  consecutive  velocities,  res|H»ctively  o<)uaI  loc\phrr. 
or  T  the  duration  of  an  entire  oscillation,  is(ii) 

hence  it  appears,  that  when  the  resistance  of  the  air  is  pro- 
portional to  the  square  of  the  veliKMty,  the  duration  ci  ti* 
oscillation  is  not  affected  bv  it.  However,  it  incrra«<s  li< 
time  which  the  moveable  takes  to  attain  the  [H>int  b.  In  Uct. 
if  we  denote  it  by  t\  and  make  0  =  0,  we  have 
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of^l/i, 


The  least  value  of  ^  V  ^»  which  satisfies  this  equation^ 
differs  little  firom  ^  ir ;  let  therefore, 

neglecting  the  square  of  S  and  the  product  a8,  we  obtain(i;) 
and,  consequently, 

hence  it  appears  that  the  resistance  of  the  air  increases  the 
duration  of  the  first  descending  semi-oscillation  in  the  ratio  of 

1  +  ^  to  unity,  and  since  it  does  not  influence  the  duration 

of  an  entire  oscillation,  it  must  diminish  in  the  same  ratio,  the 
duration  of  the  ascending  semi-oscillation. 

By  substituting  this  value  of  ^  in  that  of  v,  and  neglecting 
the  cube  of  a,  we  obtain(a:) 


V  =  (l  -  y)  a  v/^. 


hence  we  infer,  that  the  velocity  acquired  at  the  lowest  point 

is  diminished  by  the  resistance  of  the  air,  in  the  ratio  of  1  —  -x- 

to  unity. 

If  —  ai  denotes  the  value  of  0  at  the  end  of  the  first  entire 

a 

tain  as  before(y) 

2ixa' 
«,  =  « 3-- 

These  difierent  results  are  independent  of  the  magnitude 
of  ^,  the  coefficient  of  the  resistance,  and  only  suppose  that  the 
angle  a  is  very  small ;  they  apply  equally  to  the  motion  of  a 


osdllation,  which  answers  to  that  of  ^  k   -  =  ir,  we  shall  ob« 

a 


Mt  OiClUiASrHMlOV 

padalim  in  an  aeiifcm  inid  md  im  a 

liia  eoeikiait  ^  be  deCendiied  iiratck 

When  m  it  rerj  nsall,  it  it  nnnur— eiy  In 

a  ledetance  froportional  to  thecnbe  or  any  k%kHr  pvMref 

the  Telodtjr,  beeante  in  the  rtlmm  ef  f  «id  w^  tkve  cm  arif 

leenlt  temt  depending'on  powcn  ef  «  higher 

wbieh  we  liafe  ahewn  in  the  pieeedinf 

be  neglected-    Therefote^  if  what  haa  been  ainlid  in  Nau  Ml 

be  eoDiideied,  it  will  be  maniftnt,  tiiat  tlie 

does  not  influence  the  dmation  oC  very  naaU 

pendnlnm,  finr  which  the  ooirectfon  iclatifa  la  Aa 

of  the  amplitude  it  nq^lected  (No.  184)* 

nctfont  iioweTer,  it  taken  into  aoooont^  Aa 

ennJl  inflnence^  beeaote  it  cantet  the  twplitydat  ta  wmj  i 

the  continnance  of  the  motion. 

191.  It  doet  not  follow  from  thit,  that  the  dnnliMi  aflht 
otcillationt  of  a  heaTy  body,  liowefer  maall  ihef  may  ham^ 
poted  to  be,  b  the  tame  in  the  ab  and  hi  a  vnenaai;  ftr  Mi 
fluidy  by  the  pressure  which  it  exerdiet  on  the  morcahle,  in- 
creases this  duration,  by  diminishing  the  grarity.  It  cia  he 
shewn  by  experiment,  and  it  will  be  hereafter  demonttimttd 
when  we  come  to  treat  of  HydrosiaiicM^  that  a  bcMiy  at  ivH. 
when  plunged  in  a  fluid,  loses  a  part  of  iu  weight  cqnal  It 
the  weight  of  that  portion  of  the  fluid  which  it 
Thus,  p  being  the  weight  of  this  body  b  a  raeunm,  r'  its 
in  air,  n  the  weight  of  a  volume  of  air  equal  to  that  af  dw 

body,  we  hare 

p '=  p  —  n. 

Naming  p  the  ratio  of  the  density  of  the  air  to  thai  af  At 
body,  g  the  gravity  in  a  vacuum,  g'  what  this  force 
air,  and  m  the  mass  of  the  body,  we  have 

n=P/>,     Tzzmg^     p'=ai^; 

consequently  there  results 

y'=5^(l-p). 


\ 
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Now,  if  T,  T^  represent  the  durations  of  the  small  oscilla- 
tions of  the  same  pendulum,  when  the  accelerating  forces  are 

respectively  g  and.^,  we  shall  have  t  =z  ir  V^  -,  t's:  v'^  -,$ 
and,  consequently, 

T 


T'ZZ 


V^l-p. 

Likewise  if  a'  be  the  length  of  the  pendulum  which,  actu- 
ated by  the  gravity  ^^  makes  oscillations  isochronous  with  the 
pendulum  actuated  by  the  force  of  gravity  g,  and  of  which  the 
length  is  a ;  we  must  have 

9  9 

and,  consequently, 

a'=a(l — /)). 

Therefore,  if  the  loss  of  weight  which  a  body  sustains  in  a 
Blate  of  repose  be  solely  taken  into  account,  the  durations  of 
oscillations  made  in  the  air  will  be  increased  in  the  ratio  of 


unity  to  v^  1  —  p  when  the  length  of  the  pendulum  is  sup- 
posed to  be  the  same,  and  if  the  duration  be  the  same  in  the 
air  and  in  the  vacuum,  the  length  will  be  diminished  in  the 
ratio  of  1  —  p  to  unity.  Moreover,  M,  Bessel  has  shewn  by 
experiment,  that  the  loss  of  weight  which  any  body  sustains 
in  the  air,  is  not  the  same  when  the  body  is  at  rest,  and  when 
it  has  an  oscillatory  motion.  The  loss  is  greater  in  the  second 
case ;  it  is  therefore  necessary,  in  the  preceding  formulae,  to 
multiply  p  by  a  factor/* greater  than  unity,  and  depending  on 
the  form  of  the  moveable.  The  same  result  was  also  obtained 
by  M.  Poisson  in  a  memoir,  published  in  the  eleventh  volume 
of  the  Transactions  of  the  Academy,  On  the  simultaneous  Mo^ 
turns  of  a  Pendulum  and  of  the  ambient  Air  ;  by  his  analysis  he 
found  y*=  j  when  the  pendulum  consists,  like  that  of  Borda, 
of  a  sphere  attached  to  the  extremity  of  a  very  slender  thread, 
its  length  being  very  considerable  compared  with  the  diameter 
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of  this  sphere ;  so  that  the  correction  relative  to  the  lUiniiry 
of  the  air,  which,  previously  to  the  observation  of  M.  Bcurli 
was  applied  to  the  duration  of  small  oscillations  and  length  of 
the  simple  pendulum,  must  be  increased  by  oneJialf.  In  all 
cases,  the  coeflBcienty*  is  independent  of  the  denaity  of  the  pc»> 
dulum,  and  also  of  the  density  and  nature  of  the  flvid  ia 
which  it  vibrates,  so  that  we  may  always  determine  it  by  es» 
periment,  by  comparing  the  durations  of  the  oacillatinpf  of 
two  pendulums  of  the  same  form  and  of  different  dctwitif,  ia 
the  same  fluid,  or  even  of  the  same  penduluai  in  two  dif- 
ferent fluids,  such,  for  instance,  as  air  and  water. 

192.  Now  let  n  be  the  number  of  infinitely  tmall  oacilla- 
lations  that  any  pendulum  makes  in  a  vacuum  during  a  giTca 
time  r.  In  order  to  deduce  this  number,  by  the  nile  of  No. 
184,  from  that  of  very  small  oscillations,  which  it  given  by 
observation,  and  at  the  same  time  to  take  into  aocoont  the 
variation  of  the  amplitudes  during  this  time  r,  we  most  aMUBt 
for  the  angle  a  the  mean  of  the  extreme  amplitudes  which  mt 
also  funiinhed  by  o!>ftervatii)n.  This  being  premimHl,  t  the 
duration   of  an   infinitely  small  oscillation   of  thin  {vndul 

will  be 

r 
T=  -; 
;i 

and  the  error  into  which  we  may  fall,  in  mea5(uring  the  tii 
r,  w  ill  have  so  much  less  influence  on  the  value  of  t,  &«  lie 
numlHT  n  will  he  more  considerable.  It*  the  form  and  di- 
mensions of  the  vibrating  body  Ik*  known,  we  can  detcrmiof, 
by  means  ot*  a  formula  that  will  be  given  in  a  »ulM«*qw«C 
chapter,  the  lenu:th  of  the  simple  [H*ndulum,  of  which  the 
motion  is  the  same  as  that  of  thi«»  Inxiy  ;  and  then  thi«  Icn<tk 
can  be  reiluced  t(»  what  it  would  be  in  a  vacuum,  in  the  wm\  jai£ 
now  explaine<l.  Hence,  if  a  denotes  what  it  bccooitft  aftn 
this  reiluction,  we  shall  have 

^-     > 

-  =  «-  V  - ; 
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(where  g  denotes  the  force  of  gravity  in  a  vacuum)  from  which 
we  obtain 

9-—^^  (a) 

It  is  by  means  of  this  formula^  that  the  measure  of  the  gra- 
vity, or  g^  the  velocity  which  heavy  bodies  acquire  in  falling 
vertically  in  a  vacuum,  during  a  unit  of  time,  is  determined. 
From  experiments  made  by  Borda  at  the  Observatory  of  Paris, 
vdth  a  pendulum,  the  length  of  which  was  about  two  metres, 

there  results 

a  =  0*,993855, 

(the  unit  of  time  being  assumed  equal  to  a  second,)  hence  we 

deduce, 

g  =  9*,80896, 

in  the  latitude  of  Paris,  which  is  equal  to  48^  50'  14'^  M. 
Bessel  having  made  bodies  of  every  species  of  matter  to  vi- 
brate, such  as  metals,  ivory,  marble,  meteoric  stones,  &c., 
invariably  found  that  the  values  of  g  were  sensibly  equal ;  the 
greatest  differences,  on  one  side  or  the  other  of  the  mean  value, 
scarcely  amounting  to  the  hundredth  thousandth  part  of  this 
value,  and  even  this  may  be  attributed  to  the  inevitable  errors 
of  observation.  There  can  there/ore  exist  no  doubt  as  to  the 
perfect  equality  of  the  attraction  exercised  by  the  earth  on  all 
bodies^  wh€Uever  may  be  their  nature^  which  are  situated  at 
the  same  place  of  its  surface;  for  this  equality  results  from 
that  of  the  values  of  the  gravity  g^  since  this  force  is  the  excess 
of  the  terrestrial  attraction  over  that  part  of  the  centrifugal 
farce  common  to  all  bodies^  which  is  resolved  in  the  direction 
of  the  vertical, 

193.  It  is  demonstrated  in  the  Mechanique  Celeste^  that 
if  the  sur&ce  of  the  earth  is  the  same  as  that  of  the  level  sur- 
b^ce  of  the  sea  when  at  rest,  the  variation,  at  this  surface,  of 
the  length  of  the  simple  pendulum,  which  vibrates  in  a  unit 
of  time,  is  proportional  to  the  cosine  of  double  the  latitude ; 


%t6  n«CILLATIflM  or  TUC  HIMPLK  rtNOrLCM 

tfr  that  If  A  denote  this  length,  in  k  pbee  of  wUcb  tba  li 

il  ^,  we  (bould  lure(z) 

J  fuid  M  bung  ooaMuit  foutitiM  irtfak  ■Mtj  ^  4i|K«lnl 
bjobwmtioti.  ItuUkewtoeihewa,  tlw«tir»««^feii^«ii 
aoanactod  with  the  wapwioe  rfJa  IHHHl^  ^jjhldA  If 
tlwaqution 


to  wUdi  8  b  dita  eonpnaiaB,  (w  tiMk  «li^|||Rif  1% 
•qnitorMd  that  cf  the  pak  «m  tamak  tAmm  <!■  mh  rf 
1  +  fi  to  unity,)  aiid  r  doMtw  ik  nth  ^  m.aarhlM 
bne  to  tke  fens  of  girnvfty  at  tiN  afntat  ialMM^ 
value  of  tliii  iHt  is  (No.  177)  '        -* 

'=1*1.  ..     ,   ^.^.  ^-^ 

lU  ibnnla  (b)  K  b  6et.  oarf»A%  4 
ira  abitnet  tarn  tha  c 
■taooei,  which,  ai  we  ihall  §««  to'  dia  aaqad^  maf  U 

the  attnctioD  of  the  earth  and  tlie  length  of  the  p 
From  a  comparison  of  a  great  nnnber  of  iiliinnliiiiii.  i 

at  different  latitudes,  we  obtain 


from  this  it  follows,  that  B  is  vny  nearly  eqoal  to  r.  Ha 
constant  /  is  the  ralue  of  X  corresponding  to  ^  =  45*,  h  tt- 
Sen  but  little  from  that  value  of  A,  which  correapo«da  ••  ihi 
latitude  of  Paris ;  and  bjr  this  last,  we  have 

0,993805  =:/[l  +  0,00U88.flu(7*4O'K-)]: 
hence  we  obtain 

If  in  fbrmnU  (a)  we  make  ■  =  1  and  r  m  I,  ami  tkH  «^ 
•titute  sttcoesMTely  /  and  A  in  plaee  of  «,  wa  dhall  hsHk  i 
puA^  dewrta  the  oone^toodbg  nlnea  of^. 
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p  =  w%    p'  ziir^X; 
consequently,  we  shall  have 

p  =  9*,80657, 
and  for  any  latitude  whatever^ 

p'  =  p  (1  -  0,002688  cos  2i^). 

Since 

cos  2i/^  =r  2  cos'i/^  —  1, 

it  b  evident  that  the  diminution  of  gravity,  as  we  go  from  the 
pole  to  the  equator,  is  proportional  to  the  square  of  the  cosine 
of  latitude,  conformably  to  what  is  stated  in  No.  178. 

If  the  same  pendulum  be  transferred  to  different  places  on 
the  earthy  it  is  evident  from  equation  (a),  that  n  the  number 
of  its  oscillations,  in  the  same  time  r,  will  vary  proportionably 
to  the  square  root  of  the  gravity.  Thus,  for  example,  a  clock 
regulated  at  Paris,  by  the  diurnal  motion  of  the  earth,  and 
then  transferred  to  the  equator,  will  lose. 

Naming  n  and  n'  the  number  of  oscillations  which  this  pen- 
dulum performs  in  a  sidereal  day,  in  these  two  places  respec- 
tively, we  shall  have 

n  =  86164,     ----      /  r=:o;002588 


^^  '•'='*  yi+M^ 


,002688  sin  (7^  40'28'0' 
and,  consequently, 

»' =  86037 ; 

so  that  a  clock,  when  transferred  to  the  equator,  loses  about 
127  seconds  in  24  hours.  It  was  from  observing  that  a  clock 
lost  when  carried  to  the  equator,  that  philosophers  first  esta- 
blished the  variation  of  gravity  on  the  surface  of  the  earth. 

II.  Motion  on  a  Cycloid. 

194.  Let  ABC  (fig.  46)  be  the  trajectory  of  a  heavy  mate- 
rial point,  the  plane  of  which  is  vertical.  Let  us  suppose  that 
this  moveable  departs  from  any  point  d  without  initial  velo- 
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city,  and  at  the  end  of  the  time  t,  let  it  be  at  M ;  from  d  and  v 
let  fall  the  perpendiculars  db  and  MP  on  the  Tertical  [wim 
through  the  point  b,  which  is  the  lowest  point  on  the  cnrre; 
then  by  making  bp  =:  z,  and  denoting  the  velocity  aoqiured  U 
the  point  m  by  Vj  and  the  gravity  by  ^,  we  shall  liave  (No.  \8$) 


r=  \/2gz, 

provided  that  the  gravity  is  the  sole  foroe  which  acts  oo  tht 
moveable.  Likewise  lei  s  denote  the  arc  bm  ;  since  it  di'<ii.Mii 
as  the  time  increases,  we  shall  have 

ds 

and  if  we  make 

BB  r:  A,    PB  =  X  =  A  —  r, 
there  will  result 


whatever  be  the  nature  of  the  given  curve.     This  curve  bd 

by  hypothesis  a  cycloid,  we  shall  have  (No.  73) 

v'  zz  4  ax, 

a  denoting  the  diameter  nt  of  its  itinerating  circle.       llcoct 
we  obtain 


v/f."=-T7z^.. 


a  v^Ax  — 

and,  by  intey^rating, 

,\/^f  (  2r-A\ 

t   V    —  iz  arc  I  CO*  = 1 : 

a  \  h      J 

a  constant  arbitrary  is  nt»t  atbletl,  becau«H»  we  have  /  z:  0,  iJ 

0 

the  orii^in  t)f  the  ni<»tion»  or  \\hin  j  =  h. 

It'/  (h'liotrs  the  time  that  the  niovrabli-  take^  to  rvatk  tit 
[Miint  H  whieh  e<»rresj)ond«»  to  x  —  (>,  \*c  shall  have 

A  /"If 

t    V      '   zz  arc  ( e<»^  =  -    I  )  z:  !r. 
a 
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and,  consequently, 

Hence  it  appears,  that  this  time  b  independent  of  A  the  height 
of  the  point  d,  (from  whence  the  moveable  commenced  its  mo- 
tion,) above  the  lowest  point  b.  So  that  this  property  that 
obtains  only  approximately,  for  all  curves  of  which  the  height 
A  is  very  small,  is  rigorously  true  for  the  cycloid,  whatever  this 
height,  within  the  limit  a  or  bf,  may  be.  Hence  it  follows, 
that  all  moveables  which  commence  to  move  simultaneously 
from  different  points  of  the  cycloid,  will  arrive  at  the  lowest 
point  in  the  same  time. 


2/1 

It  appears,  therefore,  that  ir  V^  — expresses  the  time  of  an 

9 

entire  oscillation  from  one  side  to  another  of  the  point  b  ;  now,  it 
is  evident,  that  this  is  the  time  in  which  very  small  oscillations 
of  a  pendulum,  whose  length  2  a  is  the  radius  of  curvature  of 
the  cycloid  at  this  point,  are  performed  (No.  72).  And  it  thus 
accords  widi  the  result  of  No.  185,  relative  to  the  duration  of 
very  small  oscillations  on  any  curve  whatever,  which  duration, 
in  the  case  of  the  cycloid,  is  the  same  as  those  of  oscillations 
of  any  amplitude  whatever. 

195.  The  time  of  describing  the  arc  db  of  the  cycloid  is 
likewise  independent  of  the  length  of  this  arc,  when  the  mo- 
tion is  performed  in  a  resisting  medium,  provided  that  the 
resistance  is  proportional  to  the  first  power  of  the  velocity. 

In  fiict,  if  we  denote  this  force  by  ^  as  in  No.  186 ;  the 

force  of  gravity  resolved  in  the  direction  of  the  tangent  mt  is 

^--  because  -r-  is  the  cosine  of  the  angle  tmn  that  this  line 
^  as  da 

makes  with  the  vertical  mn,  therefore  the  force  which  acts  at 
the  point  M,  and  which  tends  to  diminish  the  arc  mn  or  «,  is 

the  difference  g-^ —  g-r',  consequently,  we  shall  have  for  the 

equation  of  the  motion. 
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or,  what  is  the  same  thing, 


rf**  (dx      r\ 


because 


_       dt      dx  ^  4 


If  at  the  commencement  of  the  motion,  Le.,  when  1=0, 
the  velocity  is  nothing,  and  if  then  «  =  a,  by  delcnniniiig  the 
two  constant  arbitraries  by  means  of  these  conditioos ;  and 
making,  for  the  sake  of  abridging, 

the  integral  of  the  preceding  equation  will  become  (No.  IM) 

Therefore,  if/'  denotes  the  time  when  the  point  B,  at  wkusi 
«  =:  0,  is  attained,  we  shall  huvo 

by  means  of  which  equation  we  can  dinluce  a  vsiluo  of  f  ind*^ 
pendent  of  a  ;  which  was  nxjiiiriHi  to  bo  ilone.  If  the  r\-^*t- 
ance  be  very  small,  or  the  velocity  k  very  great,  mc  *Ki-i 
have  y=:  l>  very  nearly;  and  the  pri»ce<iing  iH)uatioo  bu. 
K»ve(a')  

which  shews  that  the  time  C  v%  somcMhut  incn^aM^d  h\  thr»  n> 
tistancc. 
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196.  If  the  line  bf  be  continued  to  o,  so  that  of  may  be 
equal  to  bf  ;  this  point  o  will  be  the  centre  of  the  circle  which 
osculates  the  cycloid  at  the  point  b  ;  and  if  two  equal  semi- 
cycloids  OA  and  oc  be  described,  touching  the  lines  ob  and  ac, 
and  having  the  diameter  of  their  generating  circle  equal  to 
OF,  OA  will  be  the  evolute  of  ab,  and  oc  that  of  bc  (No.  72) ; 
consequently,  if  a  thread  of  a  constant  length,  equal  to  ob,  or 
2a  be  attached  to  the  point  o,  and  be  then  made  to  envelope 
the  two  curves  oa  and  oc  successively,  its  other  extremity  will 
trace  the  cycloid  abc. 

This  suggests  a  means  of  constructing  a  cycloidal  pendulum. 
For  this  purpose,  let  the  curves  oa  and  oc  be  traced  in  relief, 
and  let  on  be  an  inextensible  and  perfectly  flexible  thread 
attached  to  the  fixed  point  o  ;  if  we  also  attach  a  heavy  body 
to  its  other  extremity  b,  and  cause  this  thread  to  deviate  from 
the  vertical  position  in  such  a  manner,  that  it  may  envelope 
entirely,  or  in  part,  either  of  the  curves  oa  or  oc,  and  that 
the  part  which  is  not  enveloped  may  be  a  tangent  to  this 
curve,  then  when  the  moveable  is  remitted  to  itself,  the  infe- 
rior extremity  of  the  thread  will  describe  the  curve  abc,  and 
from  No.  194  it  follows,  that  the  duration  of  the  oscillations 
of  thispendulimi,  in  a  vacuum,  will  be  rigorously  independent 
of  their  amplitude.  But  in  practice  this  method  is  not  suscep- 
tible of  much  precision ;  and  besides,  when  the  body  oscillates 
in  the  air,  the  durations  of  the  oscillations  will  not  be  equal 
when  the  amplitudes  are  considerable,  for  the  resistance  of 
this  fluid  is  not  then  proportional  to  the  first  power  of  the 
velocity. 

197.  Those  curves  are  termed  tautochronousj  on  which 
if  a  material  point  moves,  it  will  always  arrive  at  the  lowest 
point  at  the  same  time,  from  whatever  point  of  the  curve  it 
may  have  commenced  to  move.  Thus  in  a  vacuum,  the  cycloid 
is  a  tautochronous  curve,  and  moreover,  it  is  the  only  curve 
to  which  this  property  belongs  in  a  vacuum,  as  we  now  proceed 
to  demonstrate.  If  t'  denotes  the  time,  which  the  moveable  takes 
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to  gOf  without  any  initial  velocity,  from  the  point  d  to  the  low* 
est  point  b,  on  adb  any  curve  whatever,  the  value  of  t  Vtg 
will  be  given  by  the  integral  of  formula  (I),  taken  fromxsA, 
to  xzzOf  or,  which  is  the  same  thing,  from  x  =i  0  to  x  =  A, 
the  sign  of  this  formula  being  changed ;  consequently,  we  shall 
have 


''''^=5:7fe' 


and  in  order  that  the  curve  should  be  tautochronous,  it  is  nc* 
cessary  to  determine  «  as  a  (unction  of  x,  such  that  this  expres- 
sion for  t  v^2g  may  be  independent  of  A.  Now,  if  we  suppoie 
that  this  unknown  function  is  developed  according  to  the 
ascending  powers  of  i,  so  that  we  may  have 

*=  AX*  +  Bx'^  +  cx>  4-  &c- ; 

a,  b,  c,  &c.,  o,  /3, 7,  &c.,  being  indeterminate  coefficients  and 

exponents,  then  as  the  abcissa  x  and  the  arc  s  have  their  origia 

at  the  same  point  b,  we  must  have  x  =  0  aiul  j»  zi  0  at  ihr 

same  time:  it   is    therofon*  lu'cv^inarv  tliat   all  thr  o\'N»ntr:* 

a, /3,'y,  &c.,  shoultl  l>e  po^itivi*,  and  that  iioiu*  of  ilu-m  '►h-n;!: 

be  cypher.      It  is  likewise  evitUnt,  //  pnuri^   that  the  u.i*t  «•! 

them  should   he   K»ss  than  unitv,  for   a^,   hv  h\  i>4»t!u'^i^,   t). 

•  •       •  * 

jKiint  of  H  is  the  h)\vest   point  of  thi'  \r\\'v\\  eur\e,  thi*  l^niTir: 
there  is  horizontal  or   j>er|H'n(lieular  Xo  the  a.\i*  of -r  ;  tl.i*  rt^ 

//,v 
quires  that  we  shouUl  have     -  —  x   Mhen  x  =  (MV).       ll  ih* 

</r 

differential  of  this  series  lu'  taken,  and  then  suhHtituti^i  U^x  ds  . 
the  pn^eedini^  formula,  there  re^nhs 

J<^/^-x  J<^v/i-x  Ji'vA-x 

And  if  we  assume  x  =  ^x  aiul  dx  =  hdr\  the  Uiuitft  kA  \hc 
integrals  relative  to  this  new  variable  r  \%ill  be  icfo  a»3 
unity ;  for  example,  we  t»liail  have(r') 
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and  if,  for  the  sake  of  abridging,  we  make, 

there  will  result 

it  is  important  to  observe,  that  none  of  these  integrals  a^,b',c', 
&c.  can  become  equal  to  cypher,  for  the  values  of  the  dif-« 
ferentials,  of  which  they  constitute  the  sums  (No.  13),  do  not 
change  their  sig^s  between  the  limits  of  the  integrations, 
therefore,  as  these  values  are  all  positive,  the  values  of  the 
integrals  will  be  so  likewise.  Now,  it  is  evident,  that  the 
value  of  f  cannot  be  independent  of  A,  unless  all  the  terms 
of  the  preceding  series  vanish,  with  the  exception  of  that  in 
which  the  exponent  of  A  is  zero,  or  which  corresponds  to  that 
one  of  the  exponents  a,  /3, 7,  &c.,  which  is  equal  to  J.  Let 
us  suppose,  that  this  term  is  the  first,  and  that  we  have  a=:^. 
In  order  that  the  second  term  may  disappear,  it  is  necessary 
that  the  product  /3bb'  should  be  cypher,  this  implies  that 
B  should  be  zero,  because  neither  /3  nor  b^  do  vanish.  In 
like  manner  it  may  be  shewn,  that  the  other  coefficients  c,  d, 
&c.,  are  also  equal  to  zero,  so  that  the  equation  of  the  tauto- 
chronous  curve  is  reduced  to  the  following, 

8  =  AT*,  or  ^  =  A^or, 

this  indicates  that  it  is  a  cycloid,  whose  base  is  horizontal,  and 
whose  summit  is  at  the  point  b  which  the  moveable  always 
attains  in  the  same  time. 

If  a  denotes  the  diameter  of  the  generating  circle,  we  shall 
have  A^  =  4  a,  and,  consequently, 

e'  y/Tg  =  A'  l/a. 
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Bendet,  ••  «  s  |,(<f)  we  bave^ 

SI      d^ 

hcnoe  we  obtain 

as  in  No.  194. 

198.  It  is  also  tlie  equation  of  tlie  cydoid  tihal  we  anhi 
at  when  we  wish  to  detennine  tlie  ftraclfilecJtrmg  com  ia  a 
▼acamn,  thatis  tosajTytliecnnre  AMB  (fig.  47)»  wifah  a  heavy 
material  point  most  deteribet  in  order  to  ftm  in  the  kmd 
time,  and  without  any  initial  tdocity,  fioM  a  gbcm  peial 
A  to  another  gi?en  point  b. 

In  order  to  determine  this  eonre^  let  jr»]^«»  he  ikelliei 
rectangular  coordinates  of  the  point  u^  where  the 
exists  at  the  end  of  the  time  I ;  likewise  let  «  deneae  the 
AM  whidi  it  has  traversed.    If  the  axis  of  s  he  vcrticalt 
in  the  direction  of  granty,  and  if «  denote  Ike  vafam  ef  aal 

the  point  a,  the  velocity  ^  acquired  at  the  point  sf,  will  be 

equal  to  the  velocity  acquired  in  fiedling  through  the  Iwigk 
«  —  a ;  therefore,  if  ^  represents  the  gravity,  we  shall  hart 

and  if  in  order  to  abridge,  we  make 

in  which  case  ds  zz  udx^  there  will  result 

. ttdlr 

\/2gdts     . 

^  vx—  a 

Therefore,  if  /3  denotes  the  value  of  jr  at  the  point  a,  sai 
t  the  time  which  the  moveable  takes  to  pass  from  the  point  a 
to  the  point  b,  we  shall  have 


t 
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'/3    udx 


^^94[ 


Consequently,  the  question  is  reduced  to  the  determination 
'  the  curve,  for  which  this  integral  is  a  minimum,  but,  for 
-eater  generality,  let  the  integral 


"=5: 


JMdx 
a 

!  considered,  in  which  x  is  a  given  function  of  x^  for  this 
ill  be  useful  in  the  sequel,  in  the  resolution  of  another  pro- 
em of  the  same  kind ;  in  the  one  we  are  now  concerned  with, 
3  shall  assume  (x  —  a)~*  for  x, 

199.  Let  t  denote  a  constant  quantity  infinitely  small,  and 
t  Zy  and  Sz  denote  two  arbitrary  functions  of  Xy  subject 
lely  to  the  condition  of  vanishing  when  X'=.a  and  a;  =:  /S, 
d  of  not  becoming  infinite  for  the  intermediate  values  of  x. 
3t  u^  and  u'  be  what  u  and  u  become  when  y  -f-  Hy  suid 
4-  Hz  are  substituted  in  place  of  y  and  z,  so  that  we  shall 
ve 

u'z:  V    XM'(fa; 
Jo 

integral  which  will  correspond  to  another  curve  am'b, 
ssing,  in  like  manner  as  the  required  curve  amb,  through 
s  points  A  and  b,  and  deviating  almost  insensibly  from  this 
\U     VVe  shall  have  by  this  means 


u'  —  u  =  \^  X  {u  --  u)  dx  ; 
Ja 


[i,  from  the  property  which  the  curve  amb  is  supjwsed  to 
*sess,  this  difference  u'—  u  must  be  positive,  whatever  may 
the  values  of  Sy  and  of  Sz,  and  whatever  may  be  the  sign 
f .  Now,  if  the  difference  ?/' —  u  be  developed  according  to 
f  powers  of  i,  and  if  iSu  be  the  first  term  of  its  development, 

first  term  of  that  of  r'—  r  will  be  i\\df(fh;  hence  it 

ows,  that  wc  must  havo 

2  R 


1 
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s 


zSMte  =  0»  {i) 


otherwiie  the  differenee  u'—  u  woold  dMOg*  te  t 
•mie  time  ss  t  • 

This  oondition  niiitt  be  iwiffaBiwtf  both  wHm  o 
Mm  and  a  amtumm.  When  it  ia  fblfiUed,  ^ 
u'—  u  will  be,  in  general,  an  infinhaaBalof  Iki 
and  it  will  hare  the  same  lign  as  the  cfwikisnl  of  •"  in  iss  d»> 
▼elopment,  consequently,  it  will  bo  n MnanHi orn  aiiriMaa 
aoeoi^ng  as  this  coeflkient  is  negativo  or  posiliva.  Bvtviib 
evidmt  frnn  the  nature  of  the  qnestioQ,  that  ika  tea  I*  is  art 
susoeptibb  of  having  a  maximmm  ?aliie^  coBseqMBtljr  dds  0^ 
effident  will  be  poeitiTein  the  fmibleas  of  tlw  ir«dl|aiscip«Bi^ 
and  it  will  be  only  necessary  that  the  conditioe  aspnassd  If 
equation  (a)  be  satisfied. 

The  quantity  tSa  is  ui  Cut  thediftraitial  of  ai, 
respect  toy  and  to  ir,  and  in  which  tlw  imjieasiiula  of  A 
titles  arc  represented  by  iSjf  and  Hz.     If  the  fiidor  ^ 
common  to  iSu  and  its  value,  be  suppressed,  we  sliall  lisv« 

udjt  dx       udx  di  * 
«o  that  iH|uation  (a)  will  become 

Ja  u  dx  dx  Ja  it  dx  dx 

If  we  intoj^to  this  equation  by  parts  wo  shall  obui** 
l>ecause  by  hypothetiis  Sz  and  £y  are  cypher  at  the  two  liai** 
.r  =  a,  x  =  lUe') 

Ja  M  ds  tU  ^a       dx 

«>*a  M  dx     dx  •/a       dx 

linur  the  precc<ling^  iM|uation  will  l>c  changcii  into 


^     MlJ,. 


J 
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But,  as  Sz  and  Sy  are  arbitrary  functions  of  Xy  this  integral 
innot  be  equal  to  cypher,  unless  that  the  quantity  contained 
ader  J  the  sign  of  the  integration,  be  of  itself  equal  to  cypher; 
e  shall  consequently  have 


dx       ^  ^       dz 


(b) 


200.  If  the  sought  curve  amb,  and  any  other  curve  am'b, 
ere  required  to  be  traced  on  a  given  surface,  the  equation 
which  was  l  =  0,  then  the  values  of  ^  and  z  considered  as 
nctions  of  or,  which  it  is  required  to  determine,  and  these 
lues  respectively  increased  by  i^y  and  iiz^  must  successively 
tisfy  this  equation  ;  hence  we  infer 

dh  ^    ,  dh  ^        . 

means  of  which,  one  of  the  two  quantities  Sy  and  Sz  may 
eliminated  from  equation  (b),  and  as  the  other  will  disappear 
the  same  time,  we  shall  have 

dz       dx  dy       dx 

In  this  case  the  two  equations  of  the  required  curve  will 
L  =  0  and  this  last  equation,  by  means  of  which  we  can 
termine  the  curve  of  quickest  descent  on  a  given  sur&ce. 
on  the  contrary,  the  question  was  to  determine  the  mini- 
im  of  u  among  all  the  curves  which  are  terminated  at  the 
ints  A  and  b,  without  restricting  it  to  exist  on  any  particu- 
surfieu^,  then  the  quantities  Sy  and  S^  will  be  arbitrary  and  in- 
^endent  of  each  other.  Their  coefficients  must  consequently 
separately  equal  to  cypher  in  the  preceding  equation  (b), 
I  thus  it  will  be  decomposed  into  two  others,  namely, 


306  OSCIllATIOV  or  TBB  HMrLB  PBKDOtOM 

we  thall  restrict  omielTct  to  the  eonridenition  ef  tkb  Im 


If  we  integrate  and  denote  by  a  end  €f  the  two 
arUtiaries,  which  ere  introduced  by  the  integratioiiy  wo 

zd|f  xdz        .  -  . 

and,  coofleqnently, 

.dm        dz      ^ 

integrating  agab,  and  denoting  by  7  a  third  arfaitmiy  vpmr 

tity,  there  retnlta 

Qfy  —'or  =r  7 ; 

wliich  thews  that  the  required  curre  is  one  of  single  cmatwe* 
and  comprised  in  a  plane  perpendicular  to  that  of  the  aics  ef  f 
and  2.  For  greater  simplicity,  let  the  plane  of  this  cunne  be 
assumed  to  be  that  of  the  axes  of  x  and  y,  we  shall  have  then 


anil  it  will  be  only  necessary  to  consider  the  first  equation  <  c  1. 
which  will  become(y') 


X£/y  =  a  y/dx^  4-  c/y*; 

hence  we  obtain 

.  adx  - 

vx'— a' 

It  only  now  remains  for  u§  to  integrate  this  formula,  which 
will  depend  on  the  form  of  the  function  x,  and  then  to  dr> 
termine  a  and  the  new  constant  arbitrar}*  introduced  by  thii 
intofrration,  from  the  condition  that  the  required  cunre  paaM« 
through  tlie  given  points  a  and  n. 

20 1 .  Before  we  proceed  farther,  let  us  tuppoie  that  t  ii 
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any  constant  whatever,  and  that  x-^cia  substituted  in  place 
of  X  in  the  preceding  formulae.     The  integral  u  will  become 


and  the  value  of  ^,  which  renders  this  function  a  minimumy  will 
be  furnished  by  the  equation 

.  _  (idx 

Now,  as  this  sum  of  the  integrals  that  u  represents,  is  a 
minimum^  for  all  the  curves  which  are  terminated  at  the  points 
A  and  B,  it  is  evident  that  the  first  integral 

will  be  a  minimum^  if  we  only  consider,  among  all  these 
curves,  those  which  answer  to  the  same  value  of  the  second 
integral. 

This  simple  remark  enables  us  to  extend  immediately  to 
problems  of  relative  maximasLud  minima^  the  solutions  of  pro- 
blems of  absolute  maxima  and  minima ;  in  the  sequel,  another 
instance  of  the  application  of  this  principle  will  occur.  As  in 
the  present  case,  the  second  integral  contained  in  u  is  the 
length  of  the  required  curve,  it  follows  that  by  means  of  equa- 
tion (e)  we  can  determine,  among  all  isoperimetrical  curves, 
that  for  which  the  first  integral  is  a  maximum  or  a  minimum. 
If  /  denotes  the  given  length,  common  to  all  these  curves,  we 
shall  have 


?y 


l  +  ^.dir  =  /; 


which  condition  will  be  satisfied  by  means  of  the  indeterminate 
constant  c,  that  has  been  introduced  into  the  formula  (e). 
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90S.  Let  OS  BOW  apply  formuls  (d)  to  the  cnnrs  of 
deseent. 

Since 

1 

3t=:    li , 


we  shall  hare 

being  substatated  in  plaee  of  !!.(/)•  NowytUsdi 


7S 

equation  is  that  of  a  cycloid  (No.  7S)  passing  thioogii  a,  (tht 
point  firom  whidi  the  moTeable  eoouneness  ita  Boliaa»)  tht 
base  being  horiaontsl  and  the  diameter  ofthegenei  ting  cant 
being  equal  to  a ;  which  establishes  what  waa  pwpeaai  U\$ 
pfoved  in  No.  198. 

By  integrating,  we  obtab(A^ 

y-.'=  4««c(co.  =  «z^)  -  v'.^.-.)-<.-.iF; 

a'  Ixnng  what  y  becomes  when  x  =:  a.  If  0' denotes  the  valor 
of  y  when  x  =  /B,  wc  shall  have 

/3'-a'=laarc(co8  =  ^:iM±*?J  .  v/a03-a)-0J-«)'. 

As  the  coordinates  a  and  aS  /3  and  /j',  of  the  points  a  wmi  a. 
are  given,  the  constant  a  can  be  determined  by  thb  last  cqas- 
tion  ;  and  then  the  preceding  value  of  y  will  not  contain  sav 
unknown  quantity. 

By  means  of  the  value  of  i/y,  we  obtain(r) 

.=  V^=-=^  = 

therefore  wc  shall  have  (No.  19A) 
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and,  consequently,  (A/) 

,/      h/o"        (  a-2/3  +  2o\ 

expresses  the  shortest  time  in  which  the  moveable  can  pass 
from  the  point  a  to  the  point  b. 

If  these  two  points  exist  in  the  same  vertical,  we  shall  have 
/3^  =  a^;  a  condition  which  can  be  satisfied  by  assuming  a = so  ; 
for  we  have(/') 


are 


( coss =-— ^ 1  =  arcl  sm=z2  — ^^- ^ — ^^ ^y> 


and,  when  a  =:  x ,  we  can  [substitute  this  arc  for  its  sine, 
which  reduces  the  preceding  value  of  /3'  —  a^  to  cypher ;  and  as 
at  the  same  time,  the  value  of  j^  becomes  equal  to  a'y  it  follows 
that  the  moveable  will  not  deviate  from  the  vertical  direction. 
The  value  of  t^  will  likewise  be  in  this  case 

ezz\/J^  2 V^« (/3  -  g)  -  (/3  -  fl)^  ^  ^2  O  -  g) 
2^'  «  "         Vg      ' 

which  is  in  &ct  the  time  that  the  moveable  takes  to  traverse  the 
height  /3  —  a,  in  descending  from  the  point  a  situated  above 
the  point  b. 

As  the  determination  of  the  line  of  quickest  descent  is  a 
problem  of  pure  curiosity,  we  have  restricted  ourselves  to  the 
consideration  of  the  simplest  case,  namely,  that  in  which  the 
motion  is  performed  in  a  vacuum,  the  extreme  points  being 
given.  If  these  points  a  and  b  are  not  fixed  and  given,  but 
only  subjected  to  exist  on  the  given  curves  dae  and  fbo,  or 
on  surfaces  that  are  given,  the  brachystochrone,  when  the 
motion  is  performed  in  a  vacuum,  will  still  be  a  cycloid,  and, 
by  means  of  the  rules  of  the  calculus  of  variations,  we  can  de- 
termine, in  all  these  cases,  the  coordinates  of  these  two  points. 
In  a  resisting  medium,  this  line  will  be  a  different  curve,  the 
differential  equation  of  which  may  be  obtained  by  the  rules  of 
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cftlcnlus ;  and  as  this  equation  depends  on  ika  taw  ef  At 
lesbtance  with  respect  to  the  Telocity  of  the  BM»¥eahle»  k  M> 
lows  that  the  cunre  most  be  different  fior  each  law. 

III.  lioHam  (m  a  gnfem  Sm^fiiee. 

SOS.  The  simple  pendnlmn  treated  of  hi  No,  lT9t  viU  <** 
nish  OS  with  an  example  of  the  motion  of  a  asaterial  point  ens 
pyen  sorfiice,  provided  we  suppose,  that  after  it  is  dmwn  est 
of  the  vertical  cb,  and  tnnsfenred  to  ca  (fig.  4S),  there  is  im- 
pressed on  it  a  velodty,  the  direction  of  which  does 
in  the  vertical  plane  ago.    The  pendulum  will  then 
from  this  plane,  and  the  material  pdnt  hf  which  it  is 
nated  will  move  on  the  surfiice  of  a  qihere  described 
the  pobt  c  asa  centre,  and  with  a  radios  equal  to  « Ike  leagll 
of  dus  pendulum*    The  pereusrion  that  the  asoveaUe  w9 
experience  at  the  commencement  of  the  nvitioni  as^  be  se* 
solved  into  two  forces,  the  one  acting  in  iheArectisa  of  ac,  et 
of  its  production,  and  which  will  be  destroyed  by  the  iisiitsmi 
of  the  fixed  point  c,  the  other  will  be  |>er{>ondicular  to  ic, 
and  will  produce  the  initial  velocity  of  the  pendulum*  whWh  «c 
shall  denote  by  A.    As  the  motion  is  supposed  to  be  performed 
in  a  vacuum,  the  gravity  is  the  only  given  accelerating  farcv 
that  acts  on  the  moveable. 

This  being  established,  let  cm  be  the  position  of  the  fvode- 

lum  at  the  end  of  the  time  /,  and  let  t.  y«  ;,  denote  the  rKtsn- 

gular  coonlinates  of  the  |>oint  m.     Likewise,  let  m  denote  thr 

mass  of  the  moveable,  and  ms  the   unknown   tenwa  of  thr 

threail  cm,  acting  in  the  direction  of  it«  proiiucticHi.     Il  the 

origin  of  the  coordinates  r,  y,  z,  be  at  c,  the  component*  «( 

the  accelerating  force  n  in  the  direction  of  their  pruducims 

will  Im^ 

jt         y         2 

a         a         a 
Now,  if  to  thi*  moveable  a  force  e(|uai  and  contrm  lo  ^. 
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be  applied,  we  may  abstract  altogether  fron^K^econsideration 
of  the  thread  cm,  and  consider  the  moveable  as  entirely  free; 
therefore,  if  we  suppose  that  the  axis  of  the  positive  zs  is  ver- 
tical,  and  its  direction  to  be  that  of  gravity,  the  three  equa- 
tions of  the  motion  will  be 


dPx    ,  X 

5?  +  5-^  =  <>- 


0) 


which  accord  with  equations  (3)  of  No.  151.  By  eliminating 
the  unknown  n,  they  will  be  reduced  to  two ;  and  these  com- 
bined  with  the  equation  of  the  sphere,  namely, 

will  furnish  us  with  three  equations,  by  means  of  which  Xy  y,  z, 
may  be  determined  in  fiinctions  of  t. 

204.  Multiplying  equations  (1)  by  x,  y,  z,  respectively,  and 
then  adding  them  together,  there  results 

xdPx  4-  ydPy  +  z(Pz  . 

-I-y  ^ +  Na  -  5^2:=  0. 

The  first  differential  of  the  equation  of  the  sphere  will  give  us 

xdx  +  ydy  +  zdz  =:  0,  (2) 

and  the  second 

xiPx  +  ycPy  +  zd^x  +  c£r*+  </y^  +  <&»  =  0. 

Hence,  if  i;  denotes  the  velocity  of  the  moveable^  at  the  end 
of  the  time  /,  so  that  we  may  have 

rfr»4,dya+rfr'_    ^ 

de 

there  will  re8ult(m') 


=  rS 


r*  ,  gz 
a       a 
2s 
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and,  in  iiict,  ttHi^poii  am  Mtitt  be  the  tom  of  the  uaUJfmil 

faee  ^  .«1  of  !!S!  the  component  of  U»  wdgkt  wfckk«.i 

in  the  diieetioii  of  the  ndiiit  cm. 

LikewiMi  if  equations  (1)  be  anltfptted  by  4i^  4^  ^ 
leepectively,  and  thm  added  together,  the  ankMnm  i|aaBlilj 
v  will  dinqq^ear,  in  Tirtue  of  equation  (8),  and  w  ahaU  hatt 

^r =  »«• 

If  thia  be  integrated,  we  obtdn 

!^±^±^=«#.+«.  (» 

b  denoting  a  constant  arUtrary.  As  the  initial  fnlue  of  Ae 
fiist  member  of  this  eqoation  b  X",  if  7  denotes  that  of «,  wf 
shall  have 

and,  at  any  instant  whatever, 

as  we  know  already. 

Finally,  if  the  first  equation  ( 1 )  be  multiplied  by  jr*  ^^ 
then  subtracted  from  the  second  multiplied  by  x,  we  obuin 

henccy  by  inte^pntingy  there  result!! 

xdy  -^ydxzzcdi^  \\\ 

c  denoting  a  constant  arbitrary. 

In  this  manner,  the  solution  of  the  problem  will  only  depcni 
on  the  three  differential  equations  (2),  (3),  (4),  which  are  all  «l 
the  first  order,  and  with  respect  to  the  first  of  these,  we  kno« 
already,  that  iu  integral  is  the  eciuation  of  the  sphere. 

We  can  separate  the  variables  and  reduce  the  quettioa  to 
quadratures  by  means  of  the  following  calculus. 
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205.  From  equation  (2)  we  obtain 

xdx  +  ydy  =:  »  zdz ; 

if  die  two  members  of  this  equation,  and  also  those  of  equation 
(4),  be  raised  to  the  square,  we  obtain,  by  adding  the  resulting 
equations  together, 

If  a'  —  2*  be  substituted  instead  of  «*+  y*,  andif  cti^+i^ 
be  eliminated  by  means  of  equation  (3),  we  shall  have 

hence  we  obtain 

adz 

dt  =  (S) 

v/(a»-;2«)(2^z  +  6)-c»  ^ 

Let  r  denote  the  radius  vector  of  the  projection  of  the  move- 
able on  the  horizontal  plane  of  the  axes  of  x  and  y,  and  yp  the 
angle  that  this  radius  makes  with  the  axis  of  x,  we  shall  have 

x  =  rcos;/^,     y  =  rsin;/*,    xdy  ^  ydx  =:  r^dxp ; 

and,  because  r^zz,c^^  ar^,  equation  (4)  will  become 

by  substituting  for  dt  its  preceding  value,  we  deduce 

d^  = ^     ^^^  (6) 

The  integ^rab  of  these  expressions  of  dt  and  d^jj  will  make 
known  the  values  of  t  and  i/^  in  functions  of  z,  they  may  be 
always  reduced  to  elliptic  functions,  and  cannot  be  obtained 
under  a  finite  form,  unless  the  quantity  of  the  third  degpree 
with  respect  to  Zy  contained  under  the  radical,  has  a  double 
fisurtor.  The  value  of  i//,  and  the  equation  of  the  sphere,  will  de- 
termine the  trcyectory  of  the  moveable,  and  the  value  of  ^  as  a 
function  of  z,  or  of  z  as  a  function  of  /,  will  then  malce  known 
the  position  of  the  moveable  on  this  curve,  at  each  instant. 
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The  omitantA  may  be  known  firom  tbe  given  qnBntitieetBBi7* 
The  constant  arUtiBriet  whidi  are  intfodoeed  by  the  inlif 
tionsof  ittandd^,  are  determined  by  the  oonditioiia  I  =  • 
^  ==  0,  when  ir  =  'y,  the  second  of  these  conditioiis, 
that  the  axis  of  X  exists  b  the  rertical  phme  acb*  fioos 
the  pendnlnm  commences  its  motion.  There  rsBaiBBi 
fixe,  only  the  constant  quantity  e  to  detcndDe.  Now,  m 
the  direction  of  tfy  the  Telocity  of  the  mofeaUe^  is  pupia 
dicnlar  to  cm,  tlie  radios  of  tlie  qihere  on  which  the  haif 
mores,  if  it  be  resolved  into  two,  one  pefpendBcnhr  la  At 
vertical  plane  mcb,  and  the  other  comprised  in  this  plaae,  tk 
first  component  will  be  the  vdodty  of  the  horisaBtal  pt^ 
jectiim  of  the  moveable,  perpendicnlar  to  its  radios  vector  r,coa- 
sequently,  if  it  be  represented  by  «,  we  shall  have  (No.  156) 

we  have  also  in  virtue  of  equation  (4XaO 

e  ^        r 


therefore,  iff  Hcnotesthe  angle  that  the  initial  velocity  k  nuit* 
with  the  iH*r[>en(licular  to  the  plane  acb,  im>  that  we  may  karr 
u^zkco^t  at  the  commencement  of  the  motion,  therr  wi-' 
re«ult 

r  =  A  \/a*  —  y*  COS  i. 

When  the  veh>city  k  is  cypher,    we   »hall  have  r  =  *V 

A  =  —  2</7,  and,  conMH|uently, 

adjg 
(it  =  "7        -=  —  — =£ ; 

this  exprcHHion  coincides  with  the  value  o(di  p^von  in  No.  In>^< 
iHMrause  a  ^  z  and  /i  ~  -^  are  uhat  have  lK*vn  denomiuatcti  a: 
and  a^i  in  that  value. 

2tM).   Let  UH  consider  the  cav*  in  which  the  |H*n')ulum  lu« 
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received  a  very  small  initial  velocity,  and,  therefore,  deviates 
very  little  from  the  vertical  cb.  If  the  direction  of  this  ve- 
locity be  horizontal,  it  will  be  perpendicular  to  the  plane  acb, 
and,  consequently,  we  shall  have  e  =  0.  Let  j3  denote  a  very 
small  fraction,  and  let 

Likewise  let  a  and  0  represent  the  angles  acb  and  mcb,  if 
their  fourth  powers  be  neglected,  we  shall  have 

and  formulae  (5)  and  (6)  will  become(o^ 


dt 


-  _  x/^  ^^^ 


dxp-- 


(a) 


The  angle  yp  will  make  known  the  position  of  the  vertical 
plane  mcb,  in  which  the  pendulum  exists  at  each  instant;  it 
evidently  may  increase  indefinitely.  The  angle  0  will  deter- 
mine also  at  each  instant,  the  position  of  the  pendulum  in  this 
variable  plane ;  it  is  considered  as  a  positive  quantity,  and  the 
positions  of  the  pendulum,  which  are  equidistant  fr(un  the 
vertical  cb  on  opposite  sides,  correspond  to  the  same  angle  0, 
and  to  values  oiyp  which  differ  from  each  other  by  180^. 

From  the  value  of  --^,  deduced  from  the  first  equation  (a), 

it  appears  that  the  angle  0  will  be  always  comprised  between 
the  limits  a  and  /3.  If  /3  =  a,  we  shall  have  0  always  =  a  ; 
if  equations  (a)  be  divided  the  one  by  the  other,  there  results, 
in  all  cases,  (/>')  ^ 

therefore,  when  0  =.  a  zz  ft,  wc  shall  have 


318  MonoH  ov  A  oifBir  somt acb« 


^=l\/i; 


consequoitly,  the  pendulum  will  tiien  deieiibe  vaikntif  tk 
•ur&ee  of  a  riglit  oooe  with  a  dreolar  baec^  and  dw 


of  an  entile  rerdutioii  will  be  Sv  V  -;(90  thalii  toaajr^tht 

9 


l/?;( 


•ame  at  the  time  of  a  double  oecillation  in  the  MrtienI 
AOB.  Thus,  two  pendulums  having  the  eame  le^gith  m 
whidi  depart  together  from  the  tame  line  CAt  theeae  wi 
any  inidal  velocity,  the  other  with  a  Telodty  perpendMlv 
to  the  phne  acb  and  equal  to  m  ^gi^  wiD  teton  aftv  the 
lapse  of  the  fame  timoj  to  thia  line  CA« 

SOT.  The  value  ofift  may  be  ezpretied  under  the  feUovim 
form, 

<ft  =  —  S  \^ 

^  yV^(a'-^V-(8**-«*- W 

and  i^  for  greater  rimplidty,  we  make 

the  radical  becomes  ±  (a*—  0^  V'l  — x";  and  there  mulls 


rf/=q:JV^ 


dx 


Since  0  =  a,  and  x  =  1,  when  <  =  0,  we  obtain  froaa  ikii 


^=±4V^ 


\  Y  -arc (cos  =  x), 
9 


and  conversely, 

jr  =  cos2/\/i. 

a 

Therefore,  at  any  inntant  whatever,  wc  shall  have 

(P=  i(a'  +  *3')  ^-  l(a'-^3')COs2l  \/i. 
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which  shews  that  the  oscillations  of  the  pendulum,  of  which 
the  two  extremities  correspond  to  0  =  a  and  0  =  /3j  in  the  va- 
riable plane  mcb,  will  be  isochronous,  and  their  duration  will 

be  i  IT  ^  .,  which  is  equal  to  half  the  time  of  an  oscillation 

in  the  fixed(r^  plane  acb.  Substituting  this  value  of  O'  in 
equation  (b),  and  observing  that 

cos  2<  \/5  =  co8»  <  l/i  -  8in«  «  \/i, 
a  CL  u 

there  results 

^  i« cos« ^ V/-+  /3*8in«^ V/* * 


a 


and,  because  \//  =  0  when  ^  =  0,  we  infer(^') 

otang.i//i=/3tang^  V|. 

This  being  the  case,  the  motion  of  the  plane  mcb  will  be 
no  longer  uniform  as  when  a  =  /3 ;  but  it  is  evident  that  this 
plane  will  perform  successively  the  four  quarters  of  its  entire 
revolution,  in  times  respectively  equal  to  each  other  and  to 

i  jc  V  '  9  which  is  half  the  time  in  which  an  oscillation  is 

9 
performed  in  this  variable  plane. 

From  this  last  equation  we  deduce 

a^cos'^i/^ 


a*co9't\/l  +  P*an*t  \/l 


we  have  also 
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Ji*  —  («'  —  2*)  coi'  1^  =  a'  0*  eoi'  1^ 

bjr  labslitutliif;  for  <  ita  npproximatv  ralui- ;  thcntorvt  wet 

0»  =  a*  000*  r  t/i  +  3'  tb*  /  \/? 
a  a' 

wc  obtain 

J*  =  o*<i*  ccw*  ^,     p*  =  a*  ^  tta'  4^ 
unci,  coii«c<iuentl]r>(t)) 

bence  il  nppews,  that  tiie  tnj«ctory  of  the  projedioii  U  tW 
moveable  on  the  borizootnl  pLono  ponjni^  throoi^h  the  patat  c, 
is  an  ellipse  which  has  its  ocnire  tn  this  point,  and  one  «f  i> 
ues  iu  the  plane  acd,  from  wlilch  the  pendulum  c 
Its  motion  with  a  velocity,  the  directioa  of  which  b  | 
cular  to  this  plane. 


\ 


CHAPTER  VI. 


EXAMPLES  OF  THE  MOTION  OF  A  BODY  ALTOGETHER  FREE. 

1.  Motion  o/ Projectiles. 

208.  The  theory  of  projectiles,  which  are  discharged  by 
artillery  with  great  velocity,  and  are  at  the  same  time  sub- 
jected to  the  action  of  gravity,  and  also  to  the  resistance  of 
the  air,  will  constitute  the  subject  matter  of  this  section. 

In  the  first  place,  let  us  abstract  from  the  consideration  of 
this  resistance,  and  let  us  consider  the  motion  of  a  heavy  ma- 
terial point  which  moves  from  the  point  o  (fig.  48),  with  a 
velocity  a  in  the  direction  of  the  line  oa.  It  is  evident,  that 
the  moveable  will  not  deviate  from  the  vertical  plane  passing 
through(a)  this  line.  Let  omd  be  its  trajectory  in  this  plane, 
to  which  OA  will  be  a  tangent.  If  in  this  same  plane,  two  axes 
be  drawn,  the  one  horizontal  and  the  other  vertical  and  di- 
rected from  the  horizon,  these  axes  may  be  taken  for  those 
of  the  coordinates,  and  at  the  end  of  any  time,  such  as  tj  let 
M  be  the  position  of  the  moveable,  x  its  absciss  op,  and  y  its 
ordinate  pm,  then  if  a  denotes  the  acute  angle  aox,  which 
the  direction  of  the  initial  velocity  a  makes  with  the  axis  ox, 
its  components  will  be,  a  cos  a  in  the  direction  of  this  axis, 
and  a  sin  a  in  the  direction  of  the  axis  o^ ;  the  angle  a  will 
be  negative,  if  the  right  line  oa  falls  below  oo;. 

From  what  has  been  established  in  No.  148,  it  is  evident 
that  the  motions  of  the  projections  of  the  moveable  on  the  two 
axes  ox  and  oy  will  be  independent  of  each  other ;.  the  mo- 
tion of  its  horizontal  projection  will  be  therefore  uniform,  and 

2t 
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equal  to  the  Telodty  a  ooso,  and  at  that  of  ita  vertical 
jection  arises  from  the  initial  Telodty  erdna,  and  bon  f  tkt 
eonstantferceofgrarity  acting  in  an  oppodte iBiectioala tlii 
velocity,  we  shall  consequently  have 

dpzzla.cosof    y::rla.sia«  — 1^; 

eliminating  i  between  these  equations;  and  sobatitiiti^  ^%i 
for  Oy  (A  being  the  height  throng  whidi  the  moreahk  mm 
fidl  to  acqnire  the  velodty  a)  there  will  rseolt 

tofr  the  equation  of  the  tnjectory. 

Therefore,  this  cunre  is  a  parabola»  ofwUkh  dm  aiis  h 

Titled;  it.  «mmut  det«iiiin.d  bj  th.  eqiiilk.  ^»^|.fe 

eoordinates(6) 

«  =  SAcos«nn«,    yssAdn'e; 

and  it  meets  the  axis  ox  in  a  second  pobt  b,  which  bobcamsl 
by  making  y  =  0  in  the  equation  of  the  cunre,  hence,  if  i 
denotes  the  distance  on,  we  obtain 

b  zz  4  A  sin  a  cos  a  =  2Asin2«. 

This  distance  b  is  called  the  amplitude  qf  ike  proftrtiem. 
If  the  motion  is  performed  in  a  vacuum,  it  ts  a  aMLnmirai,  wke 
m  zz  45^ ;  in  this  case  it  is  equal  to  2A,  or  to  twice  the  hcifht 
through  which  the  body  must  fail  to  acquire  the  initial  ve» 
locity. 

Naming  r  the  velocity  of  the  moveable  at  the  end  of  tW 
time  /»  we  shall  obtain,  by  substituting  the  diflerentiab  of  tW 
preceding  values  of  x  and  y  in  the  cquation(r) 

'^  -      rf/*      ' 
r»  so'—  iatil  Mn  «  +  p*t^. 
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As  t^  the  time  which  the  moveable  employs  to  reach  the 

point  B,  while  describing  the  curve  ocb,  is  the  same  as  it  takes 

to  describe  the  line  ob  with  the  velocity  a  cos  a,  we  must 

consequently  have 

b  4  A  sin  a 


/  = 


acosa 


a" 


and  since  hzz  r^-.  there  results  at  ^  2asin a;  hence  we  have 

2g 

v^=z  d^;  therefore  the  velocity  of  the  moveable  in  this  point 
B,  is  the  the  same  as  at  the  point  o,  its  direction  is  along  the 
tangent  be,  and  ebx,  the  angle  which  the  direction  of  the 
moveable  makes  in  its  descent  with  ob,  is  the  same  as  Aoar> 
the  angle  of  projection.  If  the  moveable,  instead  of  being  a 
material  point,  be  a  solid  body  of  any  form  and  dimensions 
whatever,  it  will  be  shewn  in  a  subsequent  chapter,  that  these 
equations  of  parabolic  motion  ought  to  be  referred  to  its  centre 
of  gravity. 

209.  The  velocity  a  being  g^ven,  if  it  were  required  to  de- 
termine the  angle  a  such,  that  the  moveable  may  reach  a  de- 
terminate point,  of  which  the  coordinates  are  x  =  j3,  y  =  y, 
these  values  should  be  substituted  in  the  equation  of  the  tra- 
jectory, and  we  shall  have  by  this  means, 

7  =  /3tanga—  . .  '^    ^    > 
'      ^       °         4  A.  cos' a 

to  determine  a.     By  making, 

tango=:z,     cos^a=  ^.^u 

this  equation  becomes 

4Ay  +  ^^-4A/3z  +  i3^^^=0; 
hence  we  obtain 


2A  .    1 


z=^-±i/4A»-4Ay-^^ 

As  there  are  two  values  of  z  or  tang  a  furnished  by  thiji 
equation,  it  follows  that  when  4  A' is  greater  than  4Ay  +  ^\ 
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the  proposed  object  will  be  struck,  if  the  elevation  of  tbe  piv- 
jectile  be  either  of  the  two  angles  which  are  dedueed  inm 
this  equation ;  if  the  radical  part  of  this  equation  ▼aniahfs»  tke 
two  values  of  z  arc  equal,  and  these  two  directioiis  coincUt; 
and  when  the  radical  part  b  impossible,  in  which  case  4A'  b 
less  than  4hy  +j3%  tbe  mark  cannot  be  reached  andcr  aaj 
direction  whatever. 

Hence,  if  in  the  vertical  plane  which  pastes  throng  tke 
initial  direction  of  the  moveable((/),  a  parabola  be  described  of 
which  the  equation  is 

this  curve  will  divide  the  plane  into  two  parts  such,  tbat  m 
mark  without  this  curve  and  in  the  vertical  plane  can  be  strack 
by  a  body  projected  with  the  given  velocity,  while  bf  al 
points  which  lie  within  this  curve,  there  are  two  different  d^ 
rections,  along  either  of  which,  if  the  body  be  projected,  itwX 
reach  the  mark  ;  and  if  the  object  to  be  struck  exi»t  on  tkii 
parabola  itself,  there  is  only  one  elevation  at  uhich  tbt^  pr^>^ 
jectile  can  he  discharged  to  reach  the  mark. 

'J  10.  It  appears  from  what  has  been  *»tated  in  ihc  iut»  pn> 
ceiling  nuinher**,  that  the  theory  of  the  motion  of  pr\>jtv^;lr* 
would  bo  extremely  >iinple,  it  the  rt*sislantv  which  th«*  x.* 
opposes  to  their  motion  could  be  neglected  ;  hut  when  th<*i^ 
locity  is  very  great,  as  in  the  casi*s  which  we  ate  (KirticuLir^ 
concerned  witli,  this  force  is  too  considenihle  not  to  li^r  uktz 
into  account;  in  tact,  as  we  shall  presently  sot»,  it  char*^t^ 
altogether  both  the  form  of  the  trajectory,  and  the  law  t^  .*• 
motion  on  this  curve. 

It  will  be  proveil  in  a  Huhsetpient  chapter,  that  whAtc«r: 
l>e  till'  torm  an<l  dimensions  of  the  projei*liU\  it*  ctnl.t  »i 
gravit)  will  havi*  the  siime  motion,  as  u  heavy  nuitcrtjL  }***: 
w  lioHo  nia*»s  is  inpial  to  that  of  the  moveable,  the  dinvtion  xr*: 
magnituile  of  the  initial  vehnity  Inking  the  same  in  l^^th,  an«:  t- 
which  besidfH  are  applieii,  parallel  to  the  dirtvtion*  in  mh^i 
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they  act,  the  forces,  which,  arising  from  the  friction  and  the 
resistance  of  the  air,  act  on  the  sur&ce  of  this  solid  body.  It 
will  likewise  be  shewn,  that  the  motive  force  which  results 
from  these  resistances,  when  transferred  to  the  centre  of  gra- 
vity, may  sometimes  cause  this  point  to  deviate  from  the  ver- 
tical plane  passing  through  the  direction  of  the  initial  velocity ; 
but  here  we  suppose  that  this  is  not  the  case,  and  that  the  motive 
force  in  question  acts  always  in  the  direction  of  a  tangent  to 
the  trajectory  described  by  the  centre  of  gravity. 

This  being  established,  in  order  to  obtain  the  equations  of 
its  motion,  let  the  preceding  notations  be  retained,  and  let  them 
be  supposed  to  refer  to  figure  49,  in  which  the  trajectory  omd 
is  no  longer  to  be  considered  a  parabola.  Let  s  be  the  arc  om 
described  by  the  moveable  at  the  end  of  the  time  ^,  and  let  r 
denote  the  motive  force  arising  from  the  resistance  of  the  air, 
and  which  acts  in  the  direction  of  the  part  mt  of  the  tangent 
at  M.  The  cosines  of  the  angles  which  this  line  mt  makes 
with  the  axis  drawn  through  the  point  m  in  the  directions  of  the 

positive  X8  and  ys,  will  be  —  •^,  —  -^;  therefore,  if  m  denotes 

the  mass  of  the  projectile  and  g  the  gravity, 

d^x  _       R  cte     dPy  _  R  dy 

le^^mls'    1?  "^ '^  ^ '^  mis' 

will  be  the  equations  of  the  motion  of  its  centre  of  g^vity. 

Let  this  projectile  be  an  homogeneous  sphere,  or  one  com- 
posed of  concentrical  strata  each  of  which  will  be  homogeneous, 
then  if  its  mean  density  be  denoted  by  d,  and  its  radius  by  r, 

we  shall  have 

47rDr* 

»,  =  -^. 

Likewise  if  we  suppose,  agreeably  to  the  hypotheses  which 
are  generally  admitted,  that  the  force  R  is  proportional  to  the 
square  of  the  velocity  of  the  centre  of  gravity,  to  the  surface  of 
the  projectile,  and  to  the  density  of  the  air,  there  results(e) 
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fi  heiag  this  density,  and  n  a  numerical  tador  to  be  d 

by  expcrimont.     This  cspresMon  utisfiei  the  con«£doB  « 

iMMM^eoei^  of  the  qtw>nririe%  far  -  ami  ih*  lado  o^p  ton 

are  two  qwaititiM  of  Aewi ■■!■»■■/ lh«gwwk|,tMi<fci 
beton  •  end  £  are  abebacfc  qpi^pii.    For  fi|j|lK  mmm- 


*  wtlutiBarbeaUiMoragiTCa  lMg|tfc,«U>^«haw4> 

iwt  take  into  aecoant  the  duuige  etinmitf  «f  Ih*  himb  af  i^ 
tiavened  by  the  pr(;}ecdle,  nmj  bo  e 

til.  ByiahatitirtiiiKfaipbaaflf- 
eqnadons  of  motion  beeoine(/) 


dt'dl' 


3?  +  -^S+'=«-  I 

Tbe  inU!gral  of  the  firat  i* 

—  =  a  COS  mr^, 

for  —  =  a  cos  fl)  at  the  point  o  where  «  =  O,  wtd  *  it  the  !■• 

of  the  Napcrian  system  of  logarithms.  As  the  (mm  of  iht 
second  equation  differs  from  tlie  fint  only  in  ita  laat  ten^  •* 
may  assume,  in  order  to  \a%tfnA*(<g), 

di_    dx 

di~'dt'' 

p  haag  a  new  unluiowo.     If  w«  sabatitMe  lUi  v^h  if 


V 
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dy 

-^  in  the  second  equation  (1),   we  obtain,  by  taking  into 

account  the  first(A), 

dx  dp  ^ 

If  the  members  of  this  equation  be  respectively  divided  by 

dx 
the  square  of  -^,  and  its  valuegives  above,  there  will  result 


dp      dx  ^  g 

dt   '    di^       a*  cos*  a 


c«**. 


If  y  and  p  be  regarded  as  functions  of  Xj  we  shall  have 

^dy      dx  ^dy     dp      dx  ^dp  ^ 
^''Tt'^Tt'^dx*    li'^'dt'^di' 

therefore,  if  we  substitute  2gh  for  a',  the  preceding  equation 
will  become 

dx"      2Acos»a        '  ^^ 

and  this  will  be  the  differential  equation  of  the  trajectory. 
Since 


v/l  +  p^.dx:=idsj 

if  each  member  of  the  preceding  equation  be  multiplied  by 
these  quantities  respectively,  we  shall  obtain 

x/T+p.dpzz-^-^rj;^^''^^^; 
^      ^  2  A  cos*  a 

hence,  if  we  integ^te  and  denote  the  constant  arbitrary  by  y, 
there  results 

p  V^H^'+log(p  +  /T+?)=7-2^^^  (3) 

In  order  to  determine  7,  let  «  =  0  and  p  =  tang  a  at  the  same 
time ;  this  gives 
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y=2^j^^^+tangav^l  +tang*«+logr(tanga+  •l+UJig'«»: 

however  it  is  better  to  retain  y  in  place  of  thn  value,  »i  it  i« 
a  more  concise  expression. 

From  the  preceding  equations,  we  obtain(f ) 

£/jr  =  —  2A  cos'  a  e~^^  dp^     dy  =p  dx^    gdf  zz  ^  dxdp. 

Hence,  if  the  exponential  hm  eliminated  by  means  of  eqat^ 

tion  (3),  there  will  result 

rAr=— = ^ ..r^ .        1 


pV\+p'  +  \og{p^y/\+p')^y 


cdy  =  ■'■■■ ^--^- ,         I      4» 

py/l+p^+log(p+y/\+p^^y         j 

v/^.rf/  = , -^^ =-r. 

[Y-pv/l+p'-^logO^+^/l+p*)]*       J 

formulas  which  cannot  be  integrated  under  a  finite 
the  last,  the  radical  should  be  considered  as  a  ponitiTe 

tity,  because  the  angfle  of  which  p  is  the  tangent,  diniint^^^ 
when  the  time  increases. 

212.  Naminjj^  w  this  anj^le,  that  is  to  say,  the  indiruti^n 
MTxof  tlie  tani;ent  to  the  trajectory,  on  the  horizontal  a.\i%i  :, 
we  shall  have 

-  if  to 

p  =  tantr  «^,     dp  ^  -    ,—  . 

The  values  ot  j,  y,  ty  (le«luce(l  from  equatituis  (4u  mill  '*< 
of  the  form  jQ</(i> ;  the  inte^rral  heinij  taken,  m>  that  it  m.- 
vanish  at  the  point  n  where  w  rr  a,  an<i  12  tienotini^  a  jp'*  ' 
function  of  w.  Thesi^  three  valuer  shoulti  Ik*  calcuUtoi  i«  * 
each  point  M,  by  the  method  of  ipiadniture^  (  N«».  \J>  \.  In  ;.'. "» 
manner,  the  trajectory  can  In*  conHtructi»<l  by  |>«>int%,  ami  f  t^• 
time  that  the  moveable  takes  to  ileHcrilH*  %»ach  arc  o«,  - ' 
which  the  lenijth  a  is  ^iven  l»y  e(|uation  (3).  uili  Ik*  k:u»«n 

To  lietermine  the  velocity  of  the  moveable  at  thr  j»»»lr!  w. 
we  have  k  ) 
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^'=('+P')§  =  9'{l+p'/£r 


and,  consequently, 


9(l+P') 


If  these  integrals  be  extended  to  oi  =  0,  the  abscissa  and 
ordinate  of  c,  the  most  elevated  point  of  the  trajectory,  can  be 
obtained.  Then  by  assigning  to  w  negative  values,  the  points 
of  the  descending  branch  cbd  of  the  trajectory  can  be  deter- 
mined. When  we  arrive  at  a  value,  such  as  —  a\  of  m,  for  which 
y  the  ordinate  of  the  trajectory  vanishes,  the  corresponding 
value  of  X  will  be  equal  to  ob  the  amplitude  of  the  projection ; 
which  will  be  no  longer,  as  in  the  case  of  a  vacuum,  double  of 
the  ordinate  of  the  point  c  when  it  is  a  maximum ;  in  fact  a  is 
then  equal  to  an  angle  less  than  45^,  and  depending  on  the 
magnitude  of  the  initial  velocity.  The  angle  a^  or  ebx,  and 
the  velocity  at  the  point  b  will  likewise  differ  from  a  and  a. 

Thus  it  appears,  that  all  the  circumstances  of  the  motion 
will  be  known,  and  the  problem  completely  resolved,  when 
the  values  of  the  three  constant  quantities  A,  a,  c,  contained 
in  the  preceding  formulae,  are  given ;  however  the  numerical 
calculations  which  must  be  performed  in  each  particular  case, 
are  extremely  tedious. 

213.  The  motion  of  the  projectile  on  the  descending  branch 
of  the  trajectory,  continually  tends  to  become  vertical  and 
uniform ;  in  fact,  if  we  transfer  the  origin  of  the  coordinates 
to  c  the  summit  of  the  curve  (fig.  50)  by  making 

a:  =  x,  4-  a/,     y  =  y,  —  /,     t  =  ii  +  t'; 

then  x'j  y'y  are  the  abscissa  and  ordinate  of  any  point  m'  of  the 
descending  branch,  referred  to  the  horizontal  axis  co/,  and  to 
the  axis  cy\  which  is  drawn  in  the  direction  of  gravity,  and  t' 
denotes  the  time  employed  in  describing  the  arc  cm^  Like- 
wise if//  represents  the  tangent  of  the  angle  vl't*x\  which  the 

2  u 
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tangent  to  tbv  t 


c  nt  Ki',  make*  whit  llic  a\i*  ex',  mtd 


-—P* 


and  bt-cniisr 

Ing  (  VTTT^ -;,')=- log  (p-^.  V/T+T^ 
th«  fint  equation  (4)  will  becoiMr 

in  wUcb  r*  denote*,  for  coneiMons, 

T+/'Vl  +  /.''  +  log(/  +  /l+/^. 
A*  tho  acute  angle  mV^  contintnlljr  ■ppmiJr— In 
right  angle,  the  rariable  |>'  wilt  inCTrne  tnilpfinibdy ;  bat  tft* 
will  not  be  the  aae  with  reapect  to  x'.   Vfhwa  p'  m  very  jpi^ 
tre  ctin  «iibni(tite  p'  inpWc  of  V^l  +/r^,  and  then  try^rl^H 
b*'  nogI('CI<il  with  n'*pi*ct  lo  j/*,  wi»  •hall  har<-()*)  ^^M 

p'=p^  +  lIogp^, 

or  Kimply  p'  =  />^,  since  the  logarithm  of  a  veiy  gmt  4pa*> 
tity  p"*,  and,  djbriiori,  J  log//*,  is  very  mtall  with  mpirt 
to  this  quantity,  therefore,  for  these  values  of  pf,  w*  iWt 
have 

If  this  equation  be  integrated  there  will  result 


c  being  an  arbilrary  contlant;  and  from  this  iaiegral  M  if- 
pears,  that  the  values  of  r'  do  not  increaa*  iadefinilcly  «iA 
those  of /i*.     This  being  the  cim,  if 


'=im' 


\ 
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q  will  be  a  line  of  finite  magnitude,  which  can  be  calculated 
by  the  method  of  quadratures ;  and  if  we  take  on  ex'  a  part  ca 
equal  to  this  line,  the  vertical  ab  drawn  through  this  point 
will  be  an  asymptote  of  the  part  cd  of  the  trajectory ;  so  that 
the  motion  of  the  projectile  on  this  descending  branch  ap- 
proaches indefinitely  the  vertical  direction.  It  may  also  be 
observed,  that  when  the  values  of//  are  very  great,-  the  two 
last  equations  (4)  become 

consequently,  there  results 

de     ^  ? 

hence  it  appears,  that  when  the  final  and  vertical  motion  of 
the  projectile  becomes  uniform,  the  velocity  of  this  motion  will 
be  that  which  a  heavy  body  acquires  in  falling  through  a  height 

equal  to  — ,  in  a  vacuum ;  this  is  also  evident  from  formula 
^  c 

(5),  by  substituting  —  p'  in  place  of  p,  and  then  considering 

//  as  a  very  great  quantity  (w). 

If  in  the  first  equation  (4)  we  make 

and,  for  conciseness, 

[^  —  tan  o  y'  1  ^.  tang*w — log( tango  +  l/l-Htan*a>)]cos'to»=:  --, 

we  shall  obtain 


*'  =  \y 


Q,d(o^ 


for  the  abscissa  of  the  point  c.     If,  therefore,  we  take  on  ox 
(fig.  49)  a  point  f,  such  that 

OF  =z  X,  +  qy 

the  vertical  fg,  drawn  through  this  point  f,  will  be  the  asymp- 
tote of  the  descending  branch  of  the  trajectory. 
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214.  Let  ON  be  the  production  of  the  tnyeeloffj  oc»;  o 
being  the  point  from  which  the  prcjectile  i^«i—Tff  to  awvcb 
the  motion  of  the  projectile  will  not  take  place  in  tUt  part  «f 
the  cnnre ;  bnt,  notwithstanding,  we  may  with  to  know  in 
form.  Now,  if  it  be  constructed  by  points  by  ascaaa  ef  tkt 
two  first  formula  (4),  taking  care  that  the  Talues  of  ^  an  p^ 
sitive  and  greater  than  tango,  it  is  easy  to  be  aaaured  tkaiii 
also  has  an  asymptote,  which  howcTer  is  not  verticalt  aa  in  tkt 
case  of  the  descending  branch. 

For  this  purpose,  we  may  obtenre  that  it  appears  fnm  At 
ralue  oty  of  No.  21 1,  there  is  always  given  an  acote  aagit  ^ 
greater  than  o,  which  u  such,  that  pstang^  readers  tkt 
common  denominator  of  these  two  formulm  cypher,  that  ii  •• 
say,  an  angle  /3  which  satisfies  the  equation 

y-tang^/l  +  tang'/3-log(tang0+V^T+u5i^)s«.  (•) 

This  being  so,  it  appears  from  the  value  of  4p  dcJoeed 
rither  of  the  two  first  equations  (4),  that  though  the 

X  and  ordinate  y  increase  indefinitely  (ab^traciini^  from  the 

si^n),  in  this  |)art  on  of  the  curve,  the  quantity  p  cw^r^  to  ii^ 

crease,  when  the  dirterence  In'twiH^n  it  and  tan^^  /3  i«  infinilcl) 

small,  so  that  p  can  never  pas<,   nor  even  rigorously  attdua  to 

the  value  p  zz  tang  fi ;  this  indicates,  that  the  branch  of  the 

curve  ON  has  an  a<ym|)tote,  which  intersi^ct:^  the  axi^  tvrvkrs 

proiluced,  in  an  an^^^le  e(}ual  to  /3 ;  and  its  di<(tance  frt>a  the 

point  o  may  he  determiniMl  in  the  following  manner :  \ei  sa 

axis  be  drawn  through  the  |M)int  o,  which  may  make  with  the 

pro<luction  of  ox,  an  angle  e<iual  to  the  complement  of  ^^  S9d 

which  is,  constHjuently,  iK^riK'ndicular  to  the  asymptote  i4'o« 

Let  u  denote  the  al>Hi*issa  of  any  |M»int  of  the  curve,  rvvkcmin^ 

from  the  point  o  on  this  axis;  as  the  ctntnlinate^  of  this  {vtnc 

with  rt«<i|H*ct  to  the  axes  ox  and  oy  are  always  x  aini  v»  «e 

fihall  have 

w  =:  y  .  cos/j  —  X  Mn^i. 

By  taking  the  ditTerentiul  of  this  exprr^jon,  and  h\ 
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stituting  for  dx  and  dy  their  values  furnished  by  the  two  equa- 
tions (4),  we  shall  obtain 

^j^_,  (tang /3-p)  cos /3.df;?  _ 

(7-/>/l  +P')  -  log(/>  +  /1  +p')  ' 

in  this  formula,  values  should  be  assigned  to  p  greater  or  less 
than  tanga,  according  as  the  point  in  question  is  on  the  part 
0N9  or  on  the  part  cm  of  the  curve.  If  from  its  denominator 
the  first  member  of  equation  (6)  be  taken,  and  if,  moreover, 
we  make 

p  =  tang  wy    dp  =  — s— ; 

and,  for  conciseness, 


tang/3\/l  +  tang^/3  +  log(tang/3  +  \/l+  tang«/3 
—  tangcii  v^  1  +  tang^oi  —  log  (tang  w  +  \/ 1  +  tang^cu)  =z  u, 

there  will  result 

-   _  (tang /3  ^  tang  (ii)  cos /3c/ai 


CV  COS^Cil 


Now,  if  we  assume 


_  cos/3  r/3  (tang /3— tang  (o)fl?(o 
"     c     Ja  ucos'w 

r  will  be  a  line  of  a  finite  magnitude,  which  can  be  calculated 
by  the  method  of  quadratures,  and  it  will  express  the  value  of 
u  with  respect  to  the  asymptote  of  on,  that  is  to  say,  the 
length  of  the  perpendicular  let  fall  from  the  point  o  on  this 
line ;  which  was  required  to  be  determined.  The  equation  of 
this  asymptotic  line  will  be 

tt  cos  /3  —  x  sin/3  =  r ; 

so  that  if  on  the  production  of  ox  a  point  h  be  so  taken,  that 

we  may  have 

r 

OH  =  -r— 3; 

smp 

the  asymptote  of  the  branch  on  will  be  the  line  hk,  drawn 
through  the  point  h,  and  making  with  ox  produced,  an  angle 
KHO  the  supplement  of  /3.     The  two  asymptotes  fg  and  hk, 
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produced  above  the  axis  ox,  will  meet  in  a  point  L,ao  thailkt 

entire  curve  will  be  comprised  within  the  aii|^  klo,  tWeos* 

plement  of  ^,  the  angle  that  was  determined  by  oqnalMMi  (€). 

210.  Whoi  OAX  or  a  the  angle  of  projection  b  vcfy 

(fig.  01),  the  height  of  the  projectile  above  the  horiaontal 

oXi  drawn  through  the  point  from  whence  it  wm 

is  inconsiderable.    Now,  in  this  case,  we  can  obtain  1^  an 

approximation  that  is  sufficiently  accurate,  tiie  cqnndon  in  m 

and  y  of  the  part  oca  of  the  trajectory,  that  is  ailoatcd  aboft 

ox ;  and  we  can  even  extend  this  equadoo  to  a  point  n,  Ae 

distance  of  which  from  thb  axis  b  not  very  great.     In  fret,  is 

all  this  part  oca,  or  even  oco  of  the  trajectory,  tlm  tangfnl  ts 

thb  curve  will  be  very  nearly  horixontal,  and  the  quantity  p 

will  be  very  small ;  therefore,  if  the  square  of  j>  be  ncglcdci* 

we  shall  have 

ds  s  dXf    #  s  X, 

and  equation  (2)  will  become 

dx       dx^  2/4cub'a 

By  integrating  twice  successively,  and  determining  th^  vW 

trary  constants,  so  that  we  may  have  -j-  =:  tang  a  and  y  =  0. 
when  X  =  0,  we  obtain  (/>) 


2^ 

cus'a 


yzzx  tanga  -  _^_^(eV-  -  2«  -  l). 


for  the  approximate  equation  of  the  trajectory  ;  which  wa.«  pro> 
|K>setl  to  be  deteruiineci.      If  the  ez|M>nential  that  it  c^Hitax£« 
Ihs  develo|KMl,  this  tHjuation  becomes  by  nnlucing  and  thrs 
making  r  =  0,  the  exact  tMjuation  of  this  curve  in  a  racuuai. 
From  the  ecjuation  «/«//^  =  —  dxtlp  of  Ni»,  *1\%  cvsiparvd 

with  the  preceding  value  of  y-,  we  can  infer  (y) 

1 

d(  = .  <"  dx, 

\^*ltjk  coso 
and,  consequently, 
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^=  =L .(gcx^l). 

by  means  of  which,  the  time  t  that  the  moveable  takes  to  tra- 
verse OM,  any  portion  of  the  curve  ocd,  can  be  determined. 

216.  If  we  suppose  that  the  projectile  falls  on  the  ground 
at  a  point  d,  and  if  X  denotes  the  depression  of  this  point  below 
the  horizontal  plane  drawn  through  the  point  o,  or  dq  the  per- 
pendicular to  the  axis  ox ;  also,  if  /  be  the  distance  OQ,  and  r 
the  time  employed  to  go  from  the  point  o  to  the  point  d,  we 
shall  have,  at  the  same  time, 

and,  for  greater  simplicity,  by  substituting  unity  for  cos'a, 
in  the  preceding  formulae,  there  will  result 

8c'A(X  +  /tang  a)  =  c^'..2c/-.l,         1 

, \         (a) 

rcv/2£^A  =  c^— 1.  J  ^ 

When,  therefore,  the  two  constants  A  and  c  are  given,  and 
the  angle  a,  and  X  the  elevation  of  the  point  o  above  the 
ground,  are  measured,  these  equations  will  make  known  the 
horizontal  range  /,  and  r  the  time  in  which  the  projectile  de- 
scribes this  range.  Conversely,  when  a,  X,  /,  r,  are  known  by 
direct  measurement,  these  equations  will  enable  us  to  deter- 
mine c  the  coefficient  of  the  resistance,  and  A  the  height  due  to 
the  initial  velocity.     If  A  be  eliminated,  we  obtain 

4(X-f /tanga)  (e^'-  l)^  =  ^r'  (e'^'-2c/-  1)  ; 

an  equation  from  which  the  value  of  c  may  be  deduced,  and 
then  one  of  the  two  preceding  will  immediately  give  the  value 
of  A. 

There  still  exists  some  uncertainty  respecting  the  magni- 
tudes of  the  ranges  and  of  the  initial  velocities.  According  to 
Lombard,  for  a  twenty-four  pounder,  of  which  the  charge  is  a 
third  of  the  weight  of  the  bullet,  the  initial  velocity  is  about 
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468  BetTM  for  each  »>-c<iri<l ;  mni  for  A  (wi>lr«-pouiMlerj  ^ 
which  the  oblige  b  klM  a  Uurd  of  tbe  might  rf  tW  pv^MAfc 
tlui  vriocitj  amoonli  to  494  nwtnt.  AeoanS^  to  ihmmma 
■utbor,  th«  eenrnfoofiiag  nagm  idadn  to  X  » 1^  an  1W 
netiM  in  Uw  flnt  oaw,  ■  bong  wppoMd  =  1*  10^  4^,  hI 
660  metrca  ia  the  Moond  cmo,  in  wUeh  wt  wiffam  AM 
■  =1"S'36'. 

In  plaee  of  the  time  r,  we  my  eBj>!iiy  Tm  the  dcwm- 
mtioa  of  A  ande,  aaeeoiid  cai^  (tf  the  urae  cannan  «i  e^ 
fennt  elaratini  above  tlie  point  where  the  [irojeciili>  nwAtm 
tlie  ground.  Tha8,if  we  •nppoaethatlhr  writrhi  c>f  the  ftm- 
jcctile,  that  of  the  obarge,  and  the  an^  a  tmmim  tha  ■■% 
tlie  qnantitiea  A  and  e  will  likewiae  ranaiB  ■Bchaaga^  wait 
X  and  (  baooau  A'  and  f,  we  ihall  have 

Be**  (V  +  r  tang.)  =  ^*-»«r-l  j 


(»> 


(X  + /tango)  (e'-'-Scf-I)         | 
=  (A'  +  runga)  {«»'*- 2rf- I),  i 

A  being  eliminated  by  means  of  tbe  first  equation  {a^ 

Those  authors  who  have  treated  of  the  BalliMic  pntdalaa. 
are  by  no  means  agreed  as  to  the  magnittide  of  the 
which  occurs  in  the  eiprcssion  of  the  coefficient  r, 
(No.  210), 


It  has  been  inferred  from  a  very  imperfirci  theot;  ef  ik 
renntance  of  fluids,  that  (his  number  a  is  J  ;  but  the  retail  ^ 
all  experiments  that  huve  been  made,  asugn  a  leas  aaab* 
than  this,  and  Lombard  mude  it  equal  to  ^.  KgiiaiiM  (^) 
would  furnish  a  means,  the  molt  susceptible  ofprcciaiaa  of  aar, 
for  determining  r,  if  a  tbe  angle  of  projection  waa  tappaa^l* 
he  known  and  invariable. 
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II.   The  Motion  of  the  Planets. 

217.  The  laws  of  the  motion  of  the  planets  about  the  sun, 
are  generally  known  by  the  denomination  of  the  laws  ofKep^ 
Urj  because  they  were  discovered  by  that  astronomer,  who 
deduced  them  from  observation.  They  are  three  in  number, 
and  are  expressed  as  follows  : 

1.  The  planets  move  in  plane  curves,  and  their  radii 
vectored  describe  areas  proportional  to  the  times,  about  the 
(centre  of  the  sun. 

2.  The  orbits  or  trajectories  of  the  planets  are  ellipses,  of 
which  the  sun  occupies  one  of  the  foci. 

3.  The  squares  of  the  times  of  the  revolutions  of  the 
planets,  are  to  each  other  as  the  cubes  of  the  greater  axes  of 
their  orbits. 

Kepler  does  not  appear  to  have  been  aware  of  the  great 
importance  of  these  laws ;  it  was  Newton  who  applied  them 
to  determine  the  force  which  retains  each  planet  in  its  orbit, 
that  is  to  say,  the  direction  of  this  force,  and  the  variations  of 
its  intensity,  from  one  position  to  another  of  the  same  planet, 
and  also  from  one  planet  to  another.  In  &ct,  it  will  be  proved 
in  this  section,  that  each  of  these  three  circumstances  is  a  ne- 
cessary consequence  of  the  three  laws  of  planetary  motion 
which  have  been  just  stated. 

As  these  laws  refer  to  the  motion  of  the  centre  of  gravity 
of  each  planet,  it  is  the  motion  of  this  point  which  we  proceed 
to  consider,  and  in  every  question  respecting  the  position  or 
velocity  of  a  planet,  it  is  the  position  and  velocity  of  this 
centre  that  is  always  referred  to. 

218.  Let  AMBD  (fig.  52)  be  the  ellipse  described  by  a  planet, 
▲B  its  greater  axis,  c  its  centre,  o  and  o'  its  two  foci,  o  that 
which  the  centre  of  the  sun  occupies,  B  the  perihelion^  or  the 
point  of  the  orbit  nearest  to  the  sun,  a  the  aphelion^  or  the 
point  which  is  most  remote  from  the  sun.     After  the  lapse  of 

2x 
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tune  i  which  u  reckoned  from  the  moment  that  iIm 
passes  through  the  periheUon,  let  M  be  die  pomtMNi  < 
moreeble.    Let  r  denote  its  nufins  TeetOTt  9  thm  angle 
which  is  termed  in  astronomy  the  Irat  eepma%.     Tha 
deeoribedby  theredios  daring  Uie  iastmitdk  willba|F^ 
106)9  tlierefiMa,  in  coasetpience  of  Ksplev^s  iitt  bar,  m 

f^M  =  «ft,  (I) 

€  being  a  eonttent  arbitnury  equal  to  twice  the  area  dkacdhi 
in  the  unit  of  timet  and  d  twice  the  area  if  oa  described  ii  I 
any  time  whaterer.  Likewise,  let  o'm  =:  r^,  ca  =  ca si^ 
Gos:Go'=a#.    By  a  property  of  the  dlipaa  WW  hava 

r  +  r'^imi 

we  have  likewise,  in  the  triang^  o'mo, 

r^=  f^-l-  4rascoe*  +  4s^e*; 

and  if  r^  be  eliminated  betaeen  Aeae  two  aqpaiiaai^  that 

retolts 

for  the  equation  of  the  trajectory. 

For  all  the  phmets  which  were  known  prenomJT  to  tW 
present  century^  the  txcentricity  e  is  a  very  small  fractios. 
with  the  exception  of  Mercury,  the  excentricity  of  which  ii 
more  tlian  a  fifth  ;  in  the  case  of  the  orbit  of  the  earth 

e  =  0,01685318, 

or,  very  nearly,  a  nixtieth.  The  jjrreatcst  was  that  of  Mank 
which  excee<U  nine  hundredths,  il  was  consequently  Cor  the 
phinet  that  the  elliptic  motion  oughl  to  differ  most  Cnaa  tht 
motion  of  a  planet  in  an  excentrtc(a)  circle,  in  which  ih« 
planetH  were  fiup|K»H«Hl  to  move  previously  to  the  time  of  Ki^ 
ler ;  unci  in  fact,  it  was  from  the  observations  of  Tit 
on  thin  planet,  that  Kepler  firwt  recofpiiseil  the 
tweeo  the«e  two  motioni.     If  the  valass  r  aad  •  be  deeelsfiri 
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into  series  arranged  according  to  the  powers  of  e,  by  means  of 
the  equation  of  areas  proportional  to  the  times,  combined  with 
that  of  the  elliptic  tr^ectory,  or  with  that  of  the  trajectory  of  the 
excentric  circle,  we  shall  find  that  when  the  time  t  is  the  same, 
the  corresponding  expansions  of  these  two  curves  differ  only 
in  terms,  that  depend  on  the  square  or  higher  powers  of  e ; 
from  which  it  is  evident,  that  in  Kepler's  time  it  was  extremely 
difficult,  in  consequence  of  the  imperfection  of  the  observi^ 
tions»  to  discover  the  difference  between  these  two  notions. 

219.  If  T  denotes  the  time  of  the  revolution  of  a  planet, 
and  if  we  assume 

T 

this  constant  quantity  n  will  be  the  mean  angi^  velocity, 
and  nt  the  mean  motion  of  the  planet. 

If  we  conceive  a  fictitious  star  whose  motion  is  uniform,  to 
set  out  from  perihelion,  and  to  complete  its  revolution  in  the 
same  time  as  this  planet,  then  its  radius  vector  will  describe 
nty  while  that  of  the  planet  describes  the  angle  0,  and  the 
angle  0  —  nt  contained  at  any  epoch  between  these  radii,  is 
what  astronomers  term  the  equation  of  the  centre  ;  it  is  posi- 
tive, and  the  planet  precedes  the  fictitious  star  in  going  from 
perihelion  to  aphclion(6),  the  contrary  takes  place  in  re- 
turning from  the  second  point  to  the  first.  The  maximum  of 
the  equation  of  the  centre  depends  on  the  magnitude  of  the 
excentricity.  If  we  assume  the  mean  day  for  the  unit  of 
time,  we  shall  obtain  in  the  case  of  the  earth's  orbit,  by  sub- 
stituting 360  for  27r, 

T  =  365^  256374,     n  =  0,59^  8^ 

This  value  of  t  is  the  duration  of  the  sidereal  year,  or 
the  interval  of  time  which  lapses  between  two  consecutive 
returns  of  the  sun  to  the  same  fixed  star,  in  its  apparent  motion 
about  the  earth.  The  interval  of  time  between  two  conse^ 
cutive  returns  to  the  same  equinox^  is  shorter,  because  the  equi- 


SM 
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BOedal  points  have  a  rvtrogradc  modoo  onUueriiptir,  tktf  ^ 
a  notiuo  tlw  dnrrlion  of  wttlcb  U  oonttary  to  tkat  af  ifci 
■on.  If  wu  Huppoftv  that  the  annoal  prtettaion  in  ISMva 
aO"2342',  thm  itincc  tl>e  ndiui  rector  of  tb«  tun  ilarriba 
this  small  magle  in  (H.OUlffa,  there  main  M&'.^imiM 
the  length  of  the  tquinoctial  year  at  the  cotanencoDtal  d 
the  present  cfmtuiy.  The  aideml  yvax  is  covtstaat,  bat  a 
the  prvcessioQ  of  the  cqaiooxes  rarie*  a  little,  tbe  eiqnnMaBl 
year  must  partictpato  in  this  Ineqoality ;  its  lengtb  «j 
rery  nearly  iialf  a  aecoud  in  n  century. 

220.  The  value  of  the  coiMtaiit  quantity  r  wOt  be  ■ 
to  twice  the  arts  of  tbc  ellipM  lUrMrd  by  t  ;  tbeicCia 
the  semi-axis  minor  is  a  v^l  — «*,  and  the  arak  of  tW  4 
iTo'  \^I  —  c",  wc  shall  have 


By  meun  of  this  value  and  of  that  of  a,  cqaatMa  (l)b 

equation  (2)  gives(e) 

0  =  arc  1  cos=:  — i 1, 


d9=- 


r  y/aW—^r—ay 


therefore,  we  shall  have 


y/tfc'—  [r—ay 
In  order  to  int^p«te  these  formula,  let 

r  =  a(l  — ecosM): 


and,  consequently. 


n  M  itw,     ndt  =  ( 1  —  f  Goa  «)  dm ; 


\ 
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because  at  the  point  b,  r  =  a  (1  —  e),  it  is  necessary  that  u 
shonld  be  equal  to  cypher  at  this  point,  where  we  have  also 
^  =  0  ;  therefore,  by  integrating  we  obtain 

nt^  u  —  €  sin  ti.  (b) 

By  substituting  in  the  expression  of  d9f  for  r  its  value, 
and  observing  that  cos  u  =  cos^  ^  u  — •  sin^  ^  u,  there  results 


1  —  c cos* ^tt  -f  e sin*^ tf  * 
and  if  we  assume 

tangAt<=:2:,     — 5-r— =:2az, 

o«  COS^^tf 

this  value  becomes 


If  we  integrate  and  observe  also  that  9  and  u  vanish  at 
the  same  time,  that  is,  at  the  point  b^  we  shall  have 

ifl  =  arc  (tang  =  z  V  y^^)  ; 
and  hence  we  can  deduce,  by  substituting  for  z  its  value, 

tang  i  fl  z=  Vj^  tang  i«.  (c) 

These  three  equations  (a)  (b)  (c)  express  in  a  finite  form, 
the  values  of  r,  nty  0,  by  means  of  the  variable  auxiliary  u, 
which  is  called  the  excentric  anomaly.  By  eliminating  u 
between  them,  we  shall  obtain  the  polar  coordinates  r  and  9  of 
the  planet  in  functions  of  the  time,  under  the  form  of  series 
arranged  according  to  the  powers  of  the  excentricity,  which 
will,  consequently,  converge  very  rapidly  in  the  case  of  the 
planets  known  previously  to  the  present  century. 

In  the  series  which  will  thus  arise,  the  powers  of  cos  n^, 
which  occur  in  the  development  of  r,  and  those  of  sin  n^. 
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whidi  kN  cootaioeil  in  the  ileveli^iBe&t  of  0  —  mt,  ma^  W  l» 
pUc«d  by  tb«  co«ne«tind  «itics  of  BoUiplm  of  «f .  U««h» 
pOM  that  ihcse  dcvaU>[tiiivnU  of  Um  fodiMl  Tootor  and  W  di* 
«<iuatirt»  of  tlie  centre,  are  then  arranged  •cconUn^  to  tb*  tbm 
or  coiiim  of  the  incrmMn^  muldpln  afmt,  the  vmlua  of  tW 
CDtfffiupiit*  of  tlwH  tiro  wriM  in  linrtioDsaf  ttwescvntricitT, 
mny  Iw  delenniMd  dircclly  by  the  fbUovii^  aoalyva. 
221.  Let 

r  =  A,-f  A,cos«f4- A,cm2iif-f +  A<caani<  ^-Ae, 

0—  it/=  D,tuniil  +  n,sin3N/  + BiUaiaf  •f-fe.; 

Aai  A|,Ai,&c.,  D|,  B„  &c.  and  generally,  A4,  Bj,  bcin^  tlM(*> 
efficients  wliich  it  u  required  lo  dtMennine. 

If  i  and  1'  be  nny  two  positire  integral  nambcn  i 
from  ntcb  oilier,  ire  ihiU  fakre,  by  perfaaiiiy  the  I 
tions(i^ 


\    un  int sin  i'rI <f .  iK  =  0 ; 

and  when  1  —  1',  we  shall  find, 

\    cos*  IK(  (f .  Nt  =:  I  V, 

\    sin*  m*  </ .  d*  =  Jw. 

These  last  formale  cannot  be  applied  when  ■  =  t;  ■ 
this  case,  the  first  intcj^l  is  equal  lo  r,  and  tlw  aecaad  » 
tero.  This  being  agreed  on,  if  the  derelopnieiii  of  r  be  md- 
tiplied  by  cos  int  d .  nt  and  that  of  0  -<• «/  by  ttn  wl  ^ .  itf :  W 
if  the  results  be  respectively  integrated  from  mt  —  0  toaf=r, 
then  all  the  (ems  vanish,  except  those  of  whtcfa  tW  «eA 
eicnta  an  Af  and  Bi  respectively ;  hence  we  lafer, 


*,  =  -  \    r  cos  int  i.  mt. 
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B<  =  —  \!r  (0  —  n/)  sin  int  d .  ni. 
In  the  case  of  t  =  0,  we  shall  have,  in  this  particular  case, 

that  is  to  say,  the  general  value  of  Ai  is  reduced  to  the  half. 
If  we  integrate  by  parts,  and  at  the  same  time  observe,  that 
0  —  nf  =  0,  at  the  two  limits  nt  =  0,  and  ntzzir^  the  integral 
of  Bi  may  be  replaced  by  the  following  expre88ion(e) 


■'=.IJo  **'*"' *'(*-"*>• 


Since,  from  what  precedes,  it  is  evident  that 


d0        VV-^       d.nt      , 
du      1  — e.costf       du 

it  follows,  that  if  in  place  of  r,  nf ,  0,  their  values  in  functions 
of  tf,  deduced  from  the  equations  (a),  (b),  (c),  be  substituted, 
we  shall  have(y^ 

Ai=  —  V(l  —  ^  COS  uy  COS  (iu  —  ie  sin  u)  du, 

B<=-r-\^[\/l,-c*  — (1  — e.costt)*] — = ''du; 

iir  JO  ^       •  ^  ^ -^       1  — e.costt 

because  u  zzO  and  u  =  ir  correspond  to  nt  zzO  and  ntzz  w  ; 
these  formulae  will  make  known  the  numerical  values  of  the  co- 
efficients Ai  and  Bj,  either  by  the  method  of  quadratures,  os  by 
reducing  them  into  series.  In  order  to  effect  this  reduction,  we 
shall  have  by  Taylor's  theorem 

cos  (t»— t€.sin  tt)=(l 5"  sin'ti  +         ^  *^*  •* ""  ^^0  ^^^  *•* 

tV 
4- (te  sinu  —  ;j-^  sin^  ti  4- &c.)  >in  ^  f 


3M, 

■■d Imbm  there  will  rcHull  for  A,  nnilB.Mirinnhidba 
with yMpecttoi/,tlii.'rx<ictvulut:^(>fu')iicli can  Iw  ofal 
iBunediatdr,  w  by  mewi  of  kwnm  fimriH^wttatvsMf 
eoottnoe  tboa  denb^aaaenliof  AitadsiH  ftrMvaflMi, 
W«  can  tfran  obtain  Uiflb  gaMnl  «■■■  ia  teatfoBacffari 
«:  bntwewmDOtiiiiiitloi^»fl«tthiiltfiotlMi%«im» 
long*  MpecUUy  to  astroaomjr. 
In  tbe  caw  of  i  =  0,  wa  liaT>(A) 


fiv  aa  vM  obaerrod  Bbon»  oriy  half  «f  tk»  gaaari 
b  taken,  when  i  =  0 ;  dib  is  tha  only  ana  of  Aa 
Aft  Ai,  *3,  ftc,  a*,  B|,  B|,  Aei,  Aa  a 


232.  Ifvdeaptaa  tha  vdodty  of  Aa  r'mtlAawirf 
the  time  f,  and  £  the  angia  lAieh  Ito  dfaaelka  ai^awMAi 
ladina  vector  r  or  oicprnxfaHad,  by  NoblMwaihilllMM*-   ' 


_rfi^+r»rf9» 


n«=r  " 


Eliminating  d<  by  means  of  equation  (1),  tl 
From  equation  (2),  we  Ukewiw  obtain 


1      l  +  <co.9 

eetaf 

hence  we  h.ve(0 

.H(I-,>)V  = 

(1+Jec« 

'•  +  «^C, 

ud,  CODM4)UeDtly, 
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,  c'        /2a      ,\         .    «        a/l  — c» 

r 
hence  it  appears  that  in  case  of  elliptic  motion,  the  velocity 
and  direction  of  the  moveable  at  each  point  may  be  deter- 
mined by  means  of  its  radius  vector.     Substituting  the  value 
of  c  of  No.  220,  that  of  tr*  may  be  written 


«»  = 


(v°-'> 


These  formuke,  when  combined  with  those  of  the  preceding 
number,  will  completely  determine  the  motion  of  a  planet  in 
the  plane  of  its  orbit ;  but  when  the  motions  of  two  or  more 
planets  are  considered  at  the  same  time,  then  it  is  necessary 
to  refer  the  position  of  each  of  them  to  another  plane,  which 
is  generally  the  plane  of  the  ecliptic j  or  of  the  earth's  orbit. 

223.  Let  NON^  (fig.  53)  be  the  intersection  of  the  plane  of 
the  orbit  of  a  planet  with  a  plane  passing  through  o  the 
centre  of  the  sun,  ob  a  right  line  drawn  in  this  second  plane, 
OM^  the  projection  of  cm,  the  radius  vector  of  the  planet,  on 
this  same  plane.  Let  us  denote  by  y  the  inclination  of  the 
two  planes,  by  a  the  angle  nob,  by  cu  the  angle  bon  which  the 
radius  vector  ob  drawn  to  the  perihelion  of  the  planet  makes 
with  the  line  on.  These  three  angles  a,  cu,  7,  being  g^ven,  they 
determine  the  plane  of  the  orbit,  and  the  position  of  the  ellipse 
in  this  plane.  Also,  let  ^  and  \p  represent  the  variable  angles 
mom'  and  m'oe,  which  the  radius  vector  cm  makes  with  its 
projection  cm',  and  this  projection  with  the  line  ob,  these 
angles  will  determine,  at  each  instant,  the  direction  of  cm  the 
radius  drawn  to  the  planet. 

This  being  established,  in  the  solid  angle,  whose  vertex  is 
at  the  point  o,  and  which  is  contained  by  the  three  sides 
CM,  om^  on,  as  the  true  anomaly,  or  the  angle  mob  is  re- 
presented always  by  0,  the  three  faces  of  this  solid  angle 

will  be 

2  Y 
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MON  z:  MOB  +  BON  =  9  +  w, 
m'on  =  M^OB  —  NOB  =:  ^  — O, 

MOM'zr  f ; 

tlie  fint  is  opposite  to  a  right  anglei  and  iIm  tkM  lo  tWaifb 
y.     By  the  rules  of  qpherical  tiigomMnetrj  w»  hara 

taiig(!A  -  a)  =  cosYtaBg(9  +  M); 

and,  as  by  what  precedes  the  angle  9  b  kaotni  in  a 
of  I,  each  of  the  angles  f  and  ^  will  be  alao  gb«B  bj 
of  these  formuko. 

When  the  given  plane,  on  whidi  the  an|^  ^  b 
b  the  ecliptic,  then  if  the  line  ob,  from  which  lUa 
measured  in  the  direction  of  the  earth's  motioa,  b  the 
dmwn  from  the  sun  to  the  Temal  equinoiB,  the  anglfs  ^  mif 
are  called  the  Am^ihfife  and  faltedb  (tf  the  physet  Is 
The  line  non^  b  the  line  of  the  modes  of  its  orbit ;  if  it 
into  the  northern  hemisphere,  when  it  traverses  the  pbae  «l 
the  ecliptic  at  the  point  n,  this  point  b  the  a$etmdim§  nodr, 
and  s'  is  the  descending  no<le.  According  as  the  pbarf 
exists  in  the  northern  or  southern  hemisphere,  the  btitodf  • 
is  said  to  he  positive  t)r  ne^riitive,  and  the  angle  MO!i,  te 
0  +  01  is  less  or  greater  than  180(A).  The  angle  f  extc»H 
from  —  1^0"  to  90^,  an<l  the  an^^le  mon\  and  abo  the  bsc^ 
tude  m'ok,  from  zero  up  to  3t>0^. 

If  the  point  o  he  replace<i  by  the  centre  of  the  caith.  sfr! 
if  the  plane  of  tlie  equator  Ih.*  that  on  which  the  angle  i  » 
measured;  then  \Oien  this  an^le  in  ctiuntetl  from  the  l> 
drawn  from  this  eentre  to  the  first  |ioint  of  Aries^  the  asc^ 
\f,  and  f  will  denote  ri*s|Hvtively  the  rujhi  aMrrm^nam  and  ^ 
cUnation  of  the  planet.  When  these  formuht*  are  applied  t>^ 
the  apparent  motion  of  tlie  sun  about  thei*arth«  ue  kiwas^* 
7  will  express  the  obliquity  of  the  ecliptic,  an«i  f^  4.  «,  wii;  >• 
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the  longitude  of  this  star,  hence,  denoting  it  by  X,  we  shall 

have 

sin  ^  =  sin  y  .sin  A,     tang xfj  =  cos y  tang X, 

and,  consequently (/), 

sin  y.  tang i/r 


V^cos^y  4"  tang*;/. 

llie  greatest  northern  and  southern  declinations  corres- 
pond to  X  =  90  and  X  =:  270**,  and  are  ±  y.  This  angle  y 
is  also  equal  to  the  angle  which  the  axis  of  rotation  of  the 
earth  makes  with  the  perpendicular  to  the  plane  of  the  ecliptic; 
it  is  subject  to  a  slight  inequality  called  the  nutation^  the  period 
of  which  is  about  eighteen  years,  and  which  at  its  maximum 
amounts  only  to  9"4.    Its  mean  value,  at  the  beginning  of  this 

century,  was 

y  =  2y,2Vy55"\ 

it  diminishes  by  0^^45692  for  each  year. 

224.  In  what  precedes,  no  reference  has  been  made  to  the 
force  which  acts  on  each  planet ;  in  fact,  all  the  circumstances 
of  its  motion  have  been  determined  by  data  furnished  by  ob- 
servation, and  without  having  any  recourse  to  the  principles  of 
dynamics ;  it  is  now  requisite  to  determine  the  laws  of  this 
force  as  they  have  been  already  stated  in  No.  217. 

It  follows  from  the  first  law  of  Kepler,  that  the  force  which 
retains  each  planet  in  its  orbit,  is  constantly  directed  towards 
the  centre  of  the  sun  ;  although  this  necessary  consequence  of 
the  proportionality  of  the  areas  to  the  times  has  been  already 
deduced  in  No.  155  from  the  equations  of  motion,  it  will  not 
be  deemed  superfluous  here  to  give  a  synthetic  demonstration 
of  it. 

Let  M|M  (fig.  54)  be  the  side  of  the  trajectory  described  by 
the  moveable  in  an  indefinitely  small  portion  of  time  r.  When 
it  arrives  at  the  point  m,  if  no  force  acts  on  this  moveable,  it 
will  describe  in  a  portion  of  time  equal  to  r,  a  part  Mm  of  mt, 
the  production  of  M|M,  and  equal  toMMi ,  but,  in  consequence  of 
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the  faroe  wiuch  aeto  on  it,  in  tUt  teeond  iwlmty  h  ii 
ferred  to  another  point  ic^.  Let  mk  be  the  iliieHie«  ef  Ml 
force  at  the  pomt  u ;  we  may  nuppo&tp  that  dniiy  the  tiat 
r  it  remains  pandlel  to  itielf;  henoe,  if  we  disw  the  fiae  «lt 
it  wiU  be  parallel  to  mk  (No.  148).  Now,  if  c  be  the  fmi 
eentre  aboat  which  the  radios  Teeter  describes 
tional  to  the  times,  the  triangks  MiCM  and  iicm'» 
the  areas  described  in  two  eqnal  portioes  of  tame^  wiD  It 
equal  to  each  other.  But  the  tritti|^  MiOI 
also  equal  to  each  other,  since  their  rcrticea  an  at  the 
print  c,  and  their  bases  MiM,  mm,  are  equal  and  cnt  eai  iht 
same  line;  consequently,  the  triangles  Mcai  and  mcm'  sr 
equivalent;  and  as  they  exist  on  the  same  baae  mc,  the 
M'fli  which  joins  their  vertices  must  be  paialU  lo  this 
hence  the  line  mk,  pandlel  to  am',  cnincidea  with  mc 
fore,  in  each  pomt  m  of  the  tiajectory,  mk  the  dfaacliea  ef  iht 
force,  will  be  that  of  the  radius  rector  mc. 

Conversely,  if  the  force  which  acts  on  the  WMomath  tf 
any  point  m,  is  directed  along  mc,  the  right  line  «m'  will  l« 
parallel  to  this  radius  vector,  the  two  triangles  m'cm  and  mm 
will  be  equal,  and,  consequently  also,  the  two  triangle*  m  «:v 
and  M|CM.  The  areas  described  by  the  radium  %oct«>r  aKk: 
the  point  c,  in  two  consecutive  instants,  being  equal,  and  ub 
being  the  ease  for  the  entire  trajector}',  it  follows,  chst  ii  fix 
force  which  acts  on  the  moveable  be  constantly  directed  to  tii» 
point,  the  areas  described  in  equal  times  will  be  equal,  and.  is 
any  time  whatever,  proportional  to  these  times. 

225.  Let,  as  in  No.  218,  m  be  the  position  of  the  pliarc 
at  the  end  of  the  time  /  (fig.  52),  and  let,  as  in  pniafis|: 
numbers,  r  denote  the  radius  vector  om,  and  0  the  angir  wot, 
moreover,  if  x  and  //  ri^prenent  the  two  rectangular  com^ 
nates  or  and  tm,  referred  to  the  axes  ox  and  tiy,  of  which  t^ 
first  passes  through  the  perihelion,  we  shall  have 
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Also,  let  R  denote  the  accelerating  force,  acting  on  the 
planet,  the  intensity  of  which  is  unknown. 

We  have  seen  that  this  force  acts  along  the  radius  vector, 
and,  because  the  concavity  of  the  trajectory  is  turned  towards 
the  sun,  it  is  directed  from  m  to  the  point  o ;  therefore,  the 
cosines  of  the  angles  which  it  makes  with  x  and  y  pro- 

X  1/ 

duced,  are and  —  -;  consequently,  the  equations  of  the  mo- 
tion will  be 

(Px  ^       Rx      (Py Ry  >  V 

V  being  the  velocity  at  the  point  m,  we  shall  have 

and,  by  differentiating, 

consequently,  if  equations  (1)  be  multiplied  by  dx  and  dy 
respectively,  and  then  added  together,  we  shall  obtain,  by 
observing  that  xdx  +  ydy  =  rdr. 

But,  when  the  motion  is  performed  in  an  ellipse,  we  have 
(No.  222) 

^3_2^_M 
r       a' 

471^0^ 

fi  being  made  equal  to     ^    .  Consequently,  we  shall  obtain, 

from  which  it  appears,  that  the  force  which  acts  on  each 
planet,  varies  in  the  inverse  ratio  of  the  square  of  the  distance 
frt>m  the  centre  of  the  sun. 
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Tbe  magnitude  of  this  force  at  the  onit  of  diiteaee  ii  ^b 
if /i'  be  what  it  becomet  for  any  other  pbiiel,  of  vhaehlli 
feniMxia  major  and  time  of  revvdutioQ  aio  nfmnaiBd  Ij  ^ 
and  f  »  we  thall  have 

But,  by.  the  third  law  of  Kepler,  we  have 

T*:T'*::fl':a^; 
from  which  retulta 

a*      a'* 

consequently,  at  the  unit  ^  distance,  and,  gmnally,  at  lit 
same  distance  from  the  sun,  the  aeoeleratiBg  foee  b  is  ribr 
same  for  two  different  planets. 

The  motive  force  of  each  planet  is  iheirfbio  iwkpcBimi 
of  its  particular  nature,  and,  like  the  weight  of  a  body  at  iht 
surftce  of  tbe  earth,  is  proportiottal  to  its  bums.  It  wahi 
from  one  planet  to  another,  according  to  the  same  law,  a*  ii 
iloes  from  one  i>osition  to  another  of  the  same  planet ;  and  it 
two  planets  were  Hituate<l  at  the  same  duttance  from  the  fits* 
and  then  remitte<l  to  themselves,  without  anv  initial  wlocitr. 
thev  would  descend  towards  this  Mar  with  the  «ame  v^fiocirr. 

m  m 

and  reach  it  in  the  same  interval  of  time. 

Thus  it  appears,  that  the  three  laws  of  Keplor  comfttuij 
determine  the  force  which  retains  the  planets  in  their  offbhf ; 
the  law  of  the  areas  proportional  to  the  times*  shewv  thai  tkp 
force  is  constantly  directed  towards  the  centre  of  the  sun ;  thtf 
of  the  elliptic  motion,  or  the  expression  for  the  velocity,  mhkk 
is  deduce<l  from  this  law,  combined  with  the  prec«>ding,  pfovv* 
that  its  intensity  varies  for  the  same  planet  in  the  invrr«€  rabsft 
the  square  of  the  distances  from  the  sun  ;  finally,  frt>iB  the  ls« 
of  the  squares  of  the  times  of  revolutions  proportional  to  tW 
cubes  of  the  ^n^sater  axes,  we  infer  that  at  equal  diMancvs  ttm 
the  centre  of  this  star,  the  intensity  of  the  Bsotive  forcv  »  pt^ 
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portional  to  the  mass  of  each  planet,  and  independent  of  its 
particular  nature. 

226.  Newton  extended  to  the  motion  of  comets  about  the 
sun,  and  of  the  satellites  about  their  respective  primaries,  the 
laws  of  Kepler,  and  the  consecjuences  that  follow  from  them, 
with  respect  to  the  force  which  acts  on  these  moveables. 

Comets  in  their  motion  (Hffer  only  from  planets  in  this,  that 
they  are  not  constantly  visible,  in  consequence  of  the  great 
distance  of  theur  aphelia,  which  renders  the  detenmnation  of 
their  orbits  extremely  difficult.  Notwithstanding  this,  there 
are  three  comets,  of  which  the  orbits  and  times  of  revolution 
are  known  almost  as  accuriately  as  those  of  the  planets.  With 
respect  to  other  comets,  astronomers  have  computed  their 
motion  in  an  approximate  manner,  by  assuming  for  their  tra- 
jectory, in  the  small  extent  for  which  they  are  visible,  a  para- 
bola of  which  the  focus  exists  in  the  centre  of  the  sun,  and 
supposing  always  that  the  areas  described  by  the  radii  vectores 
about  this  point,  are  proportional  to  the  times  for  each  comet. 
This  case  is  embraced  under  the  preceding  formulsB  for  elliptic 
motion,  by  making 

a  1=  X  ,     a  (I  —  6)  =  6; 

b  denoting  the  perihelion  distance  ob,  which  is  a  finite  quan- 
tity. 

The  masses  of  the  comets  are  very  small  compared  with 
those  of  the  planets,  and  they  seem  to  be  of  an  entirely  different 
nature(m).  By  the  third  law  of  Kepler,  the  motive  forces  of  two 
comets,  or  of  a  comet  and  a  planet^  at  the  same  distance  from 
the  sun,  are  to  each  other  as  their  respective  masses,  and  their 
accelerating  forces  are  equal ;  this  is  likewise  true  for  several 
satellites  of  the  same  planet,  but  not  for  satellites  of  two  dif- 
ferent planets,  or  for  a  satellite  and  a  planet ;  for  the  law  of  the 
squares  of  the  times  of  the  revolutions  proportional  to  the 
cubes  of  the  greater  axes  of  the  orbits,  obtains  only  for  bodies 
which  revolve  about  the  same  centre ;  in  the  sequel  we  will 
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•hew  the  relation  which  ezisti  between  the  Mothrw 
two  satellites  belonging  to  two  difoent  pfaoMlB^  or 
those  of  a  satdlite  and  a  planet. 

It  oQght  to  be  obserred  heie»  that  witUa  tke 
yean,  the  laws  of  dliptie  motioii  haTO  been  eoctaBdad 
double  stars,  in  which  a  periodic  UMMioo  of  osm  of  the 
about  the  other,  has  been  reoogniBedt  and  tiMir 
tions,  computed  by  means  of  these  laws,  agine  with 
serred  portions  as  accurately  as  could  haio  besi 

8S7.  Let  us  now  consider  die  diangcairirfdiiha 
of  an  ertremdy  rare  ether  iKffnsed  through  tka 
regions  would  produce  in  the  dlq^  motion  of  the 
about  the  sun.  If  these  bodies  are  not  perfectly 
this  circumstance,  combined  with  die  fiiction  of  the 
against  their  surfiice  would  cause  die  centre  of  gmvily  ia 
▼iate  from  the  plane  of  its  orbit.  However  we  will  at 
abstract  from  the  consideration  of  these  dmaaalani 
form  the  equations  of  the  motion  of  this  point,  hum  Atos»> 
sideration  of  a  central  force  varying  in  the  in  vetie  ratio  of  thr 
square  of  the  distance,  combined  with  a  tangential  force  arinaf 
from  the  resistance  of  the  medium. 

Let  this  resistance  be  supposed,  as  in  the  motion  of  pr^ 
jectiles  in  the  air,  to  be  proportional  to  the  square  of  the  iv* 
iocity»  to  the  density  of  the  medium,  and  to  the  muhee  d 
each  planet ;  the  accelerating  force  which  results  will  be  ia 
the  inverse  ratio  of  the  mass  of  the  moveable.  If  dif  Rp^> 
sents  the  velocity  of  the  moveable,  then  we  can  drnoir  thn 

force  by  p  .^^t  p  being  a  very  small  coefficient,  and  Cor  thr 

same  planet  proportional  to  the  density  of  the  medium.  Siaer 
this  force  acts  always  in  a  direction  contrary  to  the  velocifft  d 
the  moveable,  if  the  principal  force  directed  towards  the  esse* 

of  the  sun  be  denoted  by  ^  at  the  unit  of  distance,  and  by  ^ 

at  the  distance  r,  equations  ( 1 )  will  be  replaced  by  the  H- 
lowing(o). 
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(2) 


If  we  make  use  of  polar  coordinates,  we,  may  without  dif- 
ficulty, deduce  from  them(p) 


-^^-d? -~^^7=-~^P         de        ^* 

d.t^dd--pt^d9d8. 


(3) 


which  are  the  equations  iato  which  the  preceding  may  be 
transformed 

228.  Equations  (2)  become,  when  their  second  members 
are  n^lected, 

-jp  +  ^^0,     ^+  —  =±0,  (4) 

and  eqnations  (3)  are  reduced  to 

li*l^^-2,d.i  =  0,     d.,«e/e  =  0.  (5) 

We  can  satisfy  equations  (5)  by  means  of  formulae  (a),  (b), 
(c),  of  No.  220 ;  however,  as  these  formulae  contain  only  two 
constant  arbitraries,  a  and  e,  they  are  not  the  complete  inte- 
grals of  these  equations ;  but  if  we  consider  that  equations  (5)  do 
not  contain  explicitly  the  varitibles  0  and  Y,  but  only  their 
<fifferenti)ds  dQ  and  A,  it  is  evident  that  the  formulae  of  the 
mimba'  dted  wiU  stiU  satisfy  these  equations,  by  adding  to  t 
and  Oj  certain  constants.  In  this  manner,  the  complete  in- 
tegrals of  equations  (6),  and,  consequently,  of  equations  (4), 
will  be  expressed  by  the  following  system  of  formulae, 

r  z:a(l  —  6Cosu), 
lU -tr  €  —  01  =  tt  —  esin tt. 


tang  f (0  ^  w)  =  V^|±f  tangitt ; 


(a) 


2z 
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A,  e,  f»  Mf  being  firar  oonstmnt  mrbitniict»  and  m  u 
oonnected  with  a  by  the  eqnatioB 

which  results  from — =»,       i        ji,  lijf  thii  i  liMiiMiiiM  rf  i 

When  the  Tariable  « is  cypher,  the  faliMof  ris  a 
which  is  the  esse  at  the  perilielion  b  (fig.  51).  .  la  the 
If  s  0,  wehnve  9= w,  so  that  in  this  cnsef  will 
angle  mob,  measored  from  the  right  line  oi^  wUdi 
angle  BOB  =:  My  with  on.  TheTalneoff^espnsBodmBi 
will  be  of  the  form 

•  =  Bl  +  t+»i, 

in  which  9i  denotes  its  periocUc  part,  arranged 

the  sbes  of  the  increasbg  multiples  of  Hi  + 1  —  «•    Tlii 

angle  9  will  be  the  true  bngitude  of  the  phmet  in  At 

of  its  orbit,  at  the  end  of  #  any  time  whatever ;  af^-cwS 

press  its  mean  longitude  at  the  same  instant,  t  its 

tudc  at  the  epoch  from  which  the  time  /  is  reckoned^  and  m  ^ 

longitude  of  its  perihelion. 

229.  This  l)ein^  established,  when  the  complete  inuvnl^ 
of  a  system  of  differential  e<|uations  such  as  equacioa*  \  4  \ 
are  known,  the  ]nte<i:raU  of  another  system  of  didcreatu. 
equations,  such  as  equations  (2),  which  only  dider  num  ific 

first  by  verj-  small  term*,  may  be  de«lueed  from  then  bv  i 

•  •  • 

method  that  lias  been  most  !»ucct*ssfuily  applied  by  ccnmtrt 
to  different  qui*stions  in  celential  mechanics  and  of  whkb  «« 
proceed  to  explain  the  priiKipks,  for  the  sake  of  the  j«ob*>9 
which  we  are  at  present  occupiinl  with.  The  %-alue«  oi  s  ^"^^ 
y  which  satisfy  e<^uations  (4),  arc  of  tlu*  fornu 

yand  F  drnotin^  ^iven  functions.      In  onler  that  tht>e  tx*^'** 
may  liken  Im*  Nitinfy  cH|uation*^  (2).  «,  ^,  i,  ^^  ^houKl  l^ 
sidercd  an  new  variables,  which  it  in  ro<)uind  to  lU- 


MOTION  OF  THE  PLANETS. 


355 


But  as  the  number  of  these  unknown  is  four,  while  equations 
(2)  are  only  two  in  number,  we  may  assume  arbitrarily  two 
auxiliary  equations,  and,  in  consequence,  make 


da  de  di  dw 

•--^da+'T-de+-^de+-y-dw  =  0, 
da  de  de  cUo 


(b) 


that  is,  in  other  words,  the  parts  of  dx  and  dy^  which  arise 
from  the  Variations  of  a,  e;  c,  ai,  are  made  equal  to  zero.     By 

this  means,  the  complete  values  of  --^  and  -p  are  simply 

dx  ^df    dy  ^dF 
It'^di'    'di^'di' 

By  differentiating  again,  we  obtain, 
dt^" df'^ dtda*  dt'^ dtde' dt"^ dtdt' dt'^ dtdi^'  dt' 


w 


(Py^d^FcpF    da  ,    cPp    de       d^v    de       cPf    d^ 
di^'^'dF'^dtda'li'^dide^Jt'^ltde'di'^d^ 

Now,  by  hypothesis,  the  preceding  values  of  x  and  y  satisfy 
equations  (4),  a,  e,  £,  o;,  being  considered  as  constant  arbitra- 
ries,  consequently  we  have 


dt 


d}x      jrfV 


hence,  if  the  complete  values  of  ^  and  -r?  be  substituted  in 
equations  (2),  we  shall  have 


de  —  de 


^f  dPf  ^f  ,        d^f   ,  dsdx  ,, 

dtda  dtde  dtdt  dtdw  '^  dt  at 

da  +  -77-r-de+  37Tfi^«  +  —J-du>zz  -p-^T,^^' 


dtda 


dtde 


dtdi 


dtd 


dt  dt 


(c) 


and  thus,  by  means  of  the  four  equations  (b)  and  (c),  we  cau 
determine  a,  e,  c,  oi,  in  functions  of  t. 


3M  MonoM  or  tbb  pLAiisn. 

no  In  ft il  llili  1111111111111 f  film  iBiiirMUM  miiM 

of  the  fint  otder,  in  plaoe  of  tlie  two  «q«iti0iit  (ft)  «ff  tk^Meai 
order,  ifill  not  be  ttendfld  with  Miydvtago,  B«lMlkii»> 
lues  of  cb^  <fe,  d!h  d*^  which  aie  dednced  fron  efwtioae  ^^ 
(c),  have  tn  afMtor  /» the  coeBdent  of  the  teejUMnii^  whkh 
is  a  Tery  small  quantity,  the  variable  paila  of  a,  c,  •»  t^  wfll  k 
also  extremely  small ;  and  if  the  sqaare  ef  ^  be  MflertriL 
a,e,  €,«!,  may  be  oonddered  as  c«Mistuit»  in  the  esppssshas  rf 
db,  <fe,  A,  dW;  hence  thedetenninathm  of  dwiminhle  parti  if 
g,  e,f,  w,  may  be  reduced  to  qoadimUues»  BytheaMAelif 
snceoesBife  aiqpioximathmSt  the  vafaMS  ef  these  fnaaiilim 
be  thus  obtuned,'  ananged  acceding  to  the  powcn  ef  p^ 
continned  to  wbaterer  d^iee  of  aecnracy  we 
erer,  we  shall  stop  at  die  fifst  power  ef  ^  in  the 
festigadon(9)« 

If  in  equations  (a),  therariablend«esefa,i^sb«^be 
sdtiitedt  they  will  make  knownt  asin  thecaMefdpptfem^ 
tion,  the  values  of  r  and  $  in  functions  of  the  time.  Tht 
trajectory  which  in  this  case  is  described,  will  be  still  an  dEpir, 
but  its  elements  continually  vary.  If  at  each  in«taat,  the 
constant  ellipse  which  satisfies  the  ^'alues  of  the  elements  it 
this  same  instant,  be  constructed,  the  ordinates  x  and  f»  s^ 
their  differentials  djc  and  c/y  will  be  common^  in  virtiK  si 
equations  (b),  to  this  ellipse,  and  to  the  trajectory,  mhick 
consequently  will  be  the  osculatinf^  curve  of  all  the  comast 
ellipses.  For  the  same  season,  the  velocity  of  the  aK>teab>< 
and  its  components  will  Iiave  the  same  expressioiis  b  ihr  ci* 
liptic  motion,  and  in  the  motion  altered  by  the  leHStiBef  si 
the  medium,  and  will  be  determined  by  formula  (d)  ef  N^*^ 
222. 

231.  As  we  have  identically 

Hi  s  Indi  +  liJm ; 

by  comprisiniir  j/z/n  in  the  unknown  i,  the  second  cqatfme'*) 
may  be  written  as  follows. 
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Indt  +  €  —  w  =z  tt  —  e  sin  tt ;  (d) 

Then,  if  in  the  equations  of  elliptic  motion^  there  be  substi- 
tuted for  the  constants  a,ey  c,  wy  their  variable  valueS)  we  should 
at  the  same  time  replace  ntj  by  the  integral  Ifidtj  wnich  is 
supposed  to  vanish  when  ^=0.  The  quantity  n  that  it  involves, 
may  be  deduced  from  a,  by  means  of  the  formula 

n-    *^ 
a  ya 

which  is  furnished  by  the  equation  cc^n*  zz  fiot  No.  228.  This 
integraljm^^  expresses  the  mean  motion  of  the  planet  (No.  2 19), 
altered  by  the  resistance  of  the  medium,  and  thus,  the  diffe- 
rential of  the  mean  motion  will  be  ndt^  in  the  disturbed  motion 
as  well  as  in  die  elliptic  motion. 

At  the  perihelion,  the  angle  0  ^  en  is  either  cypher,  or  a 
multiple  of  360^ ;  and  this  will  be  also  the  case  with  the  angle 
u,  in  virtue  of  the  first  equation  (a) ;  therefore,  in  the  time 
which  lapses  during  two  consecutive  passages  of  the  planet 
dirough  its  perihelion,  the  quantity  Indt  -|.  c  —  m  will  be  in- 
creased by  360^ ;  this  will  enable  us  to  determine  this  interval, 
when  n,  e,  w,  are  given  in  functions  of  t.  The  time  of  a  revo- 
lution, or  the  interval  which  lapses  between  two  returns  of  the 
planet  to  the  same^6^  point,  will  in  like  manner  be  that  in 
which  its  true  longitude  0  is  increased  by  360^(r). 

232.  Equations  (b)  and  (c)  may  be  replaced  by  equivalent 
ones,  from  whidi  the  values  of  da,  tky  de,  rfoi,  can  be  inferred 
with  greater  facility.  For  this  purpose^  it  is  to  be  observed, 
that  if  any  equation 

^  {nty  r,  0,  a,  c,  to)  zz  0, 

obtains  in  the  case  of  elliptic  motion,  it  will  likewise  subsist 
when  the  motion  is  altered  by  the  resistance  of  the  medium, 
a,  e,  e,  01,  being  regarded  as  variables  determined  by  equations 
(b)  and  (c),  and  Indt  being  substituted  instead  of  n^.  There- 
fore, the  differential  of  the  function  ^  will  be  equal  to  c^her, 


wttmli^ii^m 


tin  manmt  or  tu  pLAsm. 

niie^  it  be  tulun  b  the  fint  CM  v^hli  u-M-,-.t  i..  „/.r.  6.^ 
lallteMoondcwet  vithreiq[>«etUt$adli;r,l^if  Si^M.  Vrn^ 
u  r  and  0  are  fimctioni  of  x  and  yi  tlicir  iB&pnfiab  MB  At 
.  MineiatlietiroGMea,ianrtwofcq[BitlflBi(b)jeaMafiMM|^~ 
if  ilk  At  «aaplati  diftnntiel  of  f,  tU  pMt  ^  AjM  4.  J 
d!r  +  ^  d».  wUdi  ii  iVentdr  equal  to  qrplMr*  b  MffM^ 
wealianfaaTe 

Nov,  if  in  eqaadcn  (S),  of  No.  S18,  #- wWaMHlri 
ioplaceofffi  dierenaulta 

r  +  re.caa(0  — tt)n«(l«i»^l 

aw)»  ifUiiibedifiiarentiatad  ki  AeH 
ve  ahidl  ban 

rflosM.eooaM-f rnnOif.eriawas4.«(t— ^    ^ 

If  the  first  equation  (a)  and  equation  (<I)  be  also  dUEerauei 
wc  obtain 

(1  —  ecos«)(/a  —  aco9tide  +  (KsinitifM  =  0, 
rff  —  du}  +  9inu<ie  —  (I  —  rcos«)rfif  s  0, 

H  being  regarded  as  funcGon  of  a,  1,  e,  m. 

By  elimiDating  dv  between   theM   two(«)  eqaatMaii  ** 
obtain 

(l-ecostt)*rfa+fl(e—  cosk)*  +  a*5in«{*  — dt>  =  * 
But,  if  in  the  formulae 

I  -  tan2>  lir  3tanei« 

t-O*  K  =  T -~T~ ,       Nin  IT  =  g  1 — , 

1  +  tang*  ^  N  I  +  t«ng*  \  m 

we  tubatitutc  for  tang  j  m,  iu  valae  which  i»  f-irta  hy  tW  da' 
equation  (a),  wr  liave(f) 
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c  +  COS  (6  —  w)  .  \/l  —  6^  sin  (6  —  w) 

COS  U  =  r-- —^ -^y      Sin  tt  =  -r- 7^ ^, 

1  +  e.cos(0  —  w)  1  +  e.cos(0  —  w) 

by  means  of  which,  the  preceding  equation  becomes 

:i--;^ 4 :— aC0S(e-ai)cfe  + '(rfc— rfa>)=0.  (f) 

l+6.COS(6— w)  ^  ^  y/l-.e3       ^  ' 

What  has  been  stated  with  respect  to  the  equation  ^  =  0, 
may  likewise  be  applied  to  the  case  in  which  the  function  ^ 
contains  the  first  differentials  of  r  and  0.  Thus,  in  the  case  of 
elliptic  motion,  we  have 


rVfl=\//[ia(l-c^)A, 

V^/ua  being  substituted  in  place  of  a^n  in  the  expression  for 
f^dO  of  No.220(t7).  Now,  since  the  differentials  (//-,  ^0,  as  also 
r  and  0,  remain  the  same  when  a,  6,  e,  cu,  become  variable,  it 
follows  that  these  two  equations  will  also  subsist  on  this  hy- 
pothesis ;  this  being  so,  if  their  complete  differentials  be  com- 
pared with  equations  (3)  of  No.  228,  we  can  infer(ti) 


d .  \/a  {I  -  e')=  - p\^a(l  ~  e^)da. 


(g) 


Now,  the  values  of  rfa,  cfe,  A,  doi,  may  easily  be  inferred 
from  the  four  equations  (e),  (f),  (g) ;  by  substituting  for  r  its 
value,  namely, 

a(l-e^) 


r  n 


1  4-  ^  •  cos  (0  —  toY 


in  order  to  express  them  in  functions  of  the  angle  0  solely,  we 
find(a:) 


*i=-^[H- «•«•(#-.) +<I4^ 


»)«il.f»-«)[vT:7-^-«.M(»-«a 


•Dd,  bj  nbltitiitiDf  b  thk  iqniria  tk>  nkMf fk  «•  «IMl 

Tbe  uontd  manben  of  dms  aqartlaH  iAmM  ia  !■•' 

bMnaliM^tbMd;  mnd  when  tU  wrflf  i1  »  fa^i^fca 

fimction  of  r,  and  coDBequently  of  9,  the  raluei  of  tbe  mUfai 
a,  e,  *,  w,  may  be  deduced  by  the  method  of  niiMtiiiam,  tthf 
leduction  into  a  Kiies,  which  raloea  •hoold  be  s 
the  equations  of  eUipdc  motion. 

233.  If  the  cxcentricity  e  beaveiysmallb 
(h)  leduced  to  their  principal  part,  become 

da=~ipa'JB,    (ie=-2f>o  MM  («  —  «,)#. 

•nd  the  coefluient  p  may  be  re^uded  u  ««— *"^  &■>% 
by  integrating  and  denoting  the  wiahlepattB  of  a,«^««^bf 
£a,  2c,  Stj  Sm,  we  shall  have 

Sa  =  -  ipa'0, 

Se=  —  3pann($—  «), 

Si  =:  -9/MKOoa)0-w). 
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If  the  corresponding  part  of  n,  or  of ^  be  expressed  by 

ay/ a 
Sft,  so  that  we  may  have 

there  will  result 

Hence  it  appears,  that  the  effect  of  the  resistance  of  an 
extremely  rare  medium,  on  the  motion  of  a  planet  in  an  orbit 
of  very  small  excentricity,  will  be  to  cause  the  greater  axis  to 
decrease  indefinitely,  also  to  increase  n  the  angular  velocity, 
and  \jQ  produce  in  each  of  the  three  quantities  ^,  m,  c,  an  in- 
equality of  which  the  period  is  the  same  as  that  of  the  planet's 
revolution.  Not  only  is  the  angular  motion  more  and  more 
accelerated,  but  also  the  absolute  velocity ;  for  it  is  very  nearly 
equal  to  an ;  its  increment  is  therefore  oSii  +  nSa ;  which  is  a 
positive  quantity  and  equal  to  pc^nO. 

If  the  excentricity  be  altogether  neglected,  we  have 

therefore,  if  Sr  and  SO  denote  the  parts  of  the  nuHus  vector, 

and  of  the  longitude  which  are  produced  by  the  action  of  the 

resbting  medium,  we  shall  have  to  the  same  degree  of  approxi-* 

mation, 

Sr  =  -  2pa%    SO  =  Jpafl*. 

In  consequence  of  this  continual  diminution  of  the  radius 
vector,  which  amounts  to  4  Tpa^  at  the  end  of  each  revolution 
of  the  planet,  this  body  must  eventually  fall  on  the  surfieu^  of 
the  sun. 

Finally,  if  there  exists  in  the  regions  of  free  space,  an 
ether  which  affects  the  motion  of  the  heavenly  bodies,  its  in- 
fluence will  be  particularly  sensible  in  accelerating  the  motion 
of  the  comets,  on  account  of  the  extreme  smallness  of  their  mass, 
and  because  that,  every  thing  else  being  the  same,  the  coefficient 
p  is  in  the  inverse  ratio  of  the  mass  of  the  body.    And,  in  fiu^t, 

3a 
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we  hara  not  bora  abl«  aa  jet  to  recognUe  way  tneet  of  m 
ether  which  mi»ts  the  moticMi  of  the  pUncta  and  MiclUts  ;  b^ 
according  to  the  calculalioDs  of  M.  Enko,  this  nuatmaaa  ^ 
pcan  to  have  an  appreciable  ioBuracv  on  the  motiao  o(  tW 
comet  recently  discovered,  the  time  of  wbiwe  reT<^Qtiao  is  abaM 
1200  doys. 

III.  Motion  o/a  auUtriai PttiiU  acted  am  bp  a  cenlrat  nrm. 

334.  The  problem  which  we  now  prvceed  Ut  cooaiimit 
the  invcrw  of  tlml  of  the  preccdbg  tectioo ;  there  the  n*- 
jectory  and  the  law  of  motion  bong  ftuppooed  to  be  (arwoA^ 
by  obwerralion,  it  was  propmed  to  dLHeniuDo,  in  wa^iiilHii 
and  directioD,  the  force  which  produced  this  aotM;  is 
the  present  cjlm!,  a  coo»tant  force  diradad  lawai^  a  §mi 
centre,  and  giren  in  a  functiott  of  th«  fluano  of  the  — *»• 
able  from  this  pcHnt,  U  »uppoaed  to  be  applM^  to  this  ■>«*• 
able,  and  it  is  required  to  detemUBe  bom  tbene*  the  tn^eetarf 
and  tho  law  of  tho  motion. 

This  curre  dhb  (6^.  05)  wiU  be  cooluiiecl  n  At  fUtm 
puaing  through  the  fixed  centre  c,  aid  throogh  da,  the  &• 
leetioQ  of  the  initial  velocity.  Let  two  rectaogolor  Kcas  cc, 
cy,  of  which  the  fint  paaaei  through  d,  the  potat  6aai  wikk 
the  body  commences  its  motion,  be  drawn  in  ihit  ptatM* 
through  the  point  c,  and  let  them  be  the  axes  of  the  coerdi- 
nates.  At  the  end  of  the  time  f>  which  is  recko— A  bom  tb 
diqiarture  at  d,  let  the  moveable  be  supposed  to  bo  is  M»  aad 
let  c  and  y  denote  its  coordinates  cp  aiad  ris,  r  ito  mAs 
vector  CM,  a  its  accelerating  force  directed  from  m  io*a4i 
c,  and  given  in  a  fiinetion  of  r ;  the  equatiooa  of  the  bsmb 
wiUbe 

if  the  force  a  acts  in  the  direction  of  the  prodndioa  of  OK  '* 
will  oolf  be  nceeaaary  to  change  tbe  i%w  of  t^w  ammi 
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memben.     We  can  immediately  deduce  from  these  equations, 
the  two  following  integrals  of  the  first  order, 

wdif  —  ydx  =  edtj     — T^  ^  =  —  i^Rdr  +  6, 

in  which  b  and  c  are  the  constant  arbitraries  introduced  by 

the  integration ;  and  if  0  denotes  the  angle  ucx^  so  that  we 

may  have 

d?=:rcos0,    yszrmnO; 

these  integrals  will  become 

f^dO-cdt,   '^y^=-2Siufr  +  ft;         (2) 

if  the  yalues  of  di  and  d$  be  deduced  from  these  equations, 
they  wiU  be  of  the  form 

dizifrdr^    dO±trdrj 

which  it  will  be  only  necessary  to  integrate  either  accurately 
or  by  approximation. 

If  dif  be  eliminated  between  equations  (2),  we  obtain 

'^yi)   +^  +  2SRdr  =  ft,  (3) 

for  the  differential  equation  of  the  trajectory. 

If  V  represents  the  velocity  of  the  moveable  at  the  point 

Mf  we  shall  have 

i;'  =  6  — 2SRrfr;  (4) 

and  S  denoting  the  angle  that  its  direction  makes  with  mc,  its 
components  will  be 

dr  .    ^     rdd 

rcos8=— — ,    rsmSss-j-, 
ai  Qi 

in  the  respective  directions  of  mc,  the  radius  vector,  and  of  mh 
perpendicular  to  mc. 

The  two  constants  b  and  c,  and  those  which  are  introduced 
by  the  integration  of  the  values  of  di  and  c/0,  can  be  determined 
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by  mvftiu  of  Uic  iuilial  potition  and  wlodty  of  the  o 
For  this  purpose,  let  y  rt-prcMiit  t)i«  initial  cUstucc  cd.  •  lb 
angle  cda  which  may  be  either  acute  or  ol>tu«v,  and  k  tk 
height  due  to  the  initial  relodty,  so  that  liiis  rdocity  ai? 
be  %^'2ijh,  ff  iloiioting  the  gravity.  If  the  intcgrml  Ja^. 
which  occun  in  the  prvoetUng  fonnuhe  vanialies,  when  '  — > 
we  shall  have,  as  is  evident  from  the  general  ^TpiaaaJwi  6f^, 

In  virtue  of  the  equation  r\M  =  cirft(|r),Uw  valor  of*  ail 

is  the  sane  thing  as  - ;  conseqaently,  we  iliaU  ban  ^^H 

c  =  y  V'S^A .  tin  a.  ^^H 

As  (0  the  two  other  constant  arhltntriea,  tlwy  •»  4g>m- 
mined  by  th^;  suppoMtion  that  6  =  0,  and  /*  =  7,  when  f  =  1^ 
and  thus,  the  problem  will  be  completely  raolnd. 

235.  When  the  force  &  ts  proportJooal  to  tlw  Sgtamat  r, 
the  v-ariiibltr*  x  and  t/  are  separated  in  equations  ( I ),  and  tWn 
u  no  occasion  to  recur  to  polar  coordinate*,  or  to  cqailisM 
(2).  In  bet,  let  A  denote  the  ralue  of  K  whicb  iijiin[iw<i 
to  r  =  -V,  and 


will  b«  ill  general  value.     Equations  ( 1 )  will 
(Px  _      kx     d*]/         kff 

and  their  complete  inl^prals  will  be(z) 

x  =  Aco.(V^  +  A'sinlV/*. 

y  =  Bco«r  V^ +  B'iin(  \/i; 
A,  a',  ■>  ■',  being  the  few  cooatant  arbitnuiH  thai  art  jaoa- 
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duced  by  the  integratioD.  In  order  to  determine  themi  we 
have,  by  the  preceding  suppositions^ 

a?=y,  y  =  0,  ^=  —  v^2^.eoso,  ^n  V'^i^.sina, 
when  <  =  0 ;  hence  it  follows  that 

A  =  7,     a' V  -=— v^2aAco8o, 

7 

B  =  0,     B' V  -=  V^SflA^sina, 

7 

and,  consequently, 

^nyTcos^  V V  -£-co8a8in<  V  -j, 

y  =  7  V  -i^.sinosin/  k  -. 

'  ky  y 

It  appears  from  these  formulse,  that  the  revolutions  of  the 
moveable  about  the  point  c,  will  be  isochronous,  and  their 

common  duration  equal  to  27r  k  Ma^*  We  can  deduce  from 
them 

7sinasin^V^  =  yV^, 

Y8inacos^K-  =  a;.sina4-yco8a; 

7 
hence  we  obtain(&^ 

5"^  y*  +  (arsin  o  +  y  cosa)*  =  y'sin'a, 

for  the  equation  of  the  trajectory,  which  is,  evidently,  an  ellipse 
of  which. the  centre  is  at  the  point  c.  This  ellipse  becomes  a 
circle  when  a  =  90^,  and  hy  =  2gh.  In  this  case,  the  motion 
is  uniform,  for  by  the  expressions  for  x  and  y,  we  have 
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hence  the  velodty  v  is  njuol  to  y/yk.    The  oeotrml  fbrec  ■  md 

the  ix'ntrifu^l  force  -  arecoDHUmt,  and  respectively  eqakl  loL 

If  the  foTco  B  Im)  repulsive  in«tead  of  being  •ttracti**,  m 
bu  bei-n  ttiippMcd,  A  munt  be  rlian^l  inlo  —  A  in  tht  ji^ 
ceding  formuke.  The  trajectory  will  be  then  u  hrpcrlMl^ 
and  the  body  in  its  notion  will  never  ntuni  k  aecood  (iai*  to 
the  tame  piiint. 

236.  Let  the  force  n  be  sujiposcd  to  be  proportioaftl  lo  the 
inva«e  cube  of  the  dJttance,  and,  coiw«(]ueatl]r,  thai 


A  being  always  its  value  at  the  point  d. 
In  thia  bypotbeais,  we  aball  have, 


SS"^' 


='r(.-S. 


becttdse  the  integral  vanishes  when  r  ir  7. 

If  we  take  into  account  the  values  of  i  and  c,  aiMl  m 

equation  (3)  will  become 

rffl''*"\        2yA.8in*rt/"  "iin'a       S^A^a* 
Ab  the  coefiideDt  of  z*  may  be  either  pattdre  or 

2ffA.UO*a 
oonaeqaently,  we  havefr') 

^±iiV  =  cofa±«', 
from  wUdi  wc  obtain 


\ 
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ndz 


nde  = 


v/cot*  o  ±  n*  qz  n*  ;?* 
When  the  superior  signs  are  employed,  we  shall  haye(cf) 

110  =  arc  (sin  =  =)  —  arc  f sin  =     .  -=) ; 

^  l/co(?o  +  n*^  \  \/cot*o+nV 

and,  when  the  inferior  signs  are  made  use  o^ 


^      ,      «z  +  V^cot*  o  —  n'  +  n V 

n9  =  log ^  ,  ^. 9 

n  +  cot  a 

taking  care  to  observe,  that  r  =:  y  and  z  =:  I  when  OzzO. 
From  the  first  value  of  n0,  we  deduce 

nz  =:  cot  a  sin  n0  -4*  ^  c^  '^O* 

The  maximum  of  z,  or  the  mtntmu m  of  r,  corresponds  to  the 
value  of  0,  deduced  from  the  equation  d!z  =  0,  or(e^ 


tan  n0  =:  -  cot  a. 


for  which  we  obtain 


=  2  =  \/l^.ioot»«. 


Z 

T       '         "  n' 


Beyond  this  value  of  0,  the  distance  of  the  moveable  firom 
the  point  c  will  increase  indefinitely,  and  its  radius  vector  r 
will  be  infinite,  for  the  least  value  of  0  deduced  from  the  equa- 
tion z  =  0,  or(/0 

tang  nOzz  ^  n  tang  a ; 

and  to  attain  this  value  of  0  an  infinite  time  is  required.  The 
value  of  <  as  a  function  of  0,  may  be  obtained  without  any 
difficulty,  by  substituting  in  the  first  equation  (2),  in  place  of 

r,  the  value  of  ^. 

z 

When  the  value  of  n0  is  a  logarithmic  function,  we  shall 
have,  by  passing  to  numbers,  and  denoting  the  base  in  Napier's 
system  of  logarithms  by  «, 
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nz  +  •coi««-«'  +  iiV=:  («  +  ««■)«-•! 
hence  we  obtaiD(/) 

«  =  2ai.(»+oot«)f-+j;<ii-<»ol.)r-- 

it  oppeara  from  this  cxprewion,  th»l  the  r«lue  of  r 
bdcfinili-Iy,  conocqutTntly,  ihc  curve  defcribcd  by  the  mar^ 
ablo  body  about  Uic  point  c,  will  be  u  •pi«l,  uid  U  will  art 
T«ach  tli«  ccDtrv  until  after  it  bai  performed  an  iofiaitc  nnaW 
of  revolutions. 

If,  in  order  to  wnplify,  wc  Ruike  ■  =  90°,  we  ahaU  Imtc 

for  tbe  equation  of  this  tpimL    The  ftivt  equatiaa  (1)  I 


and,  by  int^ntting,  we  obtain 


■(^+.— )■• 


237.  Let  OS  suppose,  for  tbe  last  example,  thai 
K  varies  in  tbe  inreree  ratio  of  tbe  square  of  the 
which  is  the  Uw  that  obtains  in  oatore,  in  wUeh  cat  *« 
have 

.  =  *-^',     Sl.<fr  =  »y(l-2); 

k  being  the  intennty  of  this  force  at  the  point  d,  who*  At 
preceding  integral  is  supposed  to  be  eqnal  to  n 
If  we  make 

equation  (3)  of  the  trajectory  will  bicpwi 


from  which  we  obtain(A^ 
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dQzz  "^P 


Hence  if  we  integrate  and  denote  the  constant  arbitrary  by 
ca,  we  shall  have 

0  =:  01  +  arc  I  cos  =  — ^  ~"     ^   ■  ]  ; 
by  means  of  which  we  can  obtain 


ky^rzzc^  -  r  l/AV  -  c^^  cos  (fl  -  w),  (a) 

(D  'i'  IT  being  substituted  in  place  of  oi,  in  order  that  oi  may 
be  the  value  of  0  which  corresponds  to  the  least  value  of  r, 
that  is  to  say,  to  the  point  of  the  trajectory  where  the  move- 
able is  nearest  to  c. 

In  order  to  obtain  the  equation  of  this  curve  in  rectangular 
coordinates,  let 

x'  =  r .  cos  (0  —  w),    y^  =  r.sin  (0  —  w) ; 

x^  and  y'  being  the  rectangular  coordinates  of  the  moveable 
referred  to  the  axes  cx^  and  C]/j  so  that  x'cx  =:  a» ;  we  shall 
have  evidently 

and  if  the  two  members  of  equation  (a)  of  the  trajectory  be 
raised  to  the  square,  it  will  become(i^) 


Now,  it  is  evident  from  inspection  of  this  expression,  that  it 
belongs  to  a  conic  section,  which  will  be  an  ellipse,  a  parabola, 
or  hyperbola,  according  as  the  constant  /3  is  positive,  cypher, 
or  negative.  It  appears  also,  that  in  all  cases,  the  point  c 
will  be  a  focus  of  this  curve ;  for,  in  the  equation  (a),  the 
radius  vector  r  is  a  linear  function  of  the  abscissa  x';  now  in 

3b 


STO 


UOrtOM  OP  k  HATBalAL  POINT 


\ 


the  tlirae  oonie  •«ction«,  tbia  u  only  Uie  caw,  wben  the  orifM 
of  the  coordinates  ia  one  of  tho  foci. 
Since  b  s  23k,  wc  shsll  have 

p  =  ihy  —  igi  ; 

brace  it  follow*,  that  the  Mgn  of  0,  and  coMgqneitUy,  ife 
luture  of  tht!  conic  M-ctiori  ilvscribcd  by  the  iihiimIiIw,  ^ 
peniit  only  on  the  initial  ttisUnce  and  velocity  of  pi^MIHa. 
and  not  at  all  on  the  direclion  of  this  velocity  ;  w>  dwc  X  ■»■ 
rtral  material  points  commence  to  move  fron  tiM  mw  pMt 
c  with  rtiUitl  vclocitiM,  all  of  them  will  describe  cone  Me- 
tlons  of  the  tame  nature,  whatever  may  ba  tbeir  Wtial  A- 
ncUon*.  If  for  example  A  =9,  the  curve  docribed  wiB  W 
an  ullipse,  a  parabola,  or  hyperbt^  aceordiBg  •>  tbe  bq|tl 
doe  to  the  initial  velocity  is  )mm  than  cd*  cqaal  to  tin*  A»- 
tance,  or  f^caier  than  it. 

3.1$.  In  the  case  of  the  ellipee,  egnatjoa  (a)  ihi  wi  tJai  li» 
greatest  and  least  values  of  r  rormpood  la  $^m+w  mi 
9  —  tLt;  if  wc  di-noto  iht-m  by  n  ( 1  4-  r)  and  a  <\  —  r)  n»~ 
pectively,  then  a  is  the  semi-axis  major,  and  c  tba  enMbi- 
city,  and  we  shall  have 

(»7'- 


-c-3)a(l  +  .)  =  .', 
:?3)a(l-,)=A 


or,  what  is  the  same  thing, 

Pa(l  +  c)  =  Ay+/AV-c^ 
po  (1  -  e)  =  */-  /*V-e^. 
If  we  add  these  equations  together,  aad  if  w«  aW 
tbur  conretpoDding  members,  we  shall  obtain 

and,  by  substituting  for  3  **>^  '  thor  raluaa, 

0  =  2{ky-!,k),       CSyV'SJlrf.^ 

we  obtain 


J 
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7*  \/l  —  c*=  2  y/gh  {hy  —  gh)  sin  a ; 


(b) 


by  means  of  which,  the  semi-axis  major,  and  the  excentricity, 
may  be  obtained.  The  angle  to  is  detennined  by  making,  at 
the  same  time,  0=:O  and  r=:  y  in  equation  (a).  Thus^  when 
the  position,  initial  velocity  and  direction  of  the  moveable  are 
given,  the  dimensions  of  the  ellipse,  and  the  position  of  its 
greater  axis,  will  be  completely  determined.  With  respect  to 
its  motion  on  this  curve,  that  is  known  by  formulas  (a)  (b)  (c) 
of  No.  220.  It  appears  firom  formula  (4)  of  No.  234,  that 
the  square  of  the  velodty  at  any  instant  is  expressed  by  the 
equation 

or,  what  comes  to  the  same  thing. 


='.(?-a-        <«) 


on  account  of  the  value  which  we  have  found  for  a,  and  by 
making  ky^  iz  /u,  so  that  here,  as  in  the  formuU  of  No.  225, 
fi  expresses  the  intensity  of  the  central  force  at  the  unit  of 
distance. 

239.  As  the  motions  of  comets  are  observed  to  approximate, 
during  the  time  of  their  apparition,  to  that  of  a  body  moving  in 
a  parabola,  it  will  not  be  irrelevant  to  discuss  here  this  parti- 
cular species  of  motion.  Since  we  have  in  this  case  /3  =:  0, 
or  ky  Si  ghj  equations  (b)  give  a  =  x  and  e  =  1 ;  which  is  in 
ftct  the  case  in  the  parabola.     Formula  (c)  becomes 

T 

and  if  u  denotes  the  velocity  in  a  circle,  of  which  the  radius  is 
equal  to  r,  we  shall  have  in  virtue  of  the  same  formula, 

tt'z:  -; 

r 


I 


ttoOBcqucntlyi  nt  equal  i]Li>tanu«4  fmni  ibc  ran,  tbe  Ttloatfwl 
acoinrt  »  U)  ihiit  of  n  pliuict,  wliiob  docnbcs  a  ard^  ■ 
</i  to  I. 

In  gOMnl,  if  the  two  membcn  of  tbe  hat  of  w 
be  tdied  to  the  M|tuuT>,  «»<l  if  tli«y  then  be  n 
jdied  by  duMS  of  ibc  firsr,  we  thaU  ohttia 

heoe^  if  p  dtnntes  (he  least  dhtaiice  of  tbe  c 
andtf  waaaakc  A7'  =  «rAandc  =  I,  wa  Aall  Imts 

fitMBthiiitq^cars,  tbat  tbc  prribclion  ilistanoe  b 

irim  tbe  inhfail  ilUunci!  anil  angic  of  pnr}«cti))o  atv  kawm. 

I^  in  aqBtlion  (a),  vtv  make  ^  =  0,  luiA  ky  —  yA,  it  WUK 
ooma,  by  nbitiiuiing  for  r*  iio  nine  ^gity*.  ^*  a,  ^| 

r=2ytui*a  — roM(6  — m); 

hence  there  reaulta 

for  the  equation  of  the  trajectory.  If  we  make  fst,  aaJ 
r  —  y,  we  obtain(/') 

7(1  +  co«w)  =;2;>,     coa|M  =  ain«; 

by  means  of  which,  we  can  determine  the  an^  m  ikal  Ae 
radius  vector  drawn  to  the  perihelion,  makea  wilb  tbe  nAs 
drawn  to  the  point  from  which  a  body  u  projected. 

If  we  substitute  for  tlic  nUues  of  c  and  r  in  tbc  finl  nf^ 
tion  (3)  of  No.  334,  and  if,  in  order  to  abridga^  «•  ^ibt 

y  \^gh  sin  a 

' — ^T =  "t 

P 
there  mulls 


\ 
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and  because 

1  +  co8(e  -  w)  =  2co8*i(0  —  Ol), 
if  we  make 

we  shall  have 

cos*  t/^ ""  y/2 


r—  > 


hence  by  integrating  and  denoting  the  constant  arbitrary  by  c, 

we  obtain(»i^ 

3  It/ 

(3  +  tang»,/,)tangi^  +  €=:— =. 

In  order  to  determine  this  constant,  it  is  to  be  observed 
that  we  have,  at  the  same  time, 

^  =  0,     OziO,     t/,=  -iw; 

and  because  cos  ^a»  =  sin  a,  there  results 

€  =  (3  4-  cot^  a)  cot  a. 

Naming  t'  the  interval  which  lapses  from  the  moment  the 
body  begins  to  move  until  it  passes  through  the  perihelion, 
we  shall  have  at  once 

and,  consequently, 

c/2 


t'zz 


TT' 


This  being  so,  if  r  denotes  the  time  reckoned  firom  the 
instant  of  this  passage,  so  that  ^  =:  ^^  +  r,  we  shall  have 

3  fit 
[3  +  tang»i(e  -  ^)']  tang  1(0  -  w)  =  7^5  (e) 

and  if  this  equation,  which  is  of  the  third  degree  with  respect 
to  tang  i(0  —  a>),  be  resolved,  we  shall  obtain  tangi(0  —  to) 


9U 


mm  w  A  iiiATiini.vL  routx 


ia  ■  fimedoB  of  r,  and,  eotitctgiu'iid)-.  w<r  shall  have  iIm  nlM 
ofr  Mtdfttujr  glminkratit;  the  ttiM r  b ovidently  pontn* 
iftcr  th«  bodj  Hm  pnwd  tKrougli  the  peiihetioa  aod  ■ 
pnrioolj  to  thk  pimg«. 


1 


the  pnowibiy  Tihw  of  a  ia  the  Hame  u 

thanfeni  h  appmil  from  ibc  equadiin  oV  =  ^ 
tliat  II  aiprMiM  4i»  mam  lingular  vclodiy  of  a  plwM,  4 
iriiA  dw  gnUor  wod^xis  in  i-qoal  to  p ;  uid  if  ■  dtaoM 
tlMt  afdwoMtfi,  Mid/ilicRiiu-uisinijor.  hi  that  «c  aif 

hm 


m  ohall  obtuii(iiO 


for  the  Tslue  of  ti. 

240.  From  the  preceding  aoalyiii  it  appean,  that  if  At 
determination  of  the  motion  of  a  comet  be  eoiuidarad  aa  a  ■«* 
probiem  qfdjfmamics,  and  i^  in  conaeqaencc,  its  hddal  ftd- 
tion,  its  direction,  and  Telocity,  are  Boppoaed  to  ha  haava* 
we  can,  from  these  data,  determine  p  the  diataooa  af  (ha  M» 
nut  of  the  parabola  from  iti  fbcoa,  the  instant  of  the  pamif* 
of  the  body  through  this  Bunmit,  or  the  value  of  t^  tmi  iW 
podtion  of  the  axis  which  depends  on  the  ang^  w ;  dw  ^^ 
dty  of  the  comet,  and  its  position  on  its  trajectocy  at  Mif 
instant  whatever,  are  known  by  means  of  cqoatiam  (e\  (d).(t)> 
and  as  the  plane  of  thb  curva  »  that  which  ] 
the  centre  of  the  sun,  and  through  the  directioci  of  the  ■ 
vdodty,  it  follows  that  the  motion  ii  conplataly  4 
Bat  tba  aatroitomital  pioblcai  is  allogtthcr  ilitiiii      mm 
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a  comet  is  first  discovered,  neither  the  plane  of  its  orbit,  its  dis- 
tance from  the  sun,  its  velocity,  nor  its  direction  at  the  instant 
of  its  apparition,  are  furnished  by  observation,  so  that  if  its 
position  at  this  instant  be  taken  for  its  point  of  departure,  the 
constant  quantities  y,  A,  a,  will  not  be  given  as  in  the  pre- 
ceding problem.  The  question  then  consists  in  deducing 
from  observations,  the  five  following  quantities,  namely,  the 
inclination  of  the  orbit,  and  the  longitude  of  its  ascending 
node  on  the  plane  of  the  ecliptic,  (which  two  quantities  will 
determine  the  plane  of  the  orbit ,)  the  longitude  of  the  peri- 
helion, and  its  distance  from  the  sun,  (from  which  two,  the 
position  of  the  orbit  in  its  plane  may  be  known ;)  and  lastly, 
the  time  corresponding  to  the  passage  of  the  comet  through 
its  perihelion.  When  these  five  unknown  quantities  are  de- 
termined, equations  (c),  (d),  (e),  represent,  as  in  the  preceding 
numbers,  the  motion  of  the  comet  in  its  plane.  Now,  from^each 
observation  of  the  comet,  we  can  deduce  its  right  ascension 
and  declination;  therefore,  three  observations  furnish  six  data, 
and,  consequently,  six  equadons,  which  are  more  than  suffi- 
cient to  determine  the  five  unknown  quantities  mentioned 
above;  and  this  circumstance  enables  us  to  replace  two  of 
these  equations  by  that  combination  of  them  which  is  most 
proper  to  diminish  the  influence  of  the  errors  of  observations. 

Having  thus  deduced  approximate  values  of  the  five  ele- 
ments adverted  to  above,  from  three  observations  made  at  the 
epoch  of  their  apparition,  subsequent  observations  serve  to 
correct  these  first  values,  and  to  verify  formule  (d)  and  (e). 

We  can  only  in  this  treatise  thus  generally  advert  to  this 
problem,  which  is  one  of  pure  astronomy,  of  which  different 
solutions  have  been  proposed. 


CHAPTER  VII. 

DIORBSaiON  OS   DXrVBRSal,  ATTBACnOV. 

24 1 .  The  matrrial  poiniM  o/all  bodiei  attract  eaeA  tAir 
mutHallff,  in  Mr  tlirfrt  rnb'o  i^thc  nattu,  aud  i»  tkt  imtav 
o/the  *tiuare  of  the  dintawtM. 

'riiisi^at  law  of  nature,  whicb  wasclisoavem}  hj  NrvMi 
is  a  necatnary  conftcqupncv  of  iihscrration  and  islcaluwtt.  b 
fact,  it  is  fthewn  in  tb«  ezpwrition  o/thr  tftem  tffth^  vmitt 
how,  by  Betting  out  from  experiment,  wc  at*  miiiiIwIi^ 
without  aafluming  any  hypolhntii),  by  an  tminterraptari  Bai 
of  rigoroufl  TCflsonin^,  to  theprincl{)leof  wurerjo/yraniMiflb 
Tht'  drtvInptnt^nU  of  this  principle  coiutitiitp  the  ti^tai 
object  of  the  ceUilial  mecAaiiict.  We  shall  r 
in  thia  chapter,  to  a  brief  eipoution  of  its  | 
quenccs. 

242.  The  force  that  retuns  the  planeu  in  I 
the  resultant  of  the  attraction,  which  all  the  a 
of  the  sun  exerrise  on  ail  those  of  each  planet, 
the  smallness  of  the  dimcnitions  of  the  snn  and  tkt  phacb  i^ 
latirely  to  the  distances  which  intervene  between  tlteaK,h  »  en- 
dent  that  these  attractions  may  be  regarded,  with  an  appari- 
mation  sufficiently  near  to  the  truth,  as  equal  and  paimUel  faim 
in  the  entire  eitent  of  each  planet ;  their  rctultant  it  thtm  t^mi 
to  their  sum,  and,  the  distance  remaining  the  asne.  tW  v^ 
tive  force  of  each  planet  is  proportional  to  the  pcodnrt  •(  !• 
mass  into  that  of  (he  sun ;  the  circurostaooe  o(  tltc  farm  d 
these  bodies  bcin^  very  nearly  spherical,  readers  tUs  csfr 
cluuon  still  more  exact,  when  their  mutual  distanc*  it  ^ 
■umed  to  be  that  of  their  centres  of  gfrarily,  (No.  99.) 


^ 


1 
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In  order  to  express  the  intensity  of  this  force  numerically,^ 
let  a  certain  distance,  for  example,  that  of  the  sun  from  the 
earth,  be  assumed  as  the  linear  unit,  also  let  a  determinate 
mass  and  interval  of  time  be  selected  as  the  respective  units 
of  these  two  descriptions  of  quantities ;  and  finally,  let  the 
unit  of  force  be,  as  in  No.  118,  the  constant  accelerating 
force,  which  produces,  in  the  unit  of  time,  a  velocity  equal  to 
the  unit  of  length.  Let  us  now  suppose  two  bodies,  whose 
masses  are  respectively  equal  to  that  which  has  been  se- 
lected to  represent  unity,  to  be  distant  from  eadi  other  by  a 
quantity  equal  to  the  linear  unit,  then  if  y  denotes  the  at- 
tractive force  of  one  of  these  two  bodies  on  the  other,  that  is 
to  say,  the  numerical  ratio  of  its  intensity  to  that  of  the  force 
which  has  been  selected  to  represent  unity,  m  and  m  being  the 
masses  of  the  sun  and  planet,  the  motive  force  of  the  planet 
will  be /km  at  the  unit  of  distance,  and  at  any  other  distance 

r,  it  will  be ^—5—. 

The  magnitude  of  the  quantity  which  we  have  denoted 
by  ff  depends  on  the  attractive  power  with  which  matter  is 
endowed ;  when  the  mass  and  distance  are  equal,  this  power 
is  the  same  for  all  bodies ;  nothing  hitherto  observed  leads  us 
to  suppose  that  it  increases  or  diminishes  with  the  time ;  and 
we  have  every  reason  to  think  that  it  has  been  and  will  re- 
main constantly  the  same. 

243.  The  motive  force  of  the  mass  m,  due  to  the  attraction 

of  m,  is  also  represented  by     ^   ,  so  that  the  reaction  of  each 
planet  on  the  sun,  is  equal  and  contrary  to  the  action  of  this  star 

ontheplanet;  but  the  motive  force*^— 5—,  acting  on  the  two  masses 

M  and  m,  will  impress  on  them,  in  each  instant,  infinitely 
small  velocities,  which  are  reciprocally  proportional  to  these 

masses,  or,  in  other  words,  their  accelerating  forces  are  --j  and 

•^ .     Hence  it  follows,  that  if  these  bodies  are  remitted,  with- 
in 
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«ot  any  initial  nlodtk*,  to  thnr  mutual  atUactjoo,  they  «9 

DU>v«  towanb  «acb  other,   poniutf  orer,  in  t^  iwbc  tiiM 

BpBcos  vliicli  an  iii  ibr  inivnG  ratio  of  their  — — in  ;  maA  t^ 

nill  moel  at  their  coroinaa  <vntrc  of  frravity,  whidt  «»  kmm 

divide*  tbuir  initial  libtancA  in  tlw  invi-Tv.'  iBtio  of  tbair  MiHM. 

In  frvnrral,  if  a  plaiwt  is  projectt-d  iit  any  d 

ill  ipnc«,  nod  if  it  be  reqiuivd  to  dctrnninv  its  a; 

tion  about  tho  eeniiv  of  the  Nin,  coodttcrtil  ■*  ■> 

Wfl  must  cooecirv  that  in  each  instaot,  titer*  h  h 

thla  Mar,  an  infiniloly  imaU  relodty,  equal  maA  onttwy  » 

tbat  which  it  rcceivM  front  the  attraction  of  the  pl^wl ;  h^ 

in  order  that  tho  rekitire  motion  of  these  two  bv^^  fc*  hi 

allereil,  ne  should,  at  lh«  saow  titne,  impr«a  tlkk  i 

the  planet ;  which  ii  the  wne  thing,  m  if  llwrr  « 

it  an  accelerating  force  equal  and  cootnoy  to  thai  ottimwms 

thffrefon.',  in  the  motion  which  we  ara  coorideilm,  iWai* 

letatii^  foiM  of  the  planet  mi  will  be  coostantly  JfaaMil 

lowardi  the  aun   h,  and  eigual  tii  the  «am  of  the  twn  fan 

•^—  anil  -r  1 
r'  r' 

should 


;  hviKL-  if  it  ii  n-prMcnled  by  ^,  Miu  No.  tO^  •• 


Therefore,  this  value  ouvht  to  be  subttitQtc^  in  the  £§f- 
rent  equations  of  ellipiiL-  motion  which  hare  beea  ctvea  im  At 

preceding  numbers,  and  tlic  equation 
4a-V 


tit 


r  will  then  give 

T  being  always  the  lime  of  the  plamt'a  revoluliaa,  vJ  « lb 
•cmi-axis  major  of  its  urbit. 

It  appears,  ihcreforo,  that  the  ratio  -,,  inaanoch  h ii  ^ 
pcnda  on  n,  the  mass  of  the  planet,  will  not  b«  the  nr*  f" 


\ 


ON  UNIVERSAL  ATTRACTION.  1119 

two  planets  when  their  masses  are  unequal.  However,  as  the 
observations  which  establish  the  third  law  of  Kepler  prove,  that 
this  ratio,  if  not  exactly,  is,  at  least,  very  nearly  constant;  it 
follows,  that  the  masses  of  the  planets  are  very  small  rela- 

T* 

tively  to  that  of  the  sun,  and  this  is  the  reason  why  -^  the  ratio 

of  the  square  of  the  time  to  the  cube  of  the  mean  distance 
varies  very  little,  in  passing  from  one  planet  to  another.  In 
fact,  the  mass  of  Jupiter,  which  is  the  most  considerable  of 
them  all,  is  less  than  the  thousandth  part  of  the  mass  of  the 
sun. 

244.  It  is  on  this  account  that  the  mutual  attraction  of 
the  planets  produces  only  perturbationSf  which  are  either  Very 
Blow,  or  very  inconsiderable,  in  the  elliptic  motion  produced 
by  the  attraction  of  the  sun.  In  fact,  the  masses  of  two  planets 
being  m  and  i»i,  the  motive  force  directed  from  the  one  to 

the  other,  is  expressed  by  —2^  at  the  distance  p ;  therefore, 

P 
the  accelerating  force  of  m  arising  from  the  attraction  of  mi , 

will  be'^-5^ ;  and  as  the  distance  p  never  becomes  very  small 

relatively  to  r  the  distance  of  m  from  the  sun,  it  follows,  that 
if  mi  be  a  very  small  fraction  of  m,  the  motion  of  m  produced 
by  the  solar  attraction,  ought  to  be  very  little  modified  by  the 
attraction  of  9711. 

The  planetary  perturbations  may,  therefore,  be  deter- 
mined by  the  method  of  the  variation  of  constant  arbitraries, 
which  has  been  already  explained  in  No.  229.  They  are  of 
two  diflferent  species.  The  one  consists  of  periodic  inequalities, 
which  are,  for  the  most  part,  very  small,  and  of  which  the  pe- 
riods comprise  multiples  of  the  revolutions  of  the  disturbing 
and  disturbed  planet,  that  in  general  are  inconsiderable. 
However,  when  their  mean  motions  are  nearly  commensurable, 
these  periods  may  become  much  longer,  and  the  inequalities 
much  more  sensible.  Thus,  as  the  mean  motions  of  Saturn  and 
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Jupitt^r  are  very  nearly  in  tlie  pfoportkui  of  S  to  6, 
pravctl,  tbat  ail  inequality  nwulu  6inn  the  mattml  a 
of  llieAe  two  planets,  wliose  periud  u  930  y<m«.  mad  of  wlnti 
the  NMif  iMtNm  in  about  4A'  m  the  Inngitoile  uf  Sttian,  bhI  f«; 
nrarly  30'  in  tliat  of  Jupiter. 

Tliv  fulinr  |M-rlurbauon«  of  tbe  planets  are — lat,  tfcv  }«»■ 
gre^sTc  motions  of  xhr  puritielia  an<l  nodm  of  tlHsr  ortilk 
in  whieh  these  pcnnt>  trart-Mc  the  entin  arcauSlamie»,  im 
periocts  of  »iich  length,  iliat  thi-y  may  rxeevd  UuVHaJi  of 
cenliirien ;  Sndly,  thv  itrtnilar  variatiotM  wbicfa  lAvt  At 
eJCcentriciDrs  nml  inclinatiunii  uf  iJie^e  orbita,  and  aW  &i 
nam  longituiles  of  the  pbtneU;  the  periods  of  thorH* 
aimiUr  to  tlic  prccedini^,  iiti<l  thor  amplitude*,  iboa^  c^ 
tain«l  within  very  narrow  limita,  are  not  jrt  toj  wA 
known. 

But  while  iheM  tliflerent  elements  ofelliptio  motioa^i^ 
taiieou«ly  raiy  in  virtue  of  the  pUinelary  attractloii,  it  m  foy 
ninarlutble,  that  thi*  force  pro<!a<v5  no  chanife  in  ih*  [.ii^ir 
axes  of  the  orbits  anH  the  mean  motions  of  tb«  pUnvta,  vhid 
will  be  tbe  same  at  all  epochs,  as  also  the  time*  of  rvrolntiaa^ 
that  are  connccteil  with  the  greater  axes  by  ctjoatiaB  (I). 
Is>  vert  he  less,  the  secular  variations  of  the  meui  longitodM 
proiluce  corresponding  ones  in  the  intervals  between  twoooo- 
secutive  returns  to  tbe  same  fixed  point ;  they  an  iimniilili 
in  the  motion  of  the  planets ;  but  this  is  not  the  CMC  im  iIm 
motion  of  the  satellites,  and  particularly  in  that  of  iW  Mooa. 
which,  on  thu  account,  is  accelerated  Irom  centory  to  eeatsrv 
As  tbe  accelerating  force  which  arises  from  tbe  attnctiaa  of  > 
planet  nil,  on  another  planet  at,  is  independent  cf  the  ■■« 
of  tN,  and  proportional  (o  the  mass  m,,  it  is  tmy  to  tiutan 
bow  the  perturbations  due  to  this  forc«,  and  wtiicfc  are  t^ 
served  in  the  motion  of  m  about  the  sun.  may  enaUr  w  ■* 
determine  the  ratio  of  the  mass  Mi  to  that  of  this  star.  TWk 
for  example,  by  means  of  tbe  great  inequality  in  tbe  metm 
of  Saturn  produced  by  the  action  of  Jupiter.  w«  ftad  tbi  iht 
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mass  of  this  last  planet  is  equal  to  the  -f ^^^th  of  that  of  the 
sun. 

In  the  next  number  we  will  point  out  another  means  of 
estimating  the  mass  of  those  planets,  which  are  accompanied 
by  one  or  several  satellites.  The  comets,  on  account  of  the 
smallness  of  their  masses,  do  not  produce  any  appreciable 
effect  on  the  planets  ;  but  their  motions  are  deranged  by  the 
attractions  of  the  planets,  and  their  perturbations,  which  have 
a  considerable  influence  on  the  epochs  of  the  reappearance  of 
each  comet,  that  is  to  say,  on  the  interval  of  time  comprised 
between  two  consecutive  passages  through  its  perihelion,  are 
also  determined  by  the  method  of  No.  229. 

245.  Let  m!  and  m  denote  the  masses  of  a  satellite  and  its 
primary,  and  r'  the  distance  of  their  centres.  The  motive 
force  of  the  satellite,  directed  towards  the  centre  of  the  planet, 

will  be  expressed  by    ^^   at  this  distance  r'  \  the  coefficienty 

being  the  same  as  in  the  former  expressions.     The  accelerating 
force  of  the  satellite  in  its  apparent  motion  about  the  planet, 

will  be  expressed  by  -—,  in  which 

If  a'  denotes  the  semi-aids  major  of  the  orbit  of  the  satel- 
lite, and  T^  the  time  of  its  revolution,  we  shall  obtain,  by  ap- 
plying equation  (1)  to  its  motion, 

T^  _        47r' 
a'^^/(m  +  my 

and  if  these  two  equations  be  respectively  divided  by  each 
other,  in  order  to  eliminate  the  coefficient^^  there  will  result, 

T'*. a^  ""  M  +  m* 

Now,  with  the  exception  of  the  moon,  the  masses  of  the 
satellites  are  very  small  relatively  to  those  of  their  respective 
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priouriet;  for  example,  tbe  ntua  of  a  Mtellite  of  J 
tho  tea  tboumi<ltfa  {Kin  of  that  of  thu  plui«t ;  thetefeti,  ia  dfc 
last  cqiatioD,  wo  may  put  m  in  pUc«  of  m  +  «' ;  uaJ  m  »,*, 
T,  T*,  ve  given  by  obMrvatwo,  thi>  equation  will  caaUc  ■ 
to  ilct«niutu!  the  intio  m  to  m.  It  wu  in  Uus  way  N««M 
rpund  tliat  the  mass  of  Ju|>it<T  wa>  tbe  -nArr*')  «f  Uut  of  the 
ftun,  vhich  cljfr<;»  very  littlu  Irom  tlw  fnu:tioa  Tt^>  *^  ^ 
bcun  since  obtaioed  by  oDuttier  method. 

24(i.  If  a  planet  is  attenilml  by  Mvwal  «^HflitTTL  lUr 
mutual  attraction,  combinvd  «ith  the  iuc(|uaiit]r  of  ihtMliM 
of  the  Buu  OD  each  satellite  and  do  the  planet,  ptodao*  t>  At 
dliplio  iDHtioas  of  thu  nttjUiM,  potnriMlioiit  ma^impim  to 
those  we  have  already  ailrerted  to  in  the  on*  of  the  pbwMk 
The  pcrtiirbntioiis  whirh  ari«<!  fron  tbe  irrtpro^  kctiM  d 
the  »atollitv«,  will  vilitblc  ua  to  detcfmine  tbe  niio  tlMt  th« 
iDiuues  bear  tn  tliat  of  the  ploitel,  wboae  attnctkm  pr^tam 
tbdr  elliptic  inotbn.  But  an  tbe  raooa  la  the  atij  mt^lt 
vhicb  revolve*  about  the  eaith,  we  cannot  affty  An  ■»> 
ihwl  to  liirli'rminc  !l>  n\^i-^  :  Iiowltof  It  nmv  )>r  nlitaine^  hnm 
Other  considerations,  one  of  which  is  the  action  of  ■hw  BHt 
lite  on  tbe  waters  of  tbe  ocean,  and  which  we  now  f 
detail. 

Let  c  (fig.  56)  be  the  centre  of  tbe  earth,  a  thai  of  thr 
moon,  M  any  point  whatever  of  tbe  terrestrial  iiplMnwl.  «h»  itt 

CA  =  a,     AM  =  p,     CM  =  r, 
then  if  we  denote  the  angle  acm  by  X,  we  shall  have 
p*  =  i.*  — 2arc09X+r*; 

and  if  from  the  point  u,  the  perpendicular  MB  b*  let  iiU  «■ 
the  Una  ac,  wc  shall  also  have 

HU  =  rsinA,     ab  =  a—  rcoaX. 
At  the  point  m,  the  value  of  tho  accderatinj;  ibtTv  aniaf 
from  the  attraction  of  the  moon,  and  actings  in  the  d 
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same  coefficient  as  in  the  preceding  expressions.  The  com- 
ponents of  this  force  in  the  direction  of  the  perpendicular  mb 
and  of  MD  parallel  to  ac,  will  be  therefore 

fin'r  sin  X     fin'  a     fin'r  cos  X 

—7—'  -7        ^3— 

If  in  these  expressions  we  substitute  for  p  its  value  given 
above,  we  may  neglect  the  square  of  r,  the'radius  of  the  earth, 
as  it  is  about  the  sixtieth  part  of  a ;  hence  if  we  make(a) 

fin'r  sin  X  J^        2fin'r  cos  X  ^    , 

15 ""  ^'    13 —  ♦  > 

a  a 

the  two  components  of  the  lunar  attraction  will  be  \p  and 

•-s-  +  <b\     Therefore,  all  the  points  of  the  earth  will  be  soli- 
a 

cited  in  a  direction  parallel  to  ca,  by  a  constant  force  equal  to 

fin' 

*^ ;  and  besides,  by  the  forces  ^  and  <p\  of  which  the  result- 
ci 

ant  varies  in  magnitude  and  direction,  from  one  point  m  to 

another,  and  at  the  centre  c  it  vanishes.     Now,  it  is  evident, 

fin' 
that  in  virtue  of  the  force *^ ,  the  entire  mass  of  the  earth  is 

a 

urged  towards  the  moon,  by  a  motion  which  is  common  to  all 

its  parts,  without  the  points  of  the  fluid  parts  undergoing 

any  change  in  their  relative  position ;  therefore,  the  flowing 

and  ebbing  of  the  sea,  produced  by  the  action  of  the  moon, 

arise  from  the  forces  ^  and  ^'applied  to  different  points  of  the 

ocean.     If  m  be  the  mass  of  the  sun,  and  a  its  distance  from 

the  centre  of  the  earth;  and  if,  moreover,  /i,  i^,  ^\  denote  what 

X,  f ,  ^%  become  relatively  to  this  star,  we  shall  also  have 

/MrsiujLi       ,,      2fidrcosfi 

^=—^5—.  ^= — ^5 — , 

for  the  components  of  the  force  arising  from  the  action  of  the 
tun,  which  contribute  to  produce  the  phenomena  of  the  tides. 
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If  th«y  be  compared  with  the  forcm  f  uxl  f '>  it  will  a 
Uut  for  n  point  nf  tlie  ocean,  whow  radhu  vector  r  oaate 
Uw  tuae  nn^lr  A  or  ^  witk  thit  radiiis  trpctor  of  U»e  naia'f  m 
or  tus't  ofbil,  the  acdonii  of  ILmb  (wo  BtAra,  wbich  fnStm 
the  OMsllatioDs  of  llj«  Bca,  uo  to  cadi  otbvr  as  tfaeu  laaaM^ 
diri<k-<l  by  tbe  cubrs  of  their  rc§pectire  ^MADeos  bam  tfe 
c«itrc  of  the  earth.  Now,  tvv  may  eoncrire  ihat,  w]m«  •nry 
thing  else  It  th«  luunc,  the  nui^nitujca  of  tbeie  tmaH»tinm 
moat  1h>  to  cuch  other,  m  the  cormpomUng  fbroca ;  if,  iktrt- 
ton,  u  rcpniwntN  tlte  ntlo  of  thv  Iiinur  to  tho  Miiar  n^  ik 
the  «auut  {ilace  of  the  evtb  wul  fur  MtniUr  pcMttioaa  of  ikoa 
two  Stan,  we  shall  hare(A) 

m'     MM 

in  which  equation  wc  assume,  thai  ■  and  a  denoM  the  ■■■ 

distances  of  the  moon  and  aon  from  the  earth,  benee  vc  obOfl 

m'  a^M 

m  denoting  the  tnass  of  the  earth. 

As  the  lunar  and  soUr  tides  may  be  perfectly  diiliiuMthirf 
from  each  other,  by  means  of  the  different  lawa  to  wbk^  they 
are  respectively  subject,  their  ratio  in  each  place  a<'th>  earth 
may  be  detennuied.  From  a  mean  of  a  g^reat  nMib«  of  «^ 
■ervatioiu  made  in  the  harbour  of  Brest,  we  obtn 

w  =  2,3333, 
for  the  value  of  this  ratio.  The  distance  a  it  vwy  Marty  W> 
timea  the  distance  a,  and  the  mass  h  is  also,  aa  w«  shafi  sat 
immediately,  very  nearly  355000  times  the  maM  of  a.  By 
substituting  these  values  in  the  preceding  femala,  «« iad 
the  mass  of  tlic  moon  to  be  equal  to  the  rV^  of  tlMl  oi  A» 
earth.  Besides  the  oscillations  of  the  fluid  part  of  Um  MftW 
the  actions  of  the  sun  and  moon  produce  also  in  tlw  laiiiiaa  af 
the  terreanial  spheroid,  about  ila  centre  of  gimvtty,  ai  «■•• 
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quence  of  its  not  being  perfectly  spherical,  perturbations,  the 
nature  of  which  will  be  investigated,  when  the  motion  of  rota- 
tion of  solids  comes  to  be  treated  of. 

247.  We  may  remark  here,  that  if  each  of  the  forces  ^  and 
^'  be  resolved  in  the  direction  of  me,  the  production  of  the 
radius  vector  cm,  their  sum  will  be  ^^  cosX  —  ^  sinX;  so  that 
its  value  is{c) 

(2cos«X-.sinU)^. 

This  is  the  diminution  of  gravity  at  the  point  m,  produced 

by  the  action  of  the  moon.     Now,  if  m  be  supposed  to  exist 

on  the  surface  of  the  earth,  we  have  fm  =:  gr^  very  nearly, 

g  denoting  the  gravity  at  this  point ;  moreover,  2  cos*  X — sin*  X 

is  a  maximum  when  X  z:  0,  in  which  case  its  value  is  equal  to 

2.  Consequently,  the  greatest  value  of  this  diminution  of  gpra- 

2gr^ 
vity  will  be  ^^,  a  quantity  which  is  very  nearly  equal  to  the 

eight  thousandth  part  of  ^,  on  the  supposition  that  the  ratio 

-  is  equal  to  60.     Therefore^  in  order  that  the  influence  of 

the  action  of  the  moon,  on  the  length  of  a  pendulum  that 
vibrates  seconds  should  be  appreciable,  the  approximation 
ought  to  be  continued  as  far  as  the  second  decimal  beyond  the 
hundredth  thousandth  place,  at  which  point  we  generally  stop 
in  expressing  the  measure  of  its  length.  This  influence  will 
produce,  in  the  measure  of  the  time,  an  inequality  depending 
on  the  motion  of  the  moon,  which,  when  a  maximum^  does  not 
amount  to  half  a  hundredth  of  a  second  in  a  day. 

248.  If  we  do  not  take  into  account  the  centrifuge  force 
that  arises  from  the  rotation  of  the  earth,  the  weight  which  is 
observed  at  its  surface  is  the  resultant  of  the  attractions  that 
all  the  points  of  the  spheroid  exercise  on  each  material  point, 
which  resultant  depends  solely  on  the  position  and  mass  of 
this  point,  and  not  at  all  on  the  nature  of  the  body  to  which 
it  belongs  ;  and  this,  in  fsLcif  has  been  fully  confirmed  by  ex* 

3d 
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periment.  The  intensity  of  this  force  should 
cording  aa  we  ascend  above  the  surfieioe  of  the  tmrth ;  lUi  ^ 
minution  is  indicated  by  obscrrations  of  the  pendulom 
at  different  elerations.  Besides,  the  terrestrial  grmvicy, 
nished  in  the  ratio  of  the  square  of  the  radius  of  the  earth  as 
the  square  of  the  radius  of  the  lunar  orbit,  should  be  equal  it 
the  accelerating  force,  which  retains  the  moon  in  its 
But,  as  the  distance  of  this  satellite  is  very  nearly  sixty  ti 
the  radius  of  the  earth,  it  follows,  that  if  the  moon  (M  btm  s 
state  of  rest,  it  would  move  towards  the  earth  in  a  wuatnk, 
through  the  same  space  that  any  body  would  in  a  sttomd  Ui 
through,  in  a  vacuo,  at  the  sur&ce  of  the  earth.  This 
tity  is,  in  fact,  the  versed  sine  of  the  arc  which  ibe 
describes  in  a  minute  in  its  orbit,  or  very  nearly  the  sqove  d 
this  arc  divided  by  the  diameter  of  this  curve ;  and  as  the  cs^ 
cumference  of  the  orbit  is  60  times  that  of  the  earth,  it  U- 
lows,  that  the  quantity  in  question  is  equal  to  40  ■"■>t;n—  ^ 

I'n 
metres,  multipliiMl  by  ^.j-,  w  denoting  the  number  of  minotM 

containod  in  tho  time  of  a  rovoluti(»n  of  the  m4»on.  TherfI*«op. 
it  appears  from  the  iiumiTical  value  ot  t/y  \\\nc\\  \%  J.itinnifte^ 
by  e.\|>enments  made  with  the  (K^ndulum,  that  tki^  j»i\%:jct 
must  be  very  nearly  equal  to  4'",1M) ;  it  h;is  Uvii  t'oun«i«  in  U»:^ 
eipKil  to  -J",>^><,  ;/  beiiii^  aNNiniuul  equal  to  ;V.*343ti:'  .  ^r.^i  t.*^ 
difference  will  be  ^lill  K^s,  it' we  take  into  aei*<^unl  the  r^n-  vj» 
eircuinstaiiees,  the  enii*»i.liTatio!i  (»t'whieh  we  oraitle^i  ir.  fro«r 
to  ^implity  the  deintuistratinu.  It  follow  %  from  ihi^^  th-it  ti* 
terrestrial  wei^^ht  is<uil\  a  partieiilareaMM»t  univervilatTrairtx'* 
ainUon  llii'»  aee<»iint,  this  ir,.|u.r;i|  toree  has  Inx-n  Ukei%i^'  l«rsv-- 
ihe  wtitjht^  or  unirtrsal  tjrdvitntit'U, 

•241*.  As  the  earth  deviates  vrry  little  from  the  ^pheri^ii  v-rs- 
the  attraetloii  which  it  exereiM-s  on  a  |M>ini  of  it^  »iurt.i,v  .•  \rr% 

nearly  — /;  whicli  is  the  expressi(»n  tor  that  i»t'a  *pher^ ,  .-;  ^t\t 

m  denotes  its  masA,  r  ixn  radiu«(,  ant!  /'the  ctH*£eteiit  oi  unnrf**- 


ON  UNIVERSAL  ATTRACTION.  387 

attraction.  Thia  approximate  value  should  be  altogether 
exact  for  points  which  exist  on  a  certain  parallel ;  and,  it 
appears  from  the  theory  of  the  attraction  of  spheroids,  which 
differ  little  from  spheres,  that  this  parallel  is  that  of  which  the 
square  of  the  sine  of  the  latitude  is  \{e).  On  this  parallel,  the 
measure  of  the  gravity  is  9*",  79386  (No.  193);  but,  in  order 
that  it  may  be  accurately  equal  to  the  terrestrial  attraction,  it 
should  be  previously  increased  by  the  vertical  component  of 
the  centrifugal  force,  which  component  is,  under  this  parallel, 
equal  to  the  fraction  5;^^?  ^^  ^^  gravity  (No.  178). 
Consequently  if  we  make 

g-  (9«,79386)  (l  +  ^)  =  9*,81646, 

we  may  regard  this  value  of  the  gravity,  thus  corrected,  as 
equal  to  the  attraction  of  the  earth,  and  assume 

fin 

By  multiplying  the  members  of  this  equation  by  the  corres- 
ponding members  of  equation  (1)  of  No.  243,  applied  to  the 
motion  of  the  earth  about  the  sun,  we  shall  obtain 

m      _  gr^t^ 
M  +  m  '^  A-n^a^^ 

which  formula  enables  us  to  determine  the  ratio  of  the  mass  of 
the  earth  to  that  of  the  sun. 

If  we  conceive  a  right  angled  triangle,  of  which  the  base  is 
the  radius  of  the  earth,  and  whose  height  is  its  distance  from 
the  sun,  then  the  small  angle  at  the  sun  opposite  to  the  base 
is  the  pcurallax  of  the  sun,  which  can  be  determined  either 
directly  by  astronomical  observations,  or  theoretically  by  a 
certain  inequality  produced  in  the  motion  of  the  moon  by  the 
action  of  the  sun,  and  which  has  been  termed  the  parallactic 
inequality.  The  magnitude  of  the  parallax  depends  on  the 
the  radios  of  the  earth,  and  on  the  distance  of  the  sun  firom 
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the  eulh ;  for  \he  mcui  dtAUtm  a,  nnd  for  tbr  ndiu*  dra«s  k 
tlie  pamlld  of  which  the  s()uarc  of  the  unc  of  the  latitiuk  u  \, 
itt  nltut  u  8*,60.     Consequently,  ire  have 

-  s  tai«.8',60,    a  =  (X3984)r. 

If  wi-  mtunio  th«  compmcloo  of  the  earth  equal  to 
we  hare  umlcr  thtt  t-amc  panllel, 

r  =  63G452I", 

for  the  value  of  the  radius  r.     The  tine  of  its  i 
■bout  the  sun,  exprcsseil  in  tecntub,  b 

T  =  (M>400)  (365.366374). 

By  meuM  of  ihcM  ralues,  and  thai  of  p,  in  wktc^  ii  ■ 
■ko  anoaked  that  the  Kcond  Is  the  tuilt  of  tiine,  we  find 

_        M 

250.  Thesunisaspfaere,  ofwUdi  UwiaJfaabllOti^ 

thatof  (hcfiirth  ;  tlicrrfon-,  an  ilie  ratio  of  the  vnlutne*  of  ilvw 
two  iKxlii's  i' krjimii,  iimi  nl'ii  thai  oi  llit-ir  m.i*»«.-*,  «r  obj 
infer  at  once  that  of  their  mean  densities.  It  appean  br  tiii 
method,  that  the  density  of  the  sun  is,  rery  nearly,  the  (Mrtk 
part  of  that  of  the  earth.  At  the  turfue  of  this  Mar,  tb  «■ 
traction  is  expressed  by 

B  reprcMDting  its  radius.     And  since 

a=  llOr,    9=-^. 
this  quantity  it  equal  to 

(IIO)'*' 

which,  by  substitutiof^  for  —    its  numerical    valw,  hat««M 
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(29,5)^.  As  the  duration  of  the  sun's  rotation  on  its  axis  is 
25^5,  the  centrifugal  force  at  its  equator  is  only  the  sixth 
part  of  this  force  at  the  equator  of  the  earth.  Therefore,  if 
we  neglect  the  diminution  which  it  produces  in  the  weight  at 
the  surface  of  the  sun,  it  is  evident  that  the  weight  of  a  body 
at  this  surface  is  29  times  and  a-half  the  weight  of  the  same 
body  at  the  surface  of  the  earth,  and  that  bodies  descend  there 
through  135  metres  in  the  first  second  of  their  fall. 

If  equation  (1)  of  No.  243  be  applied  successively  to  the 
earth  and  to  any  other  planet,  the  quantities  m,  a,  t,  relatively 
to  the  earth,  being  supposed  to  become  i»i  9  ai ,  Ti  ,  with  respect 
to  the  planet,  we  shall  obtain  from  it,  by  eliminating^ 

ai'  _  M  +  Wli   Ti* 
a^  "~  M  +  »»    T^ ' 

If  the  value  of  a  be  known  from  an  observation  of  the  solar 
parallax,  and  if  likewise,  m  the  mass  of  the  earth,  and  t  the 
duration  of  the  sidereal  year  be  known,  this  equation  will  en- 
able us  to  determine  Ox  the  semi-axis  major  of  any  planet, 
when  nix  i^s  mass,  and  T|  the  time  of  its  revolution  are  known. 
In  the  method  given  in  No.  245  for  determining  this  mass,  it 
18  only  supposed  that  an  approximate  value  of  the  semi-axis 
major  is  known. 

251.  The  attraction  which  a  considerable  mass,  such  as  a 
high  moimtain,  exercises  at  the  earth's  surface,  causes  heavy 
bodies  to  deviate  from  the  vertical  direction,  consequently, 
the  production  of  the  plumb-line  will  not  in  such  a  case  meet 
the  heavens  in  the  zenith.  It  will  be  deflected  from  it,  in  con- 
trary directions,  at  the  two  opposite  sides  of  the  mountain;  so 
that  if  every  thing  corresponds  on  one  side  and  the  other, 
with  respect  to  the  form  of  the  mountain,  and  the  quantity  of 
the  deviation  of  the  plumb-line  from  the  vertical,  the  angular 
distance  of  the  two  stars  through  which  its  production  passes, 
will  be  double  of  its  deviation(^.  This  effect  has  been  observed 
at  Peru  and  in  Scotland;  but,  because  the  masses  of  the  highest 
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^  reUtiTely  to  the  nuM  of  Um  ■ 
At  deviatkiM  in  qnotiaii  an  also  iDcooudeniblck  aad  mmumi 
vnlf  to  «  nBall  mmbar  o/  »M-ondi.  We  proceed  to  ^ir*  m 
9Utaqfi»  of  die  catoilation  nf  the  demdon  of  the  |il  iiwli  ha. 
flMMed  by  tiw  attnetwD  r>r  n  ^ivon  idhss. 

Let  A  (fig.  07)  be  the  centre  of  a  hfrmopqieooa  itphm  ■•■ 
ptaAai  at  dw  extrantr;  of  on  ini-_xti>n<ulile  vuj  mViiU* 
thnwi,  of  vbiek  the  other  cittnrmitjr  in  alUidiMl  lu  the  fiW 
point  c ;  alto  let  o  be  tiio  ci-nirr  of  nnotbrr  bfau>^em-m 
Wflkan  wbieh  ute  «■  the  ftnt.  Tbi:  ihrrad  c«  mil  ta 
Inwn  ftOB  the  Tertical  cb,  witliout,  bowerpr,  tleviMiiy 
from  the  veitical  plane  which  pnssoa  tbroof^thbliiwaBicet 
and  when  h  k  in  eqnilibrio,  ihr  rmulluit  of  the  woj^  ii 
the  fint  Bpheitt  and  of  tiic  uttructlon  of  the  second,  Aa^  > 
paaa  through  the  fixed  pc^l  c ;  now,  tbv«c  tvo  fcwoM  w31  !•  I 
■flpliedto  the  point  A,  thi?oiieia  the  vertical  (itractiaii&n,^  I 
the  other  along  the  Une  ao  ;  and  their  Icndcney  k  to  aab 
the  thread  CA  tnra  in  oj^iniie  direvtinus  sImui  the  ponl  c. 
In  order,  therefore,  that  iheir  resoluni  sbouid  pnae  tlH«mfe 
the  point  o,  it  is  necessary  thai  their  momeata  with  maeai 
to  this  same  point,  should  be  equal  (No.  46)  ;  coiM«|at«lT, 
if  p  and  q  denote  respectively  the  weight  of  the  first  iphm 
and  the  entire  attraction  of  the  second,  and  if  p  and  f  dcMk 
the  perpendiculars  ck  and  cp,  let  &11  tiom  the  potnt  c  oa  ik 
productions  of  da  and  oa,  we  ahalt  have 

pp=  Qq, 
for  the  equation  of  equilibrium,  by  means  of  which  tb>  m- 
known  deviation  bca  can  be  determined.  If  Jt  deneWa  llii 
angle,  y  the  given  angle  bco,  a  and  e  the  dtstnncva  ca  mI 
CO  which  are  also  given,  and  y  the  unknown  diManc*  ao  ;  ot 
shall  have 

y*  =  a»  +  e»  —  Joe  coa  {y  —  x), 
and,  besidea, 

aMn(7— *)               ocdnN  — x) 
•incoAS ij '-,    9  = 1^ L,     ,  =  ,da* 
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Likewise  if  m  denotes  the  mass  of  the  earth,  mi  that  of 
the  attracted  sphere,  and  mf  that  of  the  attracting  sphere,  the 
motive  forces  p  and  q  will  have  for  values 

y  and  r  denoting,  as  before,  the  coefficient  of  universal  attrac- 
tion, and  the  radius  of  the  earth ;  also,  if  p  be  the  mean  density 
of  the  earth,  p'  that  of  the  attracting  sphere,  and  r*  its  radius, 
we  shall  have 

By  means  of  these  different  values,  the  equation  ly  =:  q^ 
will  be  changed  into(^), 

pry*  sin  a;  =  p'r'^c  sin  (y  —  a?), 

in  which  it  is  only  necessary  to  substitute  the  value  of  y  given 
above,  to  determine  that  of  x. 

If  we  assume  that  ca,  the  length  of  the  plumb-line,  is  very 
small  with  respect  to  the  distance  co,  which  is  generally  the 
case,  we  may  neglect  a  relatively  to  c  in  the  values  of  y,  and 
we  shall  have  simply  yzi  c\  hence  there  results 

sin  X       _  p'r^ 
sin  (7  —  ar)  ""  pr€^  * 

The  density  p'  and  the  radius  r'  of  the  attracting  sphere 
remaining  the  same,  the  value  of  x,  which  is  deduced  from 
this  equation,  will  be  so  much  the  greater,  according  as  the 
distance  c  is  less,  and  the  angle  y  approaches  to  a  right 
angle ;  and  as  c  can  never  be  less  than  the  radius  r'y  it  follows, 
that  the  greatest  deviation  of  the  plumb-line,  which  the  at- 
traction of  a  given  sphere  can  produce,  will  be  obtained  by 
assuming  c  ^  r'  and  y  =  90 ;  from  which  suppositions  we 
deduce 

tangxz:  ^ — . 


3QS  oil  UHlTiatAL  ATTEACnOll. 

14  for  e:  b»  we  te  p'=,  ^  —m  JuU  h 

I      ed  to  1  of  tho  mdios  r% 

«       jTi      »u        to        «  we  would  1miv«  r^srtmA 

a    ^       iU8e2vrt        rci  iceof  theouth  io40 

I         folk      that  r= SO",  866 Hcnee  I 

t  I       sphere,  of  nrhich  the  ndias  is 

tres,  I  losec         jr is eq  udtothem 

I,  produG      mly  •  1    riatii     of  one  w&oomA^  at  At 
in  the  I     i         oft      ph        li  ne,  and  in  older  Aat  il 
pfoduee  tl  ^      t  it  toodi  tlie 

mityoft      itrin     and  that      <  ntie  should  be 
hcHiiontal  |     ic  1         this  extieBity* 

S5S.  This  jr  ot   be  earth,  wUch 

fierred  from  the  dei  of  t     plumb-liae 

attraction  of  mountai  h  en  estimated  at 

times  that  of  water.    Cavi         i,  who  deteimiiied  it  bf 
traction  exercised  by  two  spheres,  eight  iarbM  in  ^ 

meter,  which  he  rendered  se  »leby  means  of  lAe  iaftami^ 
iorsioHy  found  it  equal  to  five  times  and  a-half  this  6emmn. 
Without  entering  herein  to  all  the  details  of  this  beaitfiid 
experiment,  the  diflferent  precautions  which  it  requires,  and  Ar 
computations  that  must  be  made  in  order  to  produce  an  e: 
suit,  wc  shall  only  briefly  indicate  the  princii>al  points  of 
computations.  The  balance  of  torsion  is  the  most  exact  u 
ment  which  we  have  for  measuring  ver)'  small  forces.  Cot 
to  whom  we  are  indebted  for  itn  invention^  has  chiefly  empfe^ec 
it,  in  measuring  the  attractive  and  repulsive  fiirces  ofrlectrtM 
bodies  ;  and,  on  this  account,  it  is  als4>  known  in  ph\-«k«»  V« 
the  name  of  the  tlrctric  fntianrv.  It  c«>n^ists  principsUj  if  s 
very  fine  vertical  metallic  thread,  attache<l  to  a  fixed 
and  having  a  honzontal{h)  lever  susikmhUhI  at  its 
This  lever  consints  of  a  slender  rod  aca'  (tig.  5^>  diriikd 
two  ei|ual  parts  at  the  |>oint  c,  to  which  the  thread  i^  attacM» 
and  it  is  terminati-<l  by  two  npheresof  a  small  diainet«>r,  m^m 
centres  are  a  and  a'.     From  the  point  c  as  centre*  and  wiiki 
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radius  equal  to  ca,  let  a  horizontal  circle  ba  b^a^  be  described, 
and  let  its  circumference  be  divided  into  a  great  number  of 
equal  parts.  When  the  lever  turns  about  the  point  c,  its 
extremities  a  and  a^  will  trace  this  circumference,  and  the 
points  of  division  to  which  they  correspond  at  each  instant, 
will  make  known  the  arcs  that  they  have  described.  As  long 
as  the  suspended  thread  which  terminates  at  the  point  c,  is  not 
twisted,  the  lever  quiesces  in  a  certain  position.  Suppose' 
that  then  it  exists  on  the  line  bcb%  if  we  cause  it  to  deviate 
from  this  line,  and  make  it  assimie  any  other  position  aca^, 
the  stt^nded  thread  will  be  twisted  on  itself  and  this  torsion 
will  tend  to  bring  the  lever  back  towards  the  line  bcb^  Let 
us  suppose  that,  in  order  to  retain  it  in  the  direction  aca^, 
there  is  applied  to  its  two  extremities  equal  and  opposite 
forces,  directed  in  the  horizontal  plane,  and  perpendicular  to 
its  length ;  the  common  value  of  these  two  forces  will  be  the 
measure  of  the  force  of  torsion  with  which  they  constitute  an 
equilibrium.  Now,  Coulomb  has  proved  by  experiment,  that, 
when  the  thread  of  suspension  remains  the  same,  this  force  of 
torsion  is  proportional  to  the  angle  bca  ;  therefore,  if  we  take 
the  right  angle  to  represent  unity,  and  h  to  denote  the  force  of 
torsion  which  corresponds  to  this  angle,  0  the  angle  bca,  this 
force  will  be  equal  to  A0,  in  the  position  aca'  of  the  lever ;  thus, 
in  this  position,  the  torsion  of  the  suspended  thread  is  equiva- 
lent to  two  horizontal  forces,  equal  to  A0,  applied  at  the  points 
A  and  a'  perpendicularly  to  aca',  and  which  tend  to  bring 
back  the  lever  to  the  line  of  repose  bcb^ 

This  being  premised,  let  us  cause  two  equal  homogeneous 
spheres,  consisting  of  the  same  matter,  and  symmetrically 
placed  on  opposite  sides  of  the  line  bcb^,  to  approach  the 
lever,  and  let  o  and  o^  be  their  centres,  situated  in  the  hori- 
zontal plane  which  contains  the  lever,  equally  distant  from  c, 
and  existing  on  oco^  the  line  drawn  through  this  point.  The 
attraction  of  these  two  bodies  will  cause  the  lever  to  deviate 
from  the  line  bcb^  and,  because  every  thing  is  similar  about 

3b 
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Ac  centre  c,  tfac  line  aca  will  turn  «boat  tkfai 

iHIl  Tcmnin  tmmovealtltt.     AccordiDg  m  tbe  lerer  < 

&c  line  of  ivpoto  the  force  of  tonuon  vriU  int 

«Li«tii  a  position  in  which  this  forco  constitute*  «■ 

with  the  ftttraction  of  the  (wo  iphoriM ;  but  as  the  lc«w  m^ 

Aiii  position  with  an  acquired  rclocit)',  it  pMBw  b«7«aJ  X 

ttid  oscillates  on  one  side  and  another  in  the  timn  ■■■■«■ 

a  homonlal  pendulum.      1'he  duntion  nf  an  'Orthia  M^b> 

tfon  may  he  known  from  DtMen-ation,  and  by 

bngtb  of  this  pendulum  with  tliat  of 

which  vibrates  in  the  Mune  time,  the  ratio  of  iW  fentrf 

attraction  of  each  Kpheru  to  ^rity  may  be  infenvd  ;  ami,  tm- 

aequently,  the  ratio  nf  the  mass  of  this  sphere  U>  t^  if  ^ 

Arth.     It  LB  easy  to  obtain  the  equation,  by  iiifiii  aCvU4 

dus  ratio  can  be  detenniQe4l,  ns  we  dow  proceed  la  abaw. 

253,  Since  the  two  spheres  whoac  centra  an  ia  a  aaJ  ^ 
•M  soUdled  by  the  sane  forces,  and  hav«  the  auar  Mrti* 
■koul  the  6xed  point  c,  it  will  be  sufficient  to  imniilii  ih 
motiim  of  the  centre  of  one  of  thcB,  the  pmnt  a  Ibr  taamfk: 
it,  therrfore,  as  in  the  preceding  probleait 

CA  =  a,     CO  =  c,     Bco  =  7; 

and  if,  as  before,  m'  denotes  the  man  of  the  aUittiay  tfkm^ 
andytbe  coeflkteot  of  unireiaal  attraction,  we  shall  ha** 

«•  =  a*  +  r»  -  2oc  cos  (7  -  •). 

z  denoting  the  distance  ao,  and  0  the  ai^le  acb  al  the  a'  •f 
any  time  t ;  also  the  accelerating  force  arking  btMi  tW  MB■^ 

li(»  in  the  direction  ao  will  be*^ .     If  this  font  be  nnhi' 

into  two  other  foiees,  one  in  the  direction  ot  the  ^amliliM  d 
CA,  and  the  other  perpendicular  lo  ca,  this  bat  ooa|MMal«' 

be  equal  to -^  sin  cao,  that  it  to  say,  to-J»^ibi  (,-|),  If 

subetiluting  for  sin  cao  iti  Ttlot  dedoeed  hum  ikm  tiWHiice*- 


\ 
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If  from  this  component,  which  acts  in  the  direction  of  a  tan- 
gent to  the  trajectory,  we  take  the  force  of  torsion  A0,  which  is 
directly  opposed  to  it,  we  shall  have,  as  the  arc  ba  described 
by  the  sphere  is  eqoal  o0, 

-^=-'-p-sin(y-0)-Ae, 

for  the  equation  of  the  motion  (No.  152). 

As  the  attraction  of  the  mass  m!  is  a  very  small  force,  the 
angle  0,  by  which  the  lever  aca'  deviates  from  the  line  of  re- 
pose, is  very  small.  Denoting  the  distance  bo,  or  the  value 
of  z  which  corresponds  to  0=z  0,  by  ft,  in  which  case  we  have 

6^=  a^  +  c*—  2accos7, 

there  results  by  developing  according  to  the  powers  of  0(t) 

sin(y— 0)     sin-y      r,  «  ,    -v  «  •  a  t  ^   .  « 

— ^p — ^  =  -^-[(a'+c»)cosy  — 2ac  — acsm«y]^  +  &c. 

Therefore,  if  in  order  to  abridge,  we  make 

[(a'-f-c')cos'y—  2ac  —  ac  sin'y] '^^- +  *  =3^^ 


^^=^, 


and  if  powers  of  0  higher  than  the  first  are  neglected,  the  equa- 
tion of  the  motion  will  become 


hence,  by  integrating,  we  obtain 


\/|+*0; 


0=/3  +  Aco8(^  , 

k  and  k'  being  two  arbitrary  constants. 

It  appears  from  this  value  of  0,  that  the  least  and  greatest 
deviations  of  the  lever  aca^  reckoning  from  the  line  bcb^ 
will  be  /3  ~  A  and  0  +  A ;  and,  if  the  line  dcd^  be  drawn  in 
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ftucti  a  manner,  that  tho  nngW  nru  may  be  equftl  Id  3>  ^ 
lever  will  perform  on  each  mH«  of  this  line,  equal  bbJ  i»  , 
cltronoiu  cKciUatioiu,  who<K  nmplilu<li'  wlU  b«  equal  ■•  A» 
constant  A ;  th«  anglo  ^  i*  ilelenntned  by  mea«arii(  <ia 
least  and  ^reatnt  <!c>-itiUun  itf  th«  lever,  and  tbm,  lakiif 
for  thw  oniric,  half  (he  «uin  of  thete  exinme  rslao  of  t.  TW 
line  Dcn'  that  aiiiwen  lu  0  =  ^  1$  tlie  poution  of  tlw  Inv 
in  which  it  would  renuun  in  equilihriuin,  if  il  attuned  to  fc 
without  anjr  acquimd  rclocit}'.  The  duntlaii  of  each  «Mai 
oscillation  of  the  lercr,  on  one  ndo  and  the  otber  of  lUi  Sm 

will  be  tho  time  In  which  the  angle  t  Y~  +  kf  I 

160^ ;  therefore,  if  we  denote  it  by  t,  we  ihall  haw 


r  =  .Vl, 


ami  thb  duration  t  will  bo  HkewiM  gireti  by 

Now,  ilff  dimolen  the  fnm^  of  f^vity,  an^I  t  the  1m^4«( 
the  umple  pendulum,  which  makes  infinitdy  -— -"  owBi- 
tioDB  in  the  time  T,  we  hare  (No.  182), 


VI 


oooMquently, 

and  hence,  because. 


we  shall  hare,  finally. 


Jm'cnay 


^aV 


m        clr*tiay 

m  being  the  mass  of  the  earth  and  r  its  racfioa. 

As  all  the  quantities  contained  in  this 
in  each  experiment,  it  will  enable  us  to  detenaine  the 
the  Piasi  m'  to  that  of  the  caitb ;  and  as  Vnditw,  tW 
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of  these  two  bodies  and  the  density  of  ml  are  known,  we  can 
deduce  from  it  the  mean  density  of  the  earth. 

254.  It  is  demonstrated  in  the  Celestial  Mechanics  of 
Laplace,  that  in  order  to  insure  the  stability  of  the  equili- 
brium of  the  sea,  it  is  necesssary  and  sufficient  that  the  mean 
density  of  the  earth  should  surpass  that  of  water.  It  is  in 
consequence  of  this  condition  being  fulfilled,  that  the  forces 
arising  from  the  simultaneous  actions  of  the  sun  and  moon 
produce  only  very  small  oscillations ;  if  this  was  not  the  case, 
and  if  the  earth,  for  example,  while  its  mean  density  continued 
to  be  what  it  is,  was  covered  over  by  a  sea  of  mercury,  the 
action  of  the  least  forces  extraneous  to  the  terrestrial  spheroid 
would  produce  in  this  fluid  a  progressive  motion,  in  conse- 
quence of  which  it  would  traverse  the  entire  sur&ce  of  the  earth. 

It  may  be  also  proved,  from  various  considerations,  that 
the  density  of  the  concentrical  strata  of  the  terrestrial  spheroid 
must  increase  as  we  approach  the  centre ;  hence  it  follows, 
that  its  mean  density  must  surpass  that  of  the  superficial  stra- 
tum ;  a  condition  which  is  found  in  fact  to  be  established ;  for 
with  the  exception  of  the  metals,  that  constitute  a  very  small 
part  of  this  stratum,  the  density  of  the  other  materials  of  which 
it  is  composed,  are  all  of  them  much  less  than  five  times  and 
a-half  the  density  of  water. 

But  it  should  be  observed,  that  this  increase  of  density 
does  not  imply  the  existence  of  substances  entirely  different 
from  those  which  are  observed  at  the  surface,  and  of  which  the 
actual  density  is  excessively  great ;  it  may  be  assumed,  that 
all  the  strata  of  the  earth  are  composed  of  the  same  kind  of 
matter,  a  little  compressible,  or  of  a  variety  of  different  sub- 
stances, as  is  the  case  at  the  surface ;  and  on  this  hypothesis, 
which  appears  to  be  the  most  natural,  their  increase  of  density 
would  arise  from  the  condensation,  produced  by  the  pressure 
of  those  above  them,  and  which  continually  augments  from  the 
sur&ce  to  the  centre. 

In  the  interior  of  the  earth,  the  law  of  attraction  depends 
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on  the  unknown  law  of  the  densities ;  beyond  Uie 
varies  on  the  production  of  each  radius,  very  nearly  ui  tkt 
inverse  ratio  of  the  square  of  the  distance  from  the  caMR ; 
and  it  experiences  at  the  same  time,  from  one  rwdaam  tm 
another,  a  variation  proportional  to  the  square  of  the 
of  the  angle  which  each  radius  makes  with  the  axis  of 
of  the  terrestrial  spheroid(A).  It  follows  frt>m  a 
of  this  last  variation,  that  at  equal  distances  from  the 
of  the  earth,  the  force  applied  to  the  centre  of  the 
arising  from  the  attraction  of  this  spheroid,  is  not  the 
all  directions  of  the  radius  vector ;  so  that  this  foree  may  W 
considered  as  composed  of  two  others,  the  one  arising 
the  spherical  part  of  the  earth,  and  which  may  be 
constant,  when  the  distance  from  the  centre  of  the 
mains  the  same,  the  other  is  due  to  the  protuberance,  or 
of  matter  at  the  equatorial  parts  of  the  earth,  and  this 
with  the  direction  of  the  radius  with  respect  to  the  axis  of  tkt 
poles.  Laplace  has  determined  the  small  inequality  in  ioagi 
tudo  and  in  latitude,  which  this  i>econd  force  pro<iuci*s  in  the 
motion  of  the  moon  ;  assuming  that  it^  magnitude  de^vrui^  oc 
the  compression  of  the  earth,  and  comparinjr  it  \riih  that  :\i^- 
niched  hy  observation,  the  eompres«»ion  of  the  earth  r*  I**aC 
to  he  eijiial  to  ,.\j,  wliieh  dirTiTs  very  little  fr«>m  thai  whirt 
rcHuUs  from  taking:  the  mean  <>t  a  gnat  numhor  of  mtJL^^jv* 
of  the  pendulum  and  of  degree'-*  ot*  the  meridianUK 

At  the  surface  of  the  earth,  the  variation  of  gravitv  ari<:4r 
from  that  of  the  attraction  and  of  the  eontrifui^l  forvv,  fol- 
lows the  same  law  a«*  at  anv  <ristana»  whale\er  tn»fn  tbf 
centre,  that  is  to  sav,  it  is,  as  has  been  already  <»tatt^i.  i  Nf* 
17**),  projMirlional  to  the  Mjuare  «»f  the  ei»^ine  «»f  l.it:t^!* 
Whrn  it  is  propose<l  to  verify  thi^  law  hv  takioij  the  u  n^ti* 
of  pfiniuluin**  which  vihrati-  si-eonds,  wc  shouUl  takf  kjltx  :■»'< 
to  make  liic  ohvrvations  near  to  a  mountain  ;  i«»r  the  A  n:.** 
(di  vom\Hmvi\i  ot  the  attrartion  i>f  tin-  m«>untain  \%iL  rj--** 
the  pendulum  to  deviate  fnun  the  vertical,   in  its  {K^iti^'C     ? 
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equilibrium,  at  the  same  time  that  the  vertical  component 
of  this  force  diminishes  the  gravity,  and  consequently, 
the  length  of  the  simple  pendulum,  that  vibrates  seconds. 
Even  when  this  cause  of  anomaly  is  avoided,  it  is  still  found, 
that  in  certain  places,  the  length  of  the  pendulum  which 
vibrates  seconds  deviates  from  the  law  given  by  theory ;  this 
must  be  owing  to  the  density  of  the  earth  in  those  places, 
being  for  a  considerable  depth  and  extent,  greater  or  less  than 
the  general  density  of  the  superficial  stratum ;  hence  arises 
an  increase  or  diminution  of  the  total  gravity,  and,  conse- 
quently, of  the  length  of  the  simple  pendulum,  which  is  pro- 
portional to  its  intensity.  The  pendulum  may,  in  this  point 
of  view,  be  considered  as  a  geological  instrument,  that  in- 
dicates, by  its  anomalies,  variations  of  gpreat  extent  in  the  na- 
ture of  the  strata. 

Finally,  it  should  be  observed,  that  the  law  of  the  de- 
crease of  gravity,  proportional  to  the  square  of  the  cosine  of 
latitude,  as  we  proceed  from  the  pole  to  the  equator,  supposes 
that  we  assume  for  the  surface  of  the  earth,  the  production  of 
the  level  of  the  seas ;  and  as  the  elevations  of  those  places  on 
land,  where  observations  have  been  made,  above  this  level, 
are  different,  the  observed  lengths  should  be  reduced  to  those 
which  they  would  have  at  this  level  itself  in  each  vertical. 
This  reduction  is  commonly  made  by  increasing  the  gravity 
and  the  lei^th  of  the  pendulum  which  vibrates  seconds,  in  the 
ratio  of  the  square  of  the  distance  of  the  place  of  observation 
from  the  centre  of  the  earth,  to  the  square  of  this  same  dis- 
tance diminished  by  the  height  of  this  place  above  the  level 
of  the  sea ;  it  thus  appears  that  the  attraction  of  the  stratum 
of  earth  comprised  between  the  surface  of  the  continent  and 
the  production  of  the  sea  is  neglected.  But  this  correction  is 
too  great  by  nearly  one-half,  as  is  evident  from  the  following 
considerations. 

255.  Let  am'b  (fig.  59)  be  the  sur&ce  of  a  continent, 
DAMBB  the  level  of  the  sea  and  its  production,    c  the  centre 
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of  Uie  eulh ;  alto  lut  m'  be  the  plncc  nf  obterruion,  and  v4 
point  whrr«  th«  nuUus  cm'  xaeviM  llus  produetloa ;  1«|  h'm.  da^ 
keiglit  of  die  point  u'  aliovc  tJ>e  surhce  uf  tlic  •«.■•,  b«  Rpi»- 
Bcnted  by  k,  (ibis  can  be  dcternuned  atlwr  hy  leTcUin^ ,  «§  bf^ 
bsramctricai  mcaannments.)  If  W  wb*  eery  Mor  to  tfM>  m^  | 
tko  j^mrity  would  be  a  little  diminiMhtd,  aad  lU  duectM  ■  | 
little  deiaoged,  because  the  di-nMly  uf  tbe  water  is  leaa  tki», 
that  of  the  eortb ;  but  for  ihi-  pn-Mnt  we  abalJ  aiippnM  t^  ' 
thl4  a  not  the  cnsc,  wi-  Hhnll  alM>  aauime  ihu  tbt  ■iiifaia  rf 
the  earth  about  ti'  is  horiaonial,  or  wmbly  pespoidmkr  M 
tbe  radius  ch',  aud  that  ita  lUiMly  ta  uaiibaa.  TbcqaaiiMj 
tbcn  is  (o  compute  the  altractian  exercised  at  the  point  M',  hf  ' 
tbe  stratum  am'bm  elevated  above  tbe  lerel  of  the  ma.  h  j 
this  conpulation,  it  is  not  iiDCcBsary  to  taktinloa 
the  curralurc  of  lhi«  Mratum,  or  tho  variatitHl  «f  ita  tUAri' 
IMM,  i.  c,  in  otlicr  wunim,  we  may  e 
thit  Blratum  as  ronuani  and  <.i]ual  to  k,  throai^  I 
extent  io  wliicb  its  thiclciwM  can  be  Muisible. 
tbe  radiui  of  this  extcDt,  and  p'  the  density  of  the  s 

This  being  premised,  let  k  be  any  point  whatever  «(  the 
attracting  stratum,  z  and  y  its  distances  from  the  sarWc  if 
the  earth  and  from  its  radius  cm';  and  let  two  eyiimiaal 
Bur&ces  be  described  which  may  have  mm'  for  their  tammat 
axis,  and  whose  radii  may  be  y  and  y  +  <^>  TW  vab^w 
comprised  between  these  two  sur&ces  will  have  Swy^  far  tia 
base  and  dz  for  its  height ;  and  if  it  be  deoonposed  ina»  lHa»> 
lonlal  rings,  whose  thickness  is  infinitely  small,  tbe  ««lamt 
of  the  ring  corresponding  to  tbe  point  k,  will  be  Say^di, 
and  its  mass  iwp'ydfidz.  The  attraction  of  tbk  ring  •■  a 
material  point  situated  at  m',  will  be  reduced  to  a  fane  wbiV 
in  the  direction  mm',  which  will  be  equal  to  the  aaai  «f  the 
vertical  components  of  the  attractions  of  all  ita  poinli ;  ■a' 
since  for  any  point  k,  we  hare 

EM'=  •>»  +  »», 


\ 
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the  expression  for  the  accelerating  force  arising  from  the  at- 
traction of  the  entire  ring,  will  be 

2irfp'yzdydz 

/*  always  representing  the  coefficient  of  universal  attraction. 
Consequently,  in  order  to  obtain  the  attraction  of  the  stratum 
in  question,  this  formula  should  be  integrated  from  z  =  0  to 
z  zi  hj  and  from  y  =  0  to  y  =:  c,  which  gives(m) 

*'=  27r/>'  (c  +  A  -  /(c^  +  A'O), 

k'  denoting  this  force.     But  in  general,  the  vertical  thickness 

of  the  attracting  stratum  is  small,  relatively  to  its  horizontal 

radius ;  therefore,  if  A^  be  neglected  with  respect  to  c',  we  shall 

have  simply, 

kzz2irpfh. 

Let  k  denote  the  attraction  exercised  at  the  point  m  by 
the  part  of  the  earth  which  is  terminated  by  the  level  of  the 
sea,  and  r  the  radius  cm  ;  this  attraction  will  become  at  the 
point  M^ 

Ar» 

Denoting  the  weight  and  the  vertical  component  of  the 
centrifugal  force  at  the  point  m  by  ^  and  y,  respectively,  and 
by  g'  and  y'  at  the  point  m',  we  shall  have  therefore 

Developing  the  first  term  of  the  value  of  g'  according  to 
the  powers  of  A,  and  then  taking  g'  from  ^,  we  obtain,  by 
neglecting  the  square  of  A,  and  the  small  diflFerence  y'— /»(«) 

Since  the  foctor  -  is  very  small,  we  may  assume  kzzg' in 

T 

3r 
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die  flnt  tCTin  of  this  fonnutu ;  in  ibe  vala«  of  Um  nuU  ^ 
tiljr  V,  we  n»y  likcwiso  eupptmc 

3  *' 

ftieaoting  tbcnewi  dcoaityof  tbc  «vUb.MlLttifKaMffiV 
tenluMeqnd  to-^  thenwOlnMdl^'"'  '  *"!    • 

um),  conMqofiiUytfo)  '  -      - 

'_  nenAne,  it  appnn  (ran  thb,  tbal^il  Vl^<^  AilV 
aaHfriMd  bttwcen  these  parenthcMS,  mH  Mt  lqr**i(i|» 

1  4.I-1  M  fa  woally  done,  tbt  w«  DVgbt  tft  H^^^  Ai 

weight  j^,  which  liu  pliice  ihi  the  contiDcnt  it  ttk  U^^A    ' 

aborc  the  level  of  the  sen,  la  orda  lo  mlucc  it  t»  Afc  iiti. 
In  generalt  we  may  estimBte  p'  as  equal  to  the  half  of  ^  ^i4 

consequently,  asnume  1  +  — for  this  bctor(p).  AtPam,A,iha 

elevation  of  the  point  of  the  observatory  when  the  liaiiiilii  ■ 
placed,  is  about  63  metres ;  hence  it  feUows,  that  tW  |TBriiy 
and  leng;th  of  the  pendulum  which  vibrateB  ii  1  laiji.  ii  bn 
there  than  at  the  level  of  the  sea  in  the  nUw  a(  «H  M 

1,0000125. 
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STATICS. 


SECOND   PART. 


CHAPTER  I. 

OF  THE  EQUILIBRIUM  OF  A  SOLID  BODY. 

256.  There  is  no  body  whaterer  that  is  not  more  or  less 
compressible,  and  which  does  not  consequently  change  its 
form,  when  it  is  subjected  to  the  action  of  the  forces  which 
constitute  an  equilibrium.  But  when  the  solid  body  which 
we  now  proceed  to  consider  has  assumed  the  suitable  form,  then 
the  points  of  application  of  the  forces  which  solicit  it,  may  be 
regarded  as  a  system  of  an  invariable  form,  and  it  is  to  this  state, 
that  the  coordinates  of  these  different  points,  which  occur  in  the 
equations  of  equilibrium  and  are  assumed  to  be  known,  refer. 

Let  M,  M^  m",  &c.,  be  this  system  of  material  points.  In 
the  case  of  each  point,  there  are  seven  quantities  to  be  con- 
sidered, namely,  its  three  coordinates,  the  force  which  solicits 
it,  and  the  three  angles  which  determine  its  direction.  Let 
p  denote  the  force  which  is  applied  to  the  point  M,  md  its  di- 
rection (fig.  60),  Xy  y,  ar,  the  three  coordinates  oo,  gh,  hm  of 
the  point  m  referred  to  the  rectangular  axes  ox^  oy,  oz ;  a,  /3, 
7,  the  angles,  either  acute  or  obtuse,  which  the  line  md  makes 
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wiU)  the  imrallvbi  to  tliMc  axira  ilntna  thruuijb  (be  poi 
Rvlativcly  io  U)l>  other  p<nntM  u',  M*,  Itc,  th«  anal 
quaiiUtivfl  are  repTtacntcd  by  thi:  Munc  li>lteT«  wttb  cofm 
ing  accents. 

This  being  pretntied,  previouily  to  bfartigBti^  tW  «•' , 
•lillons  uf  (.-({uiUbriuiD  of  tlit>  given  forcis  p,  r',  r",  &c^  wc  Ail 
prodtni  to  iran^orm  this  Hysiem  of  fbfix>  into  ibrvo  ot^tfk,  rf 
which  one  will  be  the  multunt  of  forces  panilli:!  to  tbc  as 
ot,  BDothor  of  forces  paralli-l  (o  tbc  nxts  oy,  and  acting  it  cha 
pUnc  of  (lie  axe*  of  x  and  if,  and  the  third  of  force*  aetiaf  ■ 
the  direction  of  the  ans  Oj'. 

'J5T.  Let  fuch  of  (he  forca  p,  p',  p*,  &e^  be  (UeoiipanA 
without  chani^ing  itH  jioiat  of  applkation,  into  time  fMS 
parallel  to  the  axit  of  j,  y,  f  ;  r  cm  «,  r'  cos  ■',  K  eoa  ■*,  fta« 
will  be  ilio  force*  parallel  to  the  axis  m  ;  pcot^  p  cM^ 
p'eos^)*,  &c.t  the  forve*  luumllrl  lo  the  axis  ojr;  rcaaTi 
r'cos-y'i  1^  *^o«  y",  &c.,  tli«  forces  paralM  to  the  ajisas; 
the  given  forces  mny  iit  unci-  l>e  rrplaced  by  tbtse  tbiw |(fMp 
of  parallel  forces. 

We  can,  without  at  all  altering  the  systc«  of  faf<ni  »■ 
dcr  considemllon,  apply  to  the  sanie  point,  two  ttfoaX  mi 
parallel  forces.  Thereforv,  at  the  point  m,  Wt  two  tanmf 
and  —  ff,  equal  and  directly  opposed,  be  applinl,  [rarattd  is 
the  axis  of  z.  Let  the  force  y  which  acts  in  the  dinctiia  mc, 
be  compounded  with  the  force  p  cos  a  acting  in  the  AnciM 
HA  parallel  to  ox,  and  let  hb  be  the  dircctioa  <rf  thsv  m- 
sultani,  and  k  the  point  where  its  productioti  necte  thra^ae 
of  the  axes  of  x  and  y ;  if  its  punt  of  appUcuioa  be  ttH*- 
ferred  to  the  point  n,  and  if  it  be  then  drroanpo— J  ibIb  !■• 
forces  parallel  to  the  axes  of  x  and  t,  tlw  foma  r  emm  v' 
g  will  be  reproduced ;  but  the  force  p  cos «  ia  bow  AmMi' 
along  the  projection  of  its  first  direction  on  the  bIhh  silk 
axes  of  X  and  y,  and  the  force  g  is  applied  perpeikdicaMT  ■ 
this  plane,  at  the  point  k  of  this  projection,  the  eoeiim^B  *' 
which  are  easily  dctcnniacd. 
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In  fact,  H  being  the  projection  of  m  on  the  plane  of  the 
axes  of  X  and  y^  its  coordinates  will  be  x  and  y,  and  y  and 
x  —  KH  will  be  those  of  the  point  k,  since  these  two  points 
belong  to  the  same  parallel  to  the  axis  of  x.  Now,  since  in 
the  rectangle  knmh,  its  diagonal  km  is  the  direction  of  the  re- 
sultant of  the  forces  g  and  p  cos  a,  which  act  in  the  direction 
of  the  sides  kn  and  kh,  we  have 

KH  :  HM  : :  pcosa:^; 

hence  we  obtain,  because  hm  =  Zj 

z  P  cos  a 

KH  =  , 

consequently,  the  coordinates  of  k,  the  point  of  application  of 
the  force  g  in  the  plane  of  the  axes  of  x  and  y,  are 

,          ZT  cos  a 
y  and  x 


9 

By  performing  the  same  operations  on  the  forces  p  cos  /3 
and  —  ^,  the  first  will  be  transferred  on  the  plane  of  the  axes 
of  xandy,  along  the  projection  of  its  first  direction,  and  the 
coordinates  of  the  new  point  of  application  of  the  force  —  g^ 
in  this  same  plane,  will  be 

,  zPcos/3      J 
y  A i-  and  x. 

9 
If  in  the  same  manner,  all  the  forces  p'cosa^  p'^coso", 
&c.,  p'co8/3',  1?"  cos  j3'',  &c,,  be  transferred  in  the  plane  of 
the  axes  of  x  and  y ;  each  of  these  forces  will  act  along  the 
projection  on  this  plane,  of  its  primitive  direction,  which  may  be 
either  above  or  below  this  same  plane,  and  besides,  there  will 
be  as  many  couple  of  forces,  ^  and  —  ^,  g**  and  —  ^,  &c.,  as 
there  are  points  bi',  m'',  &c.  The  expressions  for  the  coordi« 
nates  of  the  points  of  application  of  these  last  forces,  in  the  plane 
of  the  axes  oix  and  y,  may  be  inferred  from  those  which  express 
those  of  the  forces  ^and  —  ^,  by  accenting  the  letters  or,  y,  r,  #7, 
P,  a,  ^. 
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S68.  Now,  if  a  nimiUr  opcnitioD  Im  umliwiBd  «■  ^ 
fom»  pcoso,  r'cMd',  f'cma",  &c^  iMumllcl  to  tba  udit<4 
nad  compri'Mtil  lit  llw  plane  of  the  ue»  ofx  aiul  ji,  ^mj  «S 
■Iso  Ire  inwiiEorinnl  into  two  f^roupt  of  force*)  one  of  which  bS 
Iw  compMoil  of  (ottx*  pomUol  lo  tba  ax»  of,  mtid  tbe  Mkv 
of  force*  acting  in  tbe  direction  of  tlio  aiit  or. 

ThiM,  let  two  forces  panOiol  to  oy,  and  rcprtaaiwd  kg  i 
and  —  Af  be  applied  to  tlic  point  ii  (fig.  61),  at  wImgIi  lb 
force  p  cm  a  acta  in  ihv  direction  iir,  and  lei  the  fan*  J^ 
acting  in  the  dirvction  iib,  be  conpotuMled  with  tlw  tmm 
r  cos  «,  then  if  tbe  point  of  ajiplicatioa  of  tlteJr  rmaltmt  hi 
Inutsfcmd  to  tbe  point  u,  where  the  prodiiction  of  te  & 
reclioR  hk  meets  llic  axis  ojr  i  aiMl  if  it  be  deeoApoaad  lA 
two  force*  in  tbe  rectangular  direclioaB  Qt  and  Off,  tW  fens 
p  COR  a  and  A  nill  lie  reprotlacnl  at  this  pnlat  q  ;  i»owe»w  we 
ahall  bore 

uq:  OH  ::  P  oNa  :A,  ^M 

and,  because  oo  =  x  and  on  =  jr,  we  shall  obatia 
ypcosa 

OQ  =  I  —  ? J , 

for  the  abscissa  of  tbe  point  n. 

Therefore,  the  force  I'cosa,  the  direction  of  which  wwu, 
will  be  replaced  by  a  force  i-  cm  a,  acting  in  the  difBtli—  «( 
the  axis  ox,  and  two  forces  A  and  —  A,  perpeodicialBr  ••  dis 
axis,  and  applied  to  the  points  g  and  c,  tbe  poatiaM  af 
which  are  known.  Tbe  same  will  be  tbe  caae  for  the  ath* 
forces  p'cosa',  p"co«(i",  &c.,  parallel  to  tbe  axia  «f  A  ^^ 
comprised  in  the  pUne  of  tbe  axes  of  x  and  y,  for  theat  will  heii 
like  manner  replaced  by  the  forces  p'  cos  ■'>  r"  coa  m",  te« 
acting  in  the  direction  of  tlic  line  ox,  and  by  the  rina|JM  ^ 
farces  A' and  —A',  A"  and  —  A",  &c.,  parallel  totbeaxiaaf. 

359.  It  appears,  therefore,  that  by  tncus  of  thaM  twa 
successive  operations,  tbe  given  forces  will  b«  traasfat— j* 
has  been  stated,  into  three  groups  of  forces,  actii^  ia  the  A- 


\ 
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rection  of  the  axis  of  x,  in  that  of  a  perpendicular  to  this  axis, 
and  comprised  in  the  plane  of  x  and  y,  and  in  the  direction 
of  a  perpendicular  to  this  plane. 

In  this  transformation,  any  of  the  forces  such  as  p  will  be 
replaced  by  six  others,  namely, — 1st,  the  three  forces  p  cosy, 
ffi  ^9^  parallel  to  the  axis  of  z,  the  coordinates  of  whose  points 
of  application  on  the  plane  of  the  axes  of  x  and  y,  and  referred 
to  the  axes  ox  and  oy,  will  be,  for  the  first,  x  and  y ;  for  the 

second,^ and  y ;  for  the  third,  x  andy  H . 

2ndly.  The  two  forces  p  cos/3  —  A  and  A,  parallel  to  the 
axis  of  y,  comprised  in  the  plane  of  the  axes  of  x  and  y,  and 
which  may  be  supposed  to  be  applied  to  the  axis  of  or ;  the  first 
at  the  distance  x  from  the  point  o,  the  second  at  the  distance 

ypcosa 

3rdly.  The  force  p  cos  a  acting  in  the  direction  of  the  axis 
of  2r,  the  point  of  application  of  which  may  be  transferred  to  o. 

260.  It  is  easy  now  to  form  the  equations  of  equilibrium 
of  the  given  forces  p,  p',  p'^  &c.,  or  of  the  three  groups  of 
forces  which  have  been  substituted  for  them. 

It  ought,  however,  in  the  first  place  to  be  remarked,  that 
this  equilibrium  cannot  exist,  unless  it  obtains  separately  for 
each  of  these  three  groups  of  forces.  In  feet,  if  the  forces 
parallel  to  the  axis  of  z  do  not  destroy  each  other's  effect,  and 
if,  notwithstanding,  the  equilibrium  of  all  the  forces  was  pos- 
sible, we  could,  without  disturbing  this  equilibrium,  ^x  a  line 
traced  in  the  plane  of  the  axes  of  x  and  y ;  but  then  the 
forces  comprised  in  this  plane  will  be  destroyed  either  because 
they  will  meet  this  fixed  axis,  or  because  they  will  be  parallel 
to  it.  It  is,  therefore,  permitted  to  suppress  them ;  and  if 
this  is  done,  the  equilibrium  will  be  deranged,  contrary  to 
hypothesis,  since  there  is  nothing  to  prevent  the  forces  per- 
pendicular to  the  plane  of  the  axes  of  x  and  y,  firom  causing 
the  solid  body  to  revolve  about  the  fixed  axis ;  consequently, 
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the  equilibrium  will  kfo  imjM>Hiblp,  unl«M  thmn  1m 
•epanitt'ly  destroy  each  other's  efibcU.  In  tike  cum 
il  may  be  shewu  tliat  Uie  equilibrium  e&nnot  mbsK 
the  forces  comprised  in  the  plane  of  tbs  axes  of  «  •nd  j 
the  forces  parallel  to  the  ajos  of  jr  mulually 
other's  cffecta.  For  if  it  obtained,  and  I 
at  (he  same  time  satiificd,  a  point  might  be  fix«d  m  1^  in 
of  A  which  would  dntroy  (be  effect  of  all  fone*  acti^  •  Ik 
direction  of  this  line,  nothing  would  iben  prercnt  tb«  Sat^ 
perpendiculiu'  to  this  line,  ^m  making  the  ayalea  to  li^ 
about  this  point,  so  that  the  equilibritim  wooU  ba  4taiamgt4 
by  fixinf^  a  point  in  tlie  system,  whid)  is  abmnd.  T^bU^ 
cstttbliaheil,  it  is  neee««ary,  in  the  fint  plac«,  (No.  ST),  if  As 
solid  body,  wliieh  is  couiidMvd,  be  isalirely  free,  in  oria  im 
the  eqiiilibnuin  nf  (he  panUlel  force*  reot^,  r'eoty',  r"MSf ', 
&c.,  y  and  —  g,  y"  ami  —  9',  y"  and  —  y",  &e^  tbfti  tlMr^M 
should  he  cypher,  bcncv  we  hare  ^^^H 

rcosy  -+-  (•'coB'y'  +  P"  COS  y"  +  fce.,  =  0.       ^^^| 

It  is  likewise  necessary,  that  the  sums  of  ibeir  BoaaM 
with  respect  to  the  plane  of  the  axes  of  x  and  f ,  and  to  tte  *f 
the  axes  of  y  and  z,  which  are  parallel  to  these  force*,  ska^ 
be  also  equal  to  nothing.  Now,  with  respect  to  tbe  fini  ak^ 
we  have 

y  p  cos  y  +  y'  p'  cos  7'  +  y"  p*  «»>"  +  Ac., 

for  the  value  of  the  sum  of  the  moments  of  the  fbrcca,p(«7> 
p'coay,  p'cos'y*,  &c.,  that  of  the  miHDeQta  of  tW  Chos 
J,  jr*.  /»  &c.,  is 

ffy  +  ?'y'  +  ff'y  +  &c. ; 

and  the  sum  of  the  moments  of  the  forcea  —  g^  —  ^,  —  ^, 
&c.,  is,  in  consequence  of  the  expressions  of  tlw  c 
tbeir  points  of  application, 
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therefore,  by  adding  together  these  three  sums  and  condnna- 
ting,  we  obtain 

p  (y  COS  y  — zoos /3)  +  p'(y'co8y'— 2/cos/30 +  &c.,  ~  ®5 

and  in  the  same  manner,  if  the  sum  of  the  moments  of  the 
same  forces,  with  respect  to  the  plane  of  the  axes  of  y  and  z  be 
formed,  and  put  equal  to  cypher,  we  shall  have 

p(a:cosy  —  zcosa)  +  p'(x'cos7'—  js'cosa')  +  &c.,  =:  0. 

With  respect  to  the  forces  pcos/3  —  A,  p'cos/3'  — A', 
p''  cos/3"  —  A",  &c.,  and  A,  A',  A'',  &c.,  parallel  to  the  axis  of 
y,  88  they  are  comprised  entirely  in  the  plane  of  the  axes  of  x 
and  y,  there  are  only  two  equations  of  equilibrium  (No.  57), 
it  will  suffice,  therefore,  that  their  sum  should  be  equal  to 
cypher,  which  wiU  give 

p  cos  /3  +  p'  cos  /3'  +  p''  cos  ^"  +  &c.,  =:  0, 

and,  that  the  sum  of  their  moments  with  respect  to  the  plane  of 
the  axes  of  y  and  z,  should  be  also  equal  to  cypher.  Now, 
with  respect  to  this  plane,  the  sum  of  the  moments  of  the  first 
forces  is 

«(pcos/3  —  A)  +  a:'  (p'cos/y  -  A')  +  &c.,  =  0  ; 

that  of  the  moments  of  the  forces  A,  h\  A",  &c.|  is,  at  the  same 
time, 

h  {x  -  iy|i2.)+A'(a/-I^^)+&c., 

as  is  evident  from  the  values  of  their  distances  from  the  axis  of 
y ;  consequently,  if  the  entire  sum  be  put  equal  to  cypher, 
we  shall  have 

p(aJCOs/3  —  ycosa)  +  p'(ar'cos/3'—  y'cosaO  +  &c.,  =  0. 

Finally,  for  the  equilibrium  of  the  forces  acting  in  the  di- 
rection of  the  axis  of  a:,  it  will  suffice  if  their  sum  be  cypher, 
consequently, 

p  cos  a  +  p'  cos  a'  +  v"  cos  a"  +  &c.,  =  0. 

3g 
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The  pneodog  an  Ae  riz  aqntioiii 
ud  saffidflnt  to  teeare  Ae  eqidUfariom  of  a 
tfidy  fiwi  and  folidted  by  tny  Smpom  wfcaliiw, 

961.  I^  in  order  to  abridge,  we  »riui 

peoe«4-^«M«'+i^'eM«''+Ao*  =  s» 
peoe^  +  v^eoe0' -«- p''eoe^''4»an.  s  T, 
peoeY  +  Peoey  +  p'eoey'  +  lpe.s  a» 

p(seoe0-yeoe«)+F'(di'eee^'«f'oQaO  +  *«*sW 
p  (z  eoe«— tfeoeY)  -f  p'C^'  tmj^tf  tm-f^  4* 

p(y  eoeY-;peoe0)  +  p'Or'ooey— x'eoe/y)  + 
theie  eqnatbu  of  equUibriuai  irill  beeeae 

It  may  be  femarked  bere,  that  Aeee  qi— Htieat  L^i^abS 
alto  If  T,  z,  may  be  dedneed  the  ooo  firom  tho  odmr  If 
role  of  No.  SS. 

These  six  equations  contain  the  condidons  of 
which  belong  to  all  systems  of  material  points,  that 
tirely  free ;  for  whatever  bo  the  nature  of  such 
the  mutuiil  connexion  of  the  material  points  which 
ity  it  is  evident  that,  if  their  coordinates  and  the  force*  wlkh 
solicit  them  remain  the  same,  the  equilibrium  will  not  br 
turbe<l  by  makin^^  their  dintances  invariable.  Cotwcqun 
the  ecjuations  of  e<}uilibrium  of  a  syMem  of  an  iuvariaUc  i 
which  obtain  lH*twet>n  these  quantities,  muni  mlso  saKM  im 
every  other  system ;  but  then  they  are  no  Irni^vr 
and  it  is  necessary  to  comliine  with  them  other  conditkttt 
are  pi*culiar  to  each  system  in  {Kirticular,  which,  as  «y 
see  in  tlie  sequel,  will  enable  us  to  determine  l\kt  rvladw 
sition»  of  its  diffen*nt  i>oints  in  the  state  of  equilibritua. 

2^)2.  When  all  the  |(iven  forces  are  iianiUel  to 
the  angles  wliich  they  make  with  each  of  tho  axes  oj«  t^  cc 
are  either  equal  or  supplementary,  according  aa  these  i 
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act  in  the  same  or  in  opposite  directions ;  they  mayi  howeveri 
all  be  supposed  equal,  if^  at  the  same  time,  those  forces  which 
act  in  one  direction  are  considered  as  positive,  and  those  which 
act  in  the  contrary  direction,  n^^tive,  (No.  11);  therefore 
in  this  case  we  shall  have 

a  =  a'=a",&C.,    /3  = /3' = /3",  &C.,    y  =  y' =  7",  &c. ; 

in  consequence  of  which  the  three  first  equations  (1)  are  re- 
duced to  one,  namely, 

P  4.  P'  +  P'/  -J.  &c.  =  0, 
and  the  three  others  will  become 

(tx  +  p'x'+p'V'+&c.)  cos/3=(py+py+p''y''+  &c.)  cosa, 
(pz  +  pV4-  p'V+&c.)  cosa=(pa:+  pV+p'V+&c.)  cosy, 
(py+  py+PV+&c.)  cosy  =  (pz+pV+  pV+  &c.)  cos/3. 

But  as  in  the  case  of  the  equilibrium  of  parallel  forces,  the 
number  of  equations  is  only  three,  these  three  last  equations 
must  be  reducible  to  two ;  and  in  fact,  if  they  be  added  toge- 
ther, after  having  been  multiplied  by  cosy,  cos/B,  cosa,  re- 
spectively, there  results  an  identical  equation,  so  that  one  of 
these  may  be  deduced  from  the  two  others. 

When  all  the  given  forces  exist  in  the  same  plane,  this 
plane  may  be  taken  for  that  of  the  axes  of  x  and  y ;  in  this  case 
the  angles  y,  y\  y",  &c.,  are  right,  and  the  coordinates  z,  /,  sT^ 
&c.,  are  equal  to  cypher,  which  will  cause  the  third  and  also 
the  two  last  equations  (1)  to  disappear.  In  this  particular 
case,  as  in  that  of  parallel  forces,  there  are  only  three  equa- 
tions of  equilibrium,  which  arc 

X  =  0,     Y  =  0,     L  =  0. 

263.  When  the  given  forces  do  not  constitute  an  equili- 
brium, it  may  be  required  to  know  what  condition  they  should 
satisfy,  in  order  that  they  may  have  an  unique  resultant,  and 
what  is  the  value  of  this  resultant.  In  order  to  determine  this 
question,  let  r  denote  this  for^,  and  a,  6,  c  the  angles  which 
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its  direction  makes  with  lines  parallel  to  the  axes  cxr,  oy,  as, 
drawn  through  one  of  its  points,  which  may  be  taken  as  m 
point  of  application,  and  whose  coordinates  parallel  to  that 
same  axes  are  represented  by  Xi,  yi,  Zi.  If  this  fiwce  W 
taken  in  an  opposite  direction  from  that  in  which  it  actii.  it 
will  constitute  an  equilibrium  with  the  giTcn  forces.  Tkcf»> 
fore  equations  (1)  will  obtain,  if  to  p,  p',  p'%  ke^^  there  W 
joined  a  force  equal  and  contrary  to  r  ;  consequentlyt  we  shaD 
have 

x=:Rcosa,  t=:rcos6,  znacosc,  (S) 

and,  besides, 

L  =  R  (X|  cos6  —  yi  cosa), 

M  z:  r(Z|  cosa  —  X|  cose), 
N  =  R(yiC0sc~Z|C0s6), 
that  is  to  say,  in  virtue  of  the  three  first  equations, 

xy,  —  Yor,  +  L  =  0,  1 

I 

As  the  coordinates  t,  ,  y, ,  r,  may  WUunf  to  any  point  wza:- 
cver  of  the  ri^lit  lino  alonjr  which  tho  ri'sultant   i*  turvvtf* 
these  thriH?  last  ecjuatioim   will  he  those  of  its  pnMivr:.  :"•  • 
the  three  plani^  of  the  coordinates.      Therefore^  in  orUr  :ra: 
this  line  may  exist,  thise  ecjuations  must  l>e  reduoiMt-  :.»  '.»■ 
now,   if  after  liavinir  multiplied  them  hy  z,  y,  \  rt**{i^.vt:r-.  - 
they  l>e  added  to^rj^ihor,   the  thrive  variahU^s  s..   j^..   z    •. 
disappear,  and  there  rt»*»ults 

ZL  +  YM  +  XN  =;  0  :  4 

con^e<juenlly,    in  order   tliai   the   ^jiven    l*orvt*s  may   hirt  *.:. 
unifpie  ri*sultant,  it  is  neit'^snary,  and  it  •luffiet's,  tlut  f\]^:-^-' 
(4)  ho  s;itisti«'d  ;   whrri  thi**  i**  the  eaM\    lliis  tnfiv    u...   :<    .»- 
ti'miincti  lM»ih  in  niat^nitUfit*  iiiid  din*etion,  hv  rtju.it2-'n*    S 
If  the  three  ^um<>  of  the  coin|M>nont»  paralici  to  tin: 
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Xy  y,  z  Bie  respectively  cypher,  equation  (4)  will  be  satisfied, 
but  then  the  resultant  will  be  an  infinitely  small  force,  si- 
tuated at  an  infinite  distance  from  the  point  of  application 
of  the  given  forces,  or  more  correctly,  these  forces  are  reducible 
to  two,  equal  and  parallel,  acting  in  opposite  directions,  but 
not  directly  opposed,  and  therefore  not  reducible  to  an  unique 
force,  (No.  44). 

When  the  three  sums  l,  m,  n  are  respectively  cypher, 
equation  (4)  will  also  be  satisfied ;  and,  firom  equations  (3)  it 
appears,  that  the  resultant  will  then  pass  through  the  origin  of 
the  coordinates. 

264.  When  the  condition  expressed  by  equation  (4)  is  not 
fulfilled,  it  may  be  satisfied  by  joining  a  suitable  force  to  the 
given  forces.  For  greater  simplicity,  let  it  be  supposed  that 
it  passes  through  o,  the  origin  of  the  coordinates ;  if  it  be  de- 
noted by  Q,  and  if  X,  /i,  v  represent  the  angles  which  it  makes 
with  the  axes  ox,  oy,  oz,  the  quantises  l,  m,  n  will  not  be 
changed  by  the  addition  of  this  force,  and  the  sums  x,  y,  z 
will  be  increased  by  the  terms  qcosX,  qcos/i,  qcosv. 
Equation  (4)  will  therefore  become 

Q  (lcOS  V  +  M  COS/X  +  NCOSX)  +  LZ  +  MY  +  NX  =  0  ; 

so  that  it  may  be  satisfied  in  an  infinite  variety  of  different 
ways,  by  means  of  the  force  q  and  of  the  angles  X,  /i,  v,  which 
determine  its  direction. 

The  intensity  and  position  of  r,  the  resultant  of  the  forces 
Q,  p,  f\  v",  &c.,  will  be  determined  by  means  of  equations  (2) 
and  (3),  in  which  x  +  qcosX,  y  +  q  cos/i,  z  -f-  q  cosy  should 
be  substituted  for  x,  y,  z.  Consequently,  the  given  forces 
p,  p^,  p^^  &c.,  may  be  replaced  by  this  resultant  r  and  by  a 
force  equal  and  directly  opposite  to  the  force  q  (a) ;  hence  we 
may  infer  that  when  the  given  forces  are  neither  in  equilibrio, 
nor  reducible  to  an  unique  force,  they  may  always  be  reduced, 
in  an  infinite  variety  of  different  ways,  to  two  forces  only,  which 
however  will  not  exist  in  the  same  plane,  for  otherwise,  if  they 
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did,  they  would  be  reducible  to  one  sole  force  conlimrf  to  tk 
hypothesis.  This  is,  moreover,  rendered  immeduudy  app 
rent  by  the  transformation  effected  in  No.  257  ;  for  die  pwn 
forces  p,  p',  v'\  &c.,  may  be  replaced  by  the  resulunc  of  tk 
forces  parallel  to  the  axis  of  z,  and  by  that  of  the  fofcrs  cob- 
prised  in  the  plane  of  the  axes  of  x  and  y :  and  we  may  ihes. 
without  any  difficulty,  transform  these  two  resultants  into  tvi 
other  forces  in  an  infinite  variety  of  ways.  If  the  eonSM 
which  should  be  satisfied  in  order  that  their  directions  shoiu: 
meet,  be  investigated,  we  will  light  on  equation  (4)  ivlacn 
to  the  existence  of  an  unique  resultant. 

265.  From  what  has  been  now  esublished  it  will  be  trnj 
to  determine  the  conditions  of  equilibrium  of  two  solid  hodx^ 
A  and  A^  (fig.  62),  which  being  solicited  by  giren  forces,  toocs 
at  a  point  k,  and  press  against  each  other. 

For  this  purpose,  let  the  six  quantities  x,  r,  z,  u  ii«  > 
of  No.  261,  refer  to  the  body  a,  x',  t\  z',  l\  m',  s\  hmf 
what  these  quantities  become  with  respect  to  the  body  a\  mi 
let  Ji,  yi,  ^i  Ik*  the  eoonlinateH  of  the  |>oint  k,  retcrriM  t  <  :b 
same  axes  as  those  uhich  oeeiir  in  theM*  «litTiTcni  iji^i:  :,*  -• 
throiii^h  thi*  point  k  lot  thr  liiu"   iiKii'  ho  <lr.iu  :i  j.,  r;-*  -  •  .  .  f 
to   the  plane  N\hirh  tnuehi'^    fln'    t\\o  hoilir^,    an:    !t  •     :.     . 
<lenole  theani^le^,  whieh  Kii,  thr  part  oi  thin  lint-  i-oin:  r.**'    '  * 
mak«»s  with  lint's  <lr:iun  throiii^'li  k  paralK-l  Im  th*-  iiNi-^    :    .  ; .- 
all  theMMpiantitii'N  ari'  ^iven,  ami  it  i**  onls    ni'et"*var\  :■•  :  "^ 
the  t^juations  of  i'<pulii»riiim  wiiirh  thry  »»vii;ht  tt>  *a!>:.. 

Now,  the  ImmIv  \  will  exoreiM'  on  \\  in  tlu*  »;:r. v'. 
Kii\  an  unknown  |»rt»ssure,  wiiieh  we  nhall  »:^:;..*e  '*■  i 
it  will  experienee  from  it,  at  thr^^iinic  timr.  a  rr*.%:ar»*.v  *«.  -^ 
an<l  eonti^rv  to  this  normal  t"«»ree.  It*,  lluTot**:* .  :.•  r:  .  -.  .  • 
forrrs  whieh  aet  on  a,  thrn*  lu-  joiiu**!  a  t'on^*  k  .u:i:  j  .  ::^ 
dinvtion  kii,  w*»  may  then  ah^lraet  alto«;i«ihrr  irom  ".r.*  ^^  .*'■ 
ileralion  of  \  :  and,  in  ih*-  smii*  inannt-r,  it  !••  i}-.,-  :,.-^«-  i.- 
plii'«l  t«>  \'  lh«T«'  Ik"  joinril  a  ti»re»'  k  ai-riit^  in  ti.,.  ti.rwi  • 
km',    a'  ina\  hr  efinsiiienHJ   h\  itM-lt  a<»  4i«'t,i«  hi*ti   ir»  m   »       ■ 


OF  THB  EQUILIBRIUM  OF  A  SOLID  BODY.  415 

follows  from  this,  and  from  equations  (1),  that  the  twelve  fol- 
lowing equations  will  be  required  in  order  to  the  equilibrium 
of  these  two  bodies 

x4-Rcosa=0,  T4-Rcos&=0y  z4-Rcosc=0, 
x'— RcosaizO,  y'— Rcos6=:0,  z'— rco8C  =  0, 

L  4-  R  (^1  COS&— ^1  cosa)  s  0, 

M  +  R  (zi  COS  a— aJi  cose)  =  0, 

N  +  R  (y,  cose— Zi  cosfc)  =  0, 

l'—  R(a;|COS&— yicosa)  =  0, 

m'  —  R  (zi  cosa-'Xi  cose)  =:  0, 

n'  —  R  (yi  cose— Zi  cosft)  z:  0, 

which  will  be  reduced  to  eleven  by  the  elimination  of  r.  After 
that  these  eleven  equations  of  equilibrium  shall  have  been 
verified,  one  of  the  preceding  will  make  known  the  value  of 
R,  which  must  be  a  positive  quantity,  in  order  that  the  two 
bodies  may  press  the  one  against  the  other. 

From  these  twelve  equations  there  results  immediately 

X  +  x'  =  0,     Y  +  y'  =  0,     z  +  z'  =  0, 
l  +  l'  =  0,     m+m'=0,     n  +  n'  =  0; 

which  may  be  also  deduced  from  the  conditions  of  equilibrium 
which  belong  to  all  systems  entirely  free,  like  that  of  the  two 
bodies  a  and  a^  (No.  261). 

In  the  same  manner,  the  equations  of  equilibrium  of  any 
number  of  bodies,  which  press  against  each  other,  may  be 
found,  and  it  is  easy  to  perceive  that  the  number  of  these 
equations  will  be  equal  to  six  times  that  of  the  bodies  minus 
the  number  of  their  points  of  contact  (6). 

266.  The  equations  of  equilibrium  of  a  solid  body  subject 
to  given  conditions  must  be  comprised  among  those  of  a  body 
entirely  free ;  for  the  equilibrium  of  this  last  will  not  be  dis- 
turbed if  it  is  subjected  to  these  particular  conditions,  pro- 


416  or  TBB  kqcimbiiidu  or  *  holio  boot. 


vitl<^  that  no  new  equation  of  equUibriam  be  i 
these  con<litioiis.  Uut,  on  the  contnrjr,  onr  or  mow  aftif^ 
tioD»  (1)  will  become  super8uous;  mad  it  will  be  trf'  Ht  ta  fe  ,1 
terniin«,  in  the  diffcrrnt  auct  that  nujr  occtu,  wbidi  at  Aim  t 
equations  will  bo  nen^ssar)-.  tt  b  Uii>  which  it  ia  prop^irito  , 
do,  in  the  folIawini[  aan  that  an>  ittKOiKd  in  tUa  aOMhovk  ' 
being  alwnys  su[)[in«c<l  that  thr  friven  fonca  r,  r*,  r*,  ftn.,  ■•  1 
replaced  by  the  llirov  ^ruiip*  of  force*  of  No.  Sft9.  , 

t.   If  the  solid  body  which  i«  In  equiJibrio,  eontatm  a  tad 
|ioinl,  we  may  take  thU  poi  nt  for  the  origin  of  th«  ooonfipcHk 
The  forces  actinf;  in  the  direction  of  the  uds  ox  will  W  4»  | 
stroyed  by  thi*  |)oiiit ;  thia  will  cause  the  eqoatkm  x  =  t  «   i 
diMi[>{N.'ar.     In  order  that  the  forcet  paimUel  to  the  an  q^    ' 
and  comprised  in  the  plane  of  the  oxea  of  x  aad  g  AmU}»   ! 
in  equilibrio,  it  in  not  neccanary  that  we  ibotikl  Wv«  t  ^  ^    ji 
it  will  Buffiw  if  ihtfir  n-tultant  coiuddei  with  the  mam  Of.  m 
that  L,  the  sum  of  their  momeDts  with  Topeet  to  tJw  |te*  rf 
the  axes  of  .v  and  :,  fthnuld  be  equal  to  eypl>ct(<-').     Ffad^   ^ 
for  the  equilibrium  of  the  forces  paralld  to  tlie  uria  of  c,  At 
equation  z  r=  0,  will  not  be  necessary,  it  will  aofioe,  if  Aar 
resultant  coincides  with  the  axis  oz ;  this  will  rcqutv  tkal  tk« 
sums  of  their  moments  with  respect  to  the  planes  of  tW  ■>■ 
of  y  and  ^,  and  of  jr  and  ;,  which  are  represented  by — HaaJa, 
may  be  equal  to  cypher.     Thus,  in  this  first   raar,  iW  tkrsr 
equations  of  equilibrium  which  will  be  necessary^  an 

L  =  0,       H  =  0,       M  =  0. 

In  bet,  they  indicate  that  the  given  force*  bave  aa  Mfir 
resultant,  and  that  this  resultant  passes  tbroogb  tW  taiJ 
point  o. 

This  force  will  express  in  magnitude  and  djuiiiaa  it 
pressure  exerted  against  this  point,  and  it  will  be  iliiiiaiiJ 
by  equations  (2). 

2.  Let  the  solid  bo<ly  be  retained  by  a  fixed  »n'S  aiUtf 
which  it  w  constrained  to  ttun,  without  beu^  aUe  to  sMt  ii 
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the  directioB  of  its  length.  Let  this  axis  be  assumed  to  be 
that  ofz;  the  forces  parallel  to  this  line  oz  cannot  produce 
any  motion,  and  the  three  equations  2  =  0,  m  :::  0,  n  =  0, 
relative  to  their  equilibrium,  will  be  no  longer  necessary. 
Neither  will  equations  x  =  0  and  t  =  0  be  required  for  the 
equilibrium  of  the  forces  comprised  in  the  plane  of  the  axes  of 
X  and  y;  so  that  in  this  case,  there  will  be  only  one  sole  equa- 
tion of  equilibrium,  which  will  be  L  =:  0,  that  is  to  say, 

p  {x  cos/3— y  cos  a)  +  p'  (j?'cos/3'— y'  cosaO  +  &c.  =  0.    (6) 

But  if  the  body  is  free  to  slide  along  the  fixed  axis,  it  is, 
moreover,  necessary,  in  order  to  hinder  this  motion,  that  z, 
the  sum  of  the  forces  parallel  to  oz,  should  be  equal  to  cypher ; 
and  in  this  case  there  will  be  two  equations  of  equilibrium, 

2  =  0,      L  =  0. 

The  pressure  which  the  fixed  axis  will  experience  perpen- 
dicularly to  its  direction,  will  be  the  resultant  of  forces  com- 
prised in  the  plane  of  the  axes  of  x  and  y,  determined  both  in 
magnitude  and  direction,  by  the  two  first  equations  (2),  and 
passing  through  the  point  o  in  virtue  of  equation  (5).  The 
forces  parallel  to  this  axis  will  at  the  same  time  tend  to  make 
it  revolve  on  itself. 

It  appears  from  a  comparison  of  the  quantities  m  and  n 
with  L,  that  the  equation  of  equilibrium  about  the  axis  oy  will 
be  M  =:  0,  and  that  it  will  be  n  =  0  about  the  axis  ox.  It 
likewise  results  from  what  has  been  established,  that  the  condi- 
tion of  equilibrium  about  a  fixed  point  consists  in  this,  that 
the  equilibrium  obtains  successively  about  three  fixed  rect- 
angular axes,  drawn  arbitrarily  through  this  point.  Conse- 
quently, if  the  equilibrium  subsists  about  three  rectangular 
axes  which  intersect  in  the  same  point,  it  will  also  obtain  about 
every  other  line  passing  through  this  point. 

3.  If  in  a  solid  body,  three  or  a  greater  number  of  points 
which  do  not  lie  in  the  same  right  line,  are  constrained  to 

3   H 
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uut  on  n  liscti  plane,  of  which  thv  poNtiHti  U  Kiven.  md  t 
thifl  [ilnnt.'  bi<  a3§iimccl  Xn  tra  that  of  tbr  *xt*  nf  «  mitA  g  ;  m 
the  furces  pamllel  to  the  axis  of  x  autual  prodtww  any  aao^ 
the  isqDBtioM  mlatira  to  their  cqtnllbrinai  will  ant  Iww  fkM 
bot  Ibc  tfarae  cqofttioni 

\  -  0,       T  =  0,       L  =  0, 

whieb  obtain  In  the  csm  of  forces  eomprued  tn  the  pbac  ti 
the  tutea  of  r  and  y,  will  be  necMsuy,  to  pivrrat  tW  W; 
from  sliding  or  turnint;  parallel  to  thi«  fixed  plane 

The  force  z  will  expruM  the  cDtipD  pmnirc  which  lb* 
fixed  pUno  ezpcricnccs.  If  the  body  i«  merely  placvd  oa  Am 
plane,  m>  that  it  may  act,  for  example,  as  a  poty^Jpoa,  ^ 
of  whoso  fhecs  is  in  contact  with  the  plane  of  th^mamd* 
and  ff,  the  )d^  of  z  must  be  aueb,  that  ihia  faroc  aay  ^m 
agauut  (his  pioni'.  It  is,  tnoreorcr,  neeanry  that  lUs  aa^ 
(ant  of  the  forces  paralM  to  the  axis  of  ?,  shouU  mhiAk 
plane  of  the  axe*  of  x  and  y,  within  the  an*  of  the  h^Hflftti 
body,  otherwise  it  will  di>(.ieli  it  from  tlii»  plnnr,  Hv  cwi^tf  K 
to  turnabout  one  of  the  sides  of  this  base.  Now,  if  «|Hii|t 
denote  the  coordinates  of  the  point,  where  this  resultaM  tmtt 
the  plane  of  the  axes  of  z  and  y,  its  tnomenta  with  hb|iiiI  » 
the  planes  of  the  axes  of  x  and  z,  and  of  y  and  z,  w31  W  ^ 
and  zx, ;  they  should  be  equal  to  the  sums  of  the  ■oacaii  if 
the  components  with  respect  to  the  same  planes ;  aad  fraa  tht 
values  of  these  two  luma  which  hare  been  alna^  kimit 
(No.  260),  we  shall  hare 


It  is  necessary,  therefore,  in  eaek  parliemiar  rwor,  la  ikf 
that  the  Tolues  of  x^  and  jri,  deduced  from  theae  eqMMik 
belong  to  a  point  witkim  the  base  of  the  body,  this  ernJU^ 
of  equilibrium  cannot  be  expressed  by  equatJoao,  ae  man  Am 
that  which  u  relative  to  the  sign  of  t. 

4.  If  the  number  of  points  trf  a  body  which  h  mmMm' 
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to  rest  on  the  fixed  plane  of  the  axes  of  x  and  y  be  only  two, 
or  if  they  are  all  situated  on  the  same  line,  we  may  assume 
this  line  for  the  axis  of  y,  the  resultant  z  must  then  meet 
the  plane  of  the  axes  of  x  and  y^  in  a  point  situated  on  this 
axis ;  and,  independently  of  the  three  equations  of  the  pre- 
ceding case,  we  shall  have  a  fourth  equation  of  equilibrium, 
namely,  m  =  0. 

5.  Finally,  when  the  solid  body  touches  the  fixed  plane  of 
the  axes  of  x  and  y  in  only  one  point,  at  which,  if  o  the  origin 
of  the  coordinates  be  placed,  it  is  easy  to  perceive  that  there 
will  be  five  equations  of  equilibrium,  namely, 

X  =  0,     Y  =  0,     L  z:  0,     M  =  0,     N  =  0. 

The  force  z  will  always  express  the  pressure  exerted  on 
the  fixed  plane  at  the  point  o,  and  it  must  consequently  be 
affected  with  a  suitable  sign. 

This  result  coincides  with  that  of  the  preceding  number ; 
for  if  the  body  a'  be  supposed  to  be  fixed  and  terminated  by  a 
plane  which  may  be  taken  for  that  of  the  axes  of  x  and  y,  and 
if  the  point  k  (fig.  62)  be  taken  for  the  origin  of  the  coordi- 
nates, we  should  make  in  the  equations  of  this  number, 
Xi  =  0,  yi  =  0,  Zi  =  0,  a  =  90^  6  =  90^  ;  by  means  of 
which  we  can  reduce  to  the  five  preceding  equations,  a  like 
number  of  the  six  equations  which  refer  to  the  equilibrium  of 
the  body  a.  The  sixth  of  these  equations  will,  at  the  same 
time,  become 

R  +  z  =  0, 

by  supposing  that  c  is  equal  to  cypher,  or  which  is  the  same 
thing,  that  the  part  rh  of  the  normal  coincides  with  the  posi- 
tive axis  of  z ;  consequently,  the  pressure  exerted  on  a',  which 
is  equal  and  contrary  to  the  resistance  R,  will  be  the  force  z, 
in  magnitude  and  direction. 

From  a  consideration  of  the  preceding  enumeration  of  the 
different  cases  of  equilibrium,  it  is  evident  that  the  number  of 
equations  relative  to  a  solid  body  constrained  by  fixed  ob- 
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•taclLit,  imiy  b«  any  nunber  less  (ban  tii,  which  is  itei 
bcr  in  t)io  nae  of  a  Iwdy  entitvly  inc. 

267.  A*  equation  (5)  rdalire  totho 
axis  of  «  supfxHv*!  Axed,  conuhu  nrither  the 
tbc  ^rcn  force*  p,  r',  t^,  Stc,  panllcl  to  this 
cootidlniaeflof  M,  M',  H".  &e.,  ih'-ii-  poinu  of 
nUellothoHUiHikxisi  the  cKiuilibnum  will  nut 
Ukm  foroM  ud  Uwir  points  of  appliralion  are  igplaHJ  tj  ^m 
pHJcctioas  on  ihit  plane  of  the  axats  of  s  asd  p ;  lUa  Biy  b 
CMfly  dcBMBitiMvd  <■  priori. 

Let  o,  a',  q"*  ftc.^  repmwnl  the  forces  r,  p',  r",  Ac-  ^ 
jectcd  on  llic  plane  of  tbc  axe»  of  <  and  y.  that  w  ■■  «f.  ■»■ 
sol  veil  ]iarallpl  to  this  phuic,  and  Imntlvmd  to  tlie  [irujstiM* 
of  thf  points  m,  u',  ti",  &c.  iin  this  «aine  pUav.  Lrt  f.  f ,  f*. 
&c.  denote  the  pcr|>endicilUn  let  fall  from  the  origB  Wfr 
coordinates,  which  is  sapptHed  to  be  Axed,  on  the  db«ca^ 
of  the  force*  Q,  q'.  u',  &c.,  and,  fur  gmler  dnrnea,  lalA*  ' 
eSect  of  the  foroot  q,  q',  q",  Ste.  be  to  cau»e  thr  hmiw  laMi 
in  the  «;ini-  .lin-rlion.  and  the  cff.vt  of  q  .  q".  Ky.  ht  V 
make  the  body  tnm  in  the  opponte  direction.  For  tbe  c^d- 
brium  of  alt  these  forces,  it  U  necessary,  by  No.  47,  thil  w 
should  have 

oq  +  « V  +  q'Y'  —  «"  Y"  —  q"'?"'  —  &c.  =  0 ;        {<• 

9>  9'>  ?"'  ?'">  ?">  ^^'  l>cing  considered  as  poditiv*  qwatitin. 
as  also  g,  g',  g",  g'",  &c. ;  consequently,  this  eqaaoe^  ■>■ 
coincide  with  equation  (fi),  which  tl  ia  easy  to  rtiitf  >■  tk 
following  manner ; 

Let  H  (fig.  C3)  be  ihu  projection  of  the  point  M,  ot>  W 
Hu  its  coordinates  X  and  y,  ha  the  direction  of  the  fbm« 
X  and  t*  the  angles  which  this  Line  makes  with  poraUcts  is  tk 
axes  or  and  oy,  drawn  through  the  piMnt  n.  TTwi^lt* 
point  o,  let  two  other  axes  ox,  and  oy,  be  drawn,  tW  im  ■ 
the  direction  ha,  and  the  second  perpendicular  to  ikas  !■- 
and  such  that  the  angle  yoy,,  may  be  acai*  oc  nhii  at  A> 
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same  time  as  d^oxi ;  now  if  a?i  and  yi  denote  the  coordinates 
OF  and  FH  of  the  point  h,  referred  to  these  new  axes,  we  shall 
liave 

Xi  ^yco&fA  +  xeosXy    yi  =  y  cosX  —  a;  cos/i. 

But,  as  the  perpendicular  ok  or  9,  let  &11  from  the  point  o 
on  HA,  must  be  a  positive' quantity,  we  shall  have 

Q  =  ±  yi  =  ±  (y  cosX  —  xcos/i), 

according  as  the  ordinate  yi  is 'positive  or  negative,  or  what 
comes  to  the  same  thing,  from  the  direction  which  has  been 
assigned  to  the  axes  oyi,  according  as  the  force  q  tends  to 
make  the  body  turn  in  one  direction  or  the  contrary,  about  the 
point  o.     Moreover,  we  have 

Q  =  p  sin  y, 

and,  besides,  (No.  8) 

cos  a  =  siny  cosX,     cos  /3  =  siny  cos/x ; 

hence  there  will  result  (d) 

Qj  =  ±  p(ycosa  —  X  cos/3). 

As,  by  hypothesis,  the  forces  q'  and  q''  tend  to  make  the 
body  turn  in  the  same  direction  as  q,  we  shall  have  also 

ofq*  zz  ±  p'  (y'  cos  a'  —  a?'  cos j3'), 
qV  =  ±  p''  (y"  cos  a"  —  x"  cos/3") ; 

and  as  the  other  forces  q^'^,  q'^,  &c.  tend  to  make  the  body 
turn  in  the  opposite  direction,  we  shall  have 

Q^ V''  =  T  Q'^(y'''  cosa'''  -  x^^  cos/3'0> 
&c. 

Therefore,  in  all  these  values,  the  superior  signs  or  the  in- 
ferior must  be  taken  at  the  same  time,  and  by  substituting 
them  in  equation  (6),  it  will  become  equation  (5)  ;  which  was 
required  to  be  verified. 


AVi  or  Tni  KQi'iLiHiiuu  or  a  solid  boot. 

SA8.  The  IxMiy  in  irquilibrio  brin^  nlway*  acted  oa  kf 
gravity,  the  wcii^ht  itf  u  bfldy  aclinf;  in  U)«  difvctioit  ml  ■ 
rcrtical  paaaing  thrnugh  ittt  cvnln.'  of  f^viiy,  moM  b*  1^ 
posed  to  he  incladcd  iiinoii|^  ibo  i^wn  foroo  r,  p',  p*,  Aft  i 
For  example,  if  we  auppose  that  ihc  hcmvy  budy  f«M*  •■  ■ 
IneUned  plane,  and  is  nutatned  by  one  mIr  fiitce.  (fif  .  M  i^ 
preaoitt  a  sccdon  of  this  body  pacing  thmugli  tbe  ecMMrf 
gravity  c,  and  perpendicular  to  thr  i»clin«d  pJaiM»)  At 
lnigthufihi»plan«iB  AH^iU  baMBC,  anditabei^t  AC.  1m 
o,  liii-  oriKin  of  the  coordinates,  be  in  tbe  vetrtical  CB  pMMf 
throujjh  the  centre  of  gmvitj*,  and  let  tbc  axea  og  ami  a»  hs 
the  one  perpendicular,  and  the  other  parallel  to  ab  ;  the  ifeU 
axis  ojf,  which  is  not  rrprrscnled  in  the  Bgure,  will  be  puya^ 
dicular  to  the  pbuie  nt  thr  figure.  The  force  p  will  be  At 
weight  of  tbc  body,  tlte  Vfrtical  tsn  its  directian,  and  m<u  lh( 
angle  a.  Morrarer,  we  aluUt  have  r  =0,  y  =  0,  fj  =  9^. 
Henoo,  if  r'  reprvMnts  thv  giwn  (ottx  which  »«— t^i**  tk 
heavy  body,  the  equations  ofequilibriuni  of  the  third  cm  «t 
No.  206  will  1,1- r.-<luiv,t  m 

P  cos  a  +  P'  cos  a'  =  0,      P*  COB  ^'  =  0, 

p'(J'co•^'-y'cosa')  =  0. 

From  the  two  last,  we  obtain  fi'  =  90°,  y'  =  0  ;  wUch  ^fwt 
that  the  force  p'  must  exist  in  the  pkne  of  the  oxm  aft  ^ 
X ;  and,  in  &cl,  ihb  is  ovidont  ly  necessary,  in  ordflr  tlm  lUi 
force  and  the  weight  of  the  body  may  have  an  nninw  icfl^ 
ani,  perpendicular  to  the  inclined  plane.  Let  o  be  the  mmI 
where  the  direction  of  p'  meets  the  vertical  oh,  and  let  o»  »- 
present  this  direction.  The  angle  d'  or  dot  niM  b«  ohtat. 
in  order  to  satisfy  the  first  of  the  three  precedinw  cq^tf^ : 
let  S  denote  the  acute  angle  nor',  which  the  fan«  r'  ^^i 
with  the  production  of  ox,  so  that  we  may  bare 

cos  o'  =    —  COH  J. 

The  angle  a  or  iiox  is  the  complemeot  of  abc,  Ae  iadia^ 
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lion  of  the  plane ;  therefore  denoting  the  height  ac  by  A,  and 
the  length  ab  by  /,  we  shall  have 

h 
cos  O  =  y  ; 

hence  there  will  result  the  equation  of  equilibrium,  (e) 

—  =  p'cosS; 

by  means  of  which  one  of  the  two  quantities  p^  and  S  will  be 
determined,  when  the  other  is  given. 

For  example,  when  the  force  p^  is  parallel  to  the  inclined 
plane,  we  shall  have  S  =  0,  and  consequently, 

p' :  p  : :  A :  /, 

or,  what  comes  to  the  same  thing, 

p'  =z  p  sin  t ; 

t  denoting  the  inclination  of  the  plane.  If  q  denotes  the  pres- 
sure that  the  plane  experiences,  and  which  in  this  case  will  be 
the  weight  p  resolved  in  the  direction  of  the  perpendicular  oz, 
we  shall  have,  at  the  same  time, 

Q  =  p  cos  t . 

269.  In  the  preceding  discussion  no  account  has  been 
taken  of  the  friction,  which  combines  its  effect  with  that  of  the 
force  n^  parallel  to  the  inclined  plane,  in  preventing  the  body 
from  sliding  along  it.  If  this  force  p^  vanishes,  the  friction 
alone  may  retain  the  body,  as  long  as  the  inclination  t  does 
not  attain  a  certain  limit.  If  this  limit  be  X,  i.  e.  what  t  be- 
comes when  the  equilibrium  commences  to  give  way,  and  if  at 
this  instant  the  friction  is  the  fraction  y  of  the  pressure  q,  the 
force  ^Q  must  be  in  'eqmlibrio  with  p  sin  X,  the  component  of 
the  weight  of  the  body  resolved  parallel  to  the  inclined  plane. 
Consequently,  we  shall  have  at  the  same  time 

Q  =  PCosX,    Jk  =:  ptfnX; 


424  or  THE  aQVlLIBKIVN  UF  A  tOLID   MObT. 

faence  wa  obUJn 

/=  UiiigA; 

which  will  ennblu  lu  to  drtrrmiDe  the  Vklite  of  ^  by  o^ 
serving  \  the  nn);l«  at  which  the  body  commenecs  to  ^n**- 
this  has  been  terouil  Iht  angit  <\f/ririiom. 

It  is  provvit  by  cx|)cnn)cnl,  that,  vrer)-  thing  «!■«  him 
tlic  aonie,  at  the  luiUaut  the  vijutUbrium  KtrcK  wmy.  the  frMdli 
[•  proportiouol  to  the  pressure,  co  that  the  cncffirientyHi 
the  angle  X  arc  imJcpcndi^nt  ui  the  juvware  q(J\  aad  oaHf 
quentiy  of  the  wtigbt  v.  'I'his  cf>cffi(3eftt  depentb  oo  tW  ifr 
tiiie  of  the  body  and  the  amoothnias  uf  the  auifikow ;  it  ha 
been  aba  obMrved,  that  it  doM  not  attain  its  tmaximt^  fata 
onljl  the  body  and  the  plane  have  boon  some  tiae  io  caaoA 
(which  time  vtinvtt  with  xXiv  nature  of  the  body),  aaid  thuk 
is  only  when  this  maximum  is  attained,  that  Am  InatiHA  I 
proportional  to  the  prc^Aurc.  AHuming  tUa  cspviaaal 
law  to  be  t:x)rrcct,  i(  follows,  that  tf*crenl  be&a  of  tWiHB 
[laturc,  and  wh<nv  Hiir^inHi  bare  thi>  some  defpw  «t  ^am0^ 
ness,  are  placed  on  a  horizontal  plane,  and  if  after  the  hfM 
of  a  certain  time  this  plane  is  gradually  inclined,  aD  that 
bodies  will  commence  to  slide  at  the  some  inctinatioo  A,  wM- 
ever  be  their  wcighu,  and  the  extent  of  their  oui^ca  ia  ei» 
tact  with  the  pkne. 

270.  When  a  body  is  placed  on  a  borisontal  pbne  ife 
force  with  which,  in  consequence  of  ita  weight  r,  tW  plaat  is 
pressed,  is  distributed  among  the  points  of  sa|^Mn  of  dii 
plane ;  but  when  thetr  number  is  more  than  three,  tUa  dboi- 
bution  seems  at  fint  view  to  be  indetenninate.  TW  9^ 
culty  which  appears  to  occur  in  this  case  we  now 
examine. 

For  greater  deariMsa,  let  this  horitontal  plaiw  be  s 
to  be  the  surface  of  a  tabic,  the  feet  of  which  an  i 
Let  two  rectangular  axes  ox  and  o|r  (fig.  65)  b«  dn«a  is 
this  plane,  let  c  be  the  projection  of  the  centre  of  gia*ity  sf 
the  body  on  this  plane,  and  a,  a',  a",  &c.  the  posMs  of  ilii 
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plane  where  the  legs  of  the  table  meet  it ;  and  let  Xi  and  yi , 
X  and  y,  a/  and  y',  a/'  and  y",  &c.  denote  the  coordinates  of 
the  points  c,  a,  a^,  a'^,  &c.  referred  to  the  axes  ox  and  oy.  In 
order  that  the  table  may  not  be  overturned,  the  point  c  must 
lie  within  the  polygon  a  a'  a"  a'",  &c.  This  condition  being 
satisfied,  the  weight  p,  applied  to  the  point  c,  may  be  re- 
solved into  a  number  of  parallel  forces  acting  in  the  direction 
of  gravity,  and  passing  through  the  points  of  support  a,  a",  a'^, 
&c.,  which  forces  are  the  loads  that  are  supported  by  the  legs 
of  the  table.  If  q,  q",  q'',  &c.,  denote  these  unknown  loads, 
by  the  theory  of  parallel  forces,  we  shall  have 


p  =  Q  +  q'  +  q"  +  &c. 

pa?,  zz  Qx  +  Q  V  +  Q  V  -f  &c. 

py,  =  Qy  +  qV  +  Q  V  +  &c. 


Now,  if  there  are  only  three  points  of  support,  a,  a^  a'', 
these  three  equations  will  be  sufficient  to  determine  the  loads 
Q,  Q^  q'^  ;  but  if  there  be  a  greater  number  than  three,  the 
problem  will  be  indeterminate,  and  the  values  of  all  the  un- 
known pressures,  minus  three,  may  be  assumed  to  be  what  we 
please,  provided  that  for  these  three,  the  values  which  result 
for  them  are  positive.     This  inde termination  would  in  fact 
obtain,  if  the  table  was  rigorously  inflexible ;  but  this  is  ne- 
ver the  case :  and,  though  this  flexibility  may  be  supposed 
ever  so  little,  still  it  will  so  far  cause  a  slight  displacement, 
the  effect  of  which  will  be,  that  the  table  will  be  unequally 
pressed  in  its  different  parts.     Now,  the  figure  that  it  will 
assume,  and,  the  force  with  which  it  will  be  pressed,  in  each 
point,   will  depend  not  only  on  the  weight  p,   but  also  on 
the  number  and  disposition  of  the  points  of  support  a,  a^  a'^, 
&c« ;  and  both  the  one  and  the  other,  as  also  the  pressure 
which  has  place  in  each  of  these  points,  will  be  completely 
determinate  in  each  particular  case.     However,  this  determi- 
nation is  an  extremely  difficult  problem,  the  general  solution 

3i 
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of  wbicli  belongs  (o  the  <kpartnpnt  of  matbcm 

■nd  hoi  not  yet  boco  given.     We  Bhiill  tbcirfore  KMrict  ■•■ 

ulves  here  lo  one  sole  ohHrralioii  wliicli  U  »ag;gcatoJ  bj'  d 

subjrct,  nnmcl y,  ihat  in  nalmre  trtrif  iking  it  m 

mimthlt^,  and  that  tchtH  any  thing  aj^ara  ta  ma  i 

it  is  bfcaiue  Wf  hate  not  takin  into  acfomu  johm  mm  ^tkt 

data  of  the  problem,  i.e.,  tome  property  -^f  mnttrr,  fife  0t 

degrt*  ofJletiiHity  in  tMe  ItMe  in  j 
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CHAPTER  11. 


THEORY  OF  MOMENTS. 


271.  The  moments  which  we  propose  to  treat  of  m  this 
chapter  are  those  that  have  been  already  considered  in  No.  42, 
where  the  moment  of  a  force  p  was  defined  to  be  the  product 
of  this  force  and  ofp  the  perpendicular  let  fall  firom  the  centre 
of  the  moments  on  its  direction.  Therefore,  if  c  be  this  centre 
(fig.  66),  and  if  the  force  p  be  represented  by  the  line  ma  taken 
on  its  direction,  its  moments  will  be  expressed  by  twice  the 
triangle  cam,  which  has  this  force  for  its  base,  and  its  vertex 
at  the  point  c.  From  this  it  appears,  that  the  theorem  of 
No.  46,  relative  to  the  moment  of  the  resultant  of  two  forces, 
is  a  geometrical  proposition  extremely  easy  to  demonstrate. 

In  fact,  if  ma  and  mb  be  the  two  components,  md  the  di- 
agonal of  the  parallelogp-am  m adb  will  be  their  resultant ;  and 
if  the  point  c  be  without  the  angle  amb  and  its  vertically  op- 
posite, it  is  easy  to  demonstrate  that  the  triangle  cmd  is 
equal  to  the  siun  of  the  triangles  cm  a  and  cmb.  For  in  the 
first  place,  we  have 

CMD  =:  CMA  +  CAD  +  MAD  ; 

and  if  a  perpendicular  ce  be  let  &11  from  the  point  c  on  the  line 
MB,  this  will  meet  da  which  is  parallel  to  mb  in  f,  and  we  shall 
have 

CMB  =  ^.MB.CE,      CAD=:i.AD.CF.; 

and  since 

MB  =  AD,      CF  =  CE  —  EF, 

there  will  result 

CAD  =  CMB  —  MAD, 

and,  consequently, 

CMD  =:  CMA  -f  CMB  : 

which  was  required  to  be  proved. 


4S8  TU£ORY  or  NOMEim. 

In  the  &^n>,  thv  line  Rr  a  inpposcd  to  be  tbe  i 
of  the  pcrpcndiculaw  ce  anJ  rr  j  bul  it  io«y  h^  etjoal  ts  Am 
»uin,  nnil  t(  in  eusy  In  moiUfy  (1m!  prvcodiof;  tttuoaoataCMa  • 
«9  to  npjtiy  U  (o  tilt*  coMT.  In  tb«  wnx  nuuiner  it  ^ifh 
provetl,  that,  wbcn  thr  point  c  liei  within  the  «ngW  *■»•« 
iti  vertically  o|>po«iitf,  the  trianglo  chd  ii  «<)ual  to  the  tf*- 
cncc  bctwwn  the  triangles  cua  and  cmh. 

273.  'Iliroiigh  the  centre  of  nKMoent*  {6g.  67),  bt  «f 
plane  whatercr  bo  drawn,  and  l«l  the  ri^bt  Ua«  &•.  «yA 
repTVMnla  the  force  r  in  n»gtii(uil«w>ii  Erection,  bepiaji^ 
on  thiM  plane,  aito  let  u  be  iIk'  force  rvprvvraud  by  kVI^ 
prfljtfction  of  AU ;  the  moment  of  the  (anx  r  will  be  twie*  ^ 
triangle  CAD,  and  that  of  the  (onx  a  twice  the  triaa((le  C4V{ 
coniMTijurnlly,  tlic  cvntre  of  rauments  kiiluiuii((  tbe  ^^i^  Af 
noinent  of  tlie  projection  of  a  forei-  on  a  planv  paiwag  ibaa^ 
Uiis  point,  is  the  projection  of  lbi>  momcnl  of  this  font  «»  te 

If  a  and  k  denote  reapectivcly  ih*  moment  of  tbe  fam  r 

anii  of  ils  [•rejection  ti  ;  nuil  if  iHi-  i>irT[»-iiiiicuUr«  i  i>  »r-J  ■.* 
be  erected  to  the  planes  of  these  respecttre  moBeaU.  I  d> 
angle  contained  Iwtwcen  thc»e  perpcndiciilara  will  be  cqail » 
the  inclination  of  ii  on  K,  and  by  No.  10  we  kball  ban 

K  =  IIGOSS. 

The  force  F  remaining  the  same,  the  angle  i  tmA  lb*  a^ 
mcnl  II  will  vary  with  the  position  of  the  point  c  «■  tb*  iar 
c> ;  but  if  the  position  of  thin  line  i%  not  altrrvd,  tbe  fnittt 
H  cos  £  will  not  vary ;  for  k  or  the  triangle  ca'b'  will  mh  U 
displaced  parallel  to  itSL-lf,  without  undei^tMn^  any  cb^v*  * 
its  magnitude. 

273.  In  place  of  one  force  p,  let  any  number  of  bm* 
F,  r',  ]■".  &c.,  l>e  ronoidered.  If  II,  H',  ll",  &c^  be  tbcir  B^ 
menu  with  n->|K-ct  to  the  point  c  (fig.  Gh),  i,  f ,  f*.  tec.  iW 
angles  which  the  [H>rpendiculan  cd.cd',cd",  &e^ie  tbcpfavc* 
of  these  moments  make  with  the  same  axb  cs;  t),a',  q',  fe-< 
the  projections  nf  i> ,  ■■',  p  ',  tic,  on  tbe  plane  draww  tbi— f* 
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the  point  c,  and  perpendicular  to  this  axis ;  k,  k^,  il'\  &c.,  the 

projections  of  u,  h^,  n*\  &C.9  on  this  same  plane,  we  shall 

have 

K  =  H  cos  8,     k'  =:  h'  cos  S',     il"  =  h"  cos  8",  &c. 

If  it  is  merely  proposed  to  determine  the  areas  of  the  pro- 
jections from  knowing  those  of  the  projected  surfaces,  the  in- 
clinations 8, 8',  8",  &c.,  must  be  considered  as  acute  angles;  but 
in  the  applications  which  we  shall  make  of  the  projections  of 
the  moments,  these  angles  will  be  regarded  either  as  acute  or 
obtuse,  or  in  other  words,  it  being  agreed  on  to  consider  a  cer- 
tain direction  as  positive,  and  the  opposite  as  negative,  we  will 
assume  for  the  lines  cd,  cd^  cd",  &c.,  the  parts  of  the  perpendi- 
culars to  the  planes  of  the  moments  h,  h^,  n'\  &c.,  which  make 
acute  or  obtuse  angles  with  the  axis  ce,  according  as  q,  q^,  q", 
&c.,  the  projections  the  forces  of  p,  p',  p",  &c.,  tend  to  produce 
a  revolution  in  a  certain  direction  previously  agreed  on,  or  the 
contrary.  Thus,  in  the  figure,  the  angles  doe,  d'ce,  d^^ce, 
being  acute,  and  the  angles  d^^^ce,  d^'^ce,  &c.,  being  obtuse,  this 
implies,  that  the  forces  q,  q',  Q'^  tend  to  produce  a  revolution 
in  the  same  direction,  and  the  forces  q^^',  q'^,  &c.,  in  the  op- 
posite direction.  As  the  lines  cd''  and  cd"'  are  the  produc- 
tion the  one  of  the  other,  this  indicates  that  the  forces  p'  and 
p'"  are  both  comprised  in  the  same  plane,  passing  through 
the  point  c,  but  that  they,  as  likewise  their  projections  q"  and 
q'",  tend  to  produce  revolutions  in  opposite  directions. 

Denoting  the  sum  of  the  values,  whether  positive  or  ne- 
gative, of  K,  k',  k",  &c.,  by  s,  we  shall  have, 

8  =  H  cos  8  +  h'  cos  8  +  h"  cos  8"  +  &c. ; 

and,  abstracting  from  the  consideration  of  the  sig^,  s  will  be 
the  sum  of  the  moments  of  the  forces  q,  q',  q",  &c.,  which 
tend  to  produce  a  revolution  in  one  direction  minus  the  sum 
of  the  moments  of  those  which  tend  to  produce  a  revolution 
in  the  opposite  direction ;  therefore,  by  the  theorem  of  No. 
47^  the  quantity  ±  s  will  express  the  moment  of  their  re- 
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sultant,  which  will  tend  ui  produce  a  ntvolutiaii  fat  Ik*  A^ 
raction  of  tho  forc«a  that  refer  to  the  acute  angle*  S;  f,  J*,  « 
to  tlio  obtuHc  unfrles  £'",  S"*,  &c.,  ttcconUng  w  tbe  jiranJf 
nilue  ofii  will  be  poddvu  or  nc^ntlve. 

If  all  the  lion  cd,  cd',  cd",  &«.,  an  U  the  ibom  Bv 
vfaauged  into  their  productiom  at  the  other  liile  of  c*  ihi 
angles  S,  S',  £"(  &c.i  will  W  changed  into  ibcu  sapplcnoMk 
and  8  will  be  changoti  into  —  5.  This  will  also  be  the  am 
when  for  the  axU  ex  there  u  9ub«titutcd  lU  productkM  ci*. 

tlacli  of  the  parts  which  make  up  the  tam  a,  and  eoMc* 
queutly  8  itself,  will  be  independent  of  the  poutien  «f  ib 
point  c  on  the  axis  ce  ;  it  will  depend  only  on  tbe  sjnM^  tl 
forces  r,  p',  p",  &c.,  on  the  position  of  (his  luua,  and  a«  ik 
direction  perpendicular  to  the  plane  of  pTDJoctioa.  II— 
forth  this  quantity  s  will  denote  the  moment  of  ibe  fa^ 
V,  v",  r",  &c.,  with  respect  to  tiic  axis  ci. 

374.  From  this  dehnition  it  a|tpean,  that  the  tbne  ^h*- 
tities  L,u,  N,  of  No.  261,  will  be  tbe  momeitia  of  tbe  hnm 
p,  p'l"',  &c.,  with  rf^|>i'cl  ti>  ihi-  i«e«  uf  ihr  jwniiiv.  c«>«ni- 
natcs  of  their  points  of  application. 

In  order  to  prove  this,  let  g  be  the  projection  of  tbe  faec*  r 
on  the  plane  of  the  axes  of  j  and  y,  and  q  the  perpeodicvlar  kt 
&11  from  the  origin  of  the  coordinates  on  its  direction,  so  iksl 
the  value  of  its  moment  with  resgtecl  to  this  point  mar  be  uf. 
Let  us  suppose  that  the  force  u  acts  from  a  towards  a  lfi%.  69> 
and  that  AC  and  Anarethecoordinatesf  and  y  of  its  point  «4'a^ 
plication  a,  referred  to  the  rectangular  axes  ox  and  oy.  Lik^ 
wise  let  \  and  fi  l>e  the  angles  bac'  and  bad'  which  tbe  Unt 
Q  makes  with  the  productions  of  x  and  y :  q  cos  X  and  ti  <«•  a 
will  be  the  components  acting  in  the  direction  of  ac'  and  as'. 
and  ygcosX,  XQCOSfj,  will  be  their  momenta  with  r«(M<t 
to  tbe  point  o  ;  it  appears  from  the  figure,  that  they  will  inJ 
to  make  the  system  to  turn  in  oppoute  diiectiaa*,  and  1^ 
the  force  q  tends  to  produce  a  revolution  in  the  diiutiw  d 
Q  cos  fi ;  consequently,  we  shall  have 
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Qq  =  XQ  COS  fl  —  yQ  cosX. 

It  is  easy  to  perceive  from  a  consideration  of  the  different 
positions  which  the  point  a  can  have,  and  of  the  different  di- 
rections which  may  be  assigned  to  the  force  q^  that  this  equa- 
tion will  subsist,  whatever  be  the  signs  of  x,  y,  cosX,  cos/lc, 
provided  that  the  force  q  transferred  to  the  point  e  or  f,  where 
its  direction  meets  the  axes  of  the  coordinates  x  or  y,  tends  to 
make  ox  the  axis  of  the  positive  coordinates  xs  to  turn  within 
the  angle  of  the  positive  xs  and  ys,  and,  consequently,  oy, 
the  axis  of  the  positive  ys,  without  this  angle,  as  is  indicated 
by  the  sagittse  s  and  s\  If  the  contrary  be  the  case,  that  is 
to  say,  if  the  force  q,  thus  transferred,  tends  to  make  the  axis 
of  the  positive  ys  to  turn  within  the  angle  of  the  positive  xs 
and  ys,  and,  consequently,  the  axis  of  the  positive  oss  without 
this  angle,  we  shall  have 

Q^  =  J^Q  cos  X  —  XQ  cos  fi, 

whatever  may  be  the  signs  of  x,  y,  cos  X,  cosfi. 

It  follows  from  this,  that  if  s  be  the  moment  of  the  forces 
p,  p',  p'^  &c.,  with  respect  to  the  axis  of  the  positive  zs,  and 
if  the  angles  8,  8',  S",  &c.,  of  the  preceding  number  are  con- 
sidered to  be  acute  or  obtuse,  according  as  the  projections 
Q,  Q^  Q^^  &c.,  of  these  forces  tend  to  make  the  axis  of  the 
positive  OSS  to  turn  within  the  angle  contained  between  the 
positive  coordinates  x  and  y,  or  without  this  angle,  we  shall 
have 

s  =z  Q  (j:  cos /Li  —  y  cos  X)  +  q'  (a/  cos/n'  —  y'  cos  XQ 

+  Q''  (x''  cos  fi''^  y"  cos  X'O  +  &c. ; 

^\  y\  A'j  m'>  ^'>  y''y  ^">  m">  &c->  ^i^g  ^h**  ^>  y>  ^>  f**  become 
relatively  to  the  forces  q",  q^^  &c. 

Moreover,  if  o,  /3,  y,  a\  ^^  7',  a",  /3",7'^  &c.,  be  the 
angles  which  the  directions  of  the  forces  p,  v\  v",  &c.,  make 
with  parallels  to  the  axes  of  or,  y,  z,  we  shall  have 
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q=pBin7,     n'^r'MTiy,    Q^'^i^dn-y',  ftt^ 
c(»a=»nyco9X,  cosa'  =  Bin7'co«A',  co««"=iin'y"co«J'',  *e, 
vm^smaycmfi,  vMf¥=»iny'cm/t,  co«0*=rin'y''«»^,fc.; 

and  from  tliew  riUue«,  it  is  evident  itut  the  expranoo  Iv  ■ 
win  coiiici'iv  u-ith  the  Viilu«  of  i.  of  No.  201(a).  Hca»,  t> 
the  momi-ut  of  the  forces  r,  i'',  p",  kc,  with  ra^MctMlIt 
axis  of  t\w  positive  :* ;  niid,  according  »s  it  ta  poatm  ar  w»- 
gativc,  tb'iH  Ryatcjn  of  forcn  will  cause  the  plooe  of  tW  •■■ 
of  the  positive  Xi  and  zs,  to  turn  witliin  the  iolid  aj^Ic  of  the 
positive  coordinates,  or  without  this  angie. 

Now,  if  the  axes  of  tho  pmulive  !■$,  xs,  jw,  b«  luhiljl^d 
for  those  of  the  pnsitivu  x»,gt,z)i,  L  will  be  cbaogad  bto  ■! 
it  follows,  therefore,  tJiat  m  >*  the  mameal  of  the  bn^ 
V,  f',  r",  &c.,  with  n-spect  to  thi>  axit  of  the  pondv*  fg,  mi 
thai  aceordini;  u«  it  ii  positive  or  negative,  Uua  mt^tf 
force*  will  tend  to  nuike  the  piano  of  the  uu»  of  tbe  p«ibft 
St  and  g*  to  turn  about  this  axi»,  within  the  KkUd  »a^  tlitt 
positive  coordinates,  or  willioiit  this  aii^Ic,  In  Iikr  ttuanet, 
if  the  axes  of  the  positive  ys,  zt,  xt,  be  substitatcd  fot  tfaH 
of  the  positive  zt,xa,ya,  m  will  be  changed  into  N  ;  lom 
quently,  n  will  be  the  moment  of  the  forces  r,  r',  r'.  fcc 
with  respect  to  the  axis  of  the  positive  xt ;  and,  Mconfiaff  « 
this  moment  is  positive  or  negative,  this  system  wiU  tend  ta 
make  the  plane  of  the  positive  yt  and  xt  to  turn  abovt  this 
axis,  within  the  solid  angle  of  the  positive  coor&wtM.  « 
without  this  angle. 

The  three  quantities  L,  M,  n,  are  consequently,  m  b*s  beet 
stated,  the  moments  of  the  same  system  of  force*  with  iMprrt 
to  the  three  axes  of  the  positive  coordinates  of  ibeir  pouts  *i 
application,  and  the  signs  of  their  values,  such  as  they  ■• 
written  in  No.  261,  refur  to  a  known  direction  of  namm> 
about  each  axis  supposed  to  be  fixed. 

275.  It  appean  Ironi  the  precmling  nnmber,  thai  the  fa« 
value  of  Of  is  the  same  thing  as(&) 
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Q9  =  x  p  COS  /3  —  y  p  COS  a. 

Hence  if  h  denotes  the  moment  of  p  with  respect  to  the 
origin  of  the  coordinates,  and  S  the  angle  contained  between 
a  part  of  the  perpendicular  to  the  plane  of  this  moment  and 
the  axis  of  the  positive  zs,  we  shall  have  (No.  272) 

H  cos  8  =  p  (a:  cos  /3  —  y  cos  o) ; 

which  implies,  that  this  part  of  the  perpendicular  to  the  plane 
of  H,  is  that  which  makes  an  angle  with  the  axis  of  the  posi- 
tive zSf  that  is  acute,  or  obtuse,  according  as  the  quantity  in- 
cluded between  the  brackets  is  positive  or  negative.  If  Si 
and  83  be  the  angles  which  the  same  part  of  this  perpendi- 
cular makes  with  the  axes  of  the  positive  ys  and  xs ;  we  shall 
have  in  like  manner 

H  cos  Si  =  p  (z  cos  a  —  :r  cos  y), 

HCO6S2  =  p(ycosy  —  zcos/3). 

If,  therefore,  in  order  to  abridge,  we  make 
(arcos/3— ycosa)*+(^cosa— a?cos'y)*+(yco*Y— ^cos/3)*=p*, 

there  results,  (p  being  regarded  as  a  positive  quantity,) 

H  =  pp, 
because 

cos' S  +  cos*  Si  -f  cos'  Sa=  1 ; 

consequently,  we  shall  have 

cos  S  =  -  (x  cos  /3  —  y  cos  a), 

1 

cos  Si  =:  -  (z  cos  a^  X  COS7), 
p\  If 

cosSa^-Cycosy  — zcos/3); 

by  means  of  which  the  three  angles  SySi,Ss>  can  be  deter- 
mined without  any  ambiguity.  The  angle  S  will  be  acute  or 
obtuse,  according  as  the  sign  of  x  cos  /3  —  y  cos  o  is  positive 
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or  nq^atire,  and  thcanj^In  Siond  5,,  wcottUiig  totlwMgxf 
m  cos  a  —  J  co«  y,  and  jf  w>a  7  —  i  cos  0. 

It  U  easy  (o  rerify  lliesr  formula.  In  tact,  if  tike  eqwtM 
of  tlic  [lUav  wliich  comptvhuifLs  tbc  prigio  of  i1m  ooordaH* 
and  the  force  p,  be  ilcnntvd  by 

AH  +  dP  +  cv  3  0 ; 

H,  r,  w,  hmng  any  coordinate  nIiBt«n>r,  tlicn  tf  tat  t^Mt  «• 
BobsUtutc  X,  y,  X,  tint  coordtiiatca  of  the  pcwu  of  upfieMiM 
of  this  force,  this  cquatioD  will  Iwcune 

AJ  +  ny  +  c-  =  0 ; 

noreaver,  the  i.'qiuitionA  nf  a  righl  line  drawn  ilutNi^  ihi 
origin  of  the  coordinaie*  and  parallel  lo  this  tbroc«  will  W 

vco«a:=iico*0,     K'coia=  11  cot  7  ; 

and  as  this  pat«.Uel  u  Ukcwtse  eotnprised  in  the  pljne  wjj^ 

we  are  conBtdermg,  there  retulu  from  it  tliia  an  <mhI  e^M^^I 

of  condition  ^^H 

ACOSa  +  BCOS|3  +  C  cot  -y  =  0. 

From  tbe«e  two  equations  we  deduce(e) 

—  a(^co«P— jfcOia) 
~      yco87— iCO«^     ' 

_  ^C^w**"  —  Je°*T) 
~     y  C0S7  —  xcoi^ 

and  by  substituting  these  values  in  the  eqoatioo  of  tW  pteh 
it  becomes 

ii(yco«Y-zcoBp)+F(3cosa— ico87)4-ir(xcoa^-yeoM=* 
Now,  by  known  formula:  (No.  17),  the  connca  of  j,{,.]f 
the  angle*  that  the  normal  to  this  plane  nuke*  witk  tW  nm 
of  H,  V,  IT,  which  are  likewise  those  of  r,  f,  t,  will  bf*  fa 
values  the  formul»  which  it  wa*  required  to  Teiify. 

tn  virtue  of  the  equation  H:=rp,   the  qMnticy  pm^ 
perpendicular  let  &1I  from  the  origin  of  the  rnmifiB^i  m  At 
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direction  of  the  force  p.  This  may  be  also  verified  without 
any  difficulty,  by  taking  the  foot  of  this  perpendicular  for  the 
point  of  application  of  p ;  for,  denoting  the  radius  vector  of 
this  point,  which  will  then  be  this  perpendicular,  by  r,  and 
the  angles  which  its  direction  makes  with  the  axes  of  x^  y,  2r, 
by  A,  fi,  V,  we  shall  have 

a;  =  rcosA,    y  =  rcosfi,     zsrcosv; 

and  if  these  values  be  substituted  in  that  of  p',  in  consequence 
of  equations  (Nos.  6  and  9),  namely, 

C08*a  +  C08*/3  +  COS*y=  1, 
cos*  X  +  COS'fi  4-  COS*  V  =  I, 

cosacosX  +  <^os /3  cos fi-f  cosy  cos  V  =  0, 

we  shall  find((/) 

p*  =  r*,  or  pzz  r. 

276.  The  moments  of  the  same  system  of  forces  with  res- 
pect to  different  axes,  possess  remarkable  properties,  which 
being  an  immediate  consequence  of  those  of  the  projections 
of  plane  sur&ces  on  different  planes,  we  now  proceed  to  in- 
vestigate. 

Let  ox,  oy,  oz,  be  three  rectangular  axes  which  intersect 
in  the  point  o  (fig.  70).  Through  this  point  let  three  other 
retang^ar  axes  oaf,  ot/,  oz\  be  abo  drawn.  In  order  to  de- 
termine the  direcdons  of  these  new  axes  with  respect  to  the 
first,  let 

XOjf  =z  a,     yox'  zz  /3,     zox^  =  y, 

xot/  =  a',    yoj/  =  /3',    zoy  =  y, 

xozf  =  a",   y o/  =  /3",  zo2f  zz  y" ; 

o,  /3, 7)  a  9  &c.,  being  considered  as  nine  given  angles,  which 
may  be  either  acute  or  obtuse.  Their  cosines  will  be  con- 
nected together  by  six  equations,  for  with  respect  to  each  of 
the  three  lines  ox ,  oy\  o/,  we  shall  have  evidently. 
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cos'o  +C08'/3  +COS''y  =  I, 
COS*  o' +  COS'/y  +  COS*  y' =  1, 

COS*  a''+ cos' /r+ COS*  7"=  1 ; 

and  because  x'oy^^  xfoxf^  jfozf^  are  reqpectiTdy  i%lil 
we  shall  likewise  have 

cosaCOSa'  +  cos /3  cos /3' 4-  00870087'  =  0, 

00800080*^  +  008/3008/3'  4"  008  70087*'=  0, 

00800080"+ COS /3' 008/3^4"  0087*0087*'=  0. 


Oi 
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By  means  of  the  nine  angles  o,  a\  a'\  tie*,  we  cao  recquocaOr 
detennine  the  directions  of  the  first  axes  ox,  oy,  ox»  with  i^ 
spect  to  the  second  ox'f  oy\  oz^,  in  which  case  we  iludl  hmrt 

COS'o  +  COS^o'  +  008*a''=  1, 

CO8»0  +  C08»/3'  +  C08»^'=  U  >  (S> 

C08*7  +  008*7' +  008'7''=  1, 

and,  besides, 

cos  a  cos /3  4-  cos  a' cos /3'  4-  co9a"co*^'  zr  0, 

cos  a  cos  7  +  cos  a'  cos  7'  4-  cos  a  '  cos  y"  =0,     ►    ■  4 

cos  /3  cos  7  4-  cos  /3'  cos  7'  -f  COS  fi"  co^  y'    =  0 :     • 

these  equations  are  evidently  equivalent  to  the  *ix  p!vcc*i;ri:. 
and  may  be  substituted  for  them. 

If  a  denotes  the  area  of  a  plane  surface  l>ounde%i  b\  ir  * 
outline  whatever,  and  situateil  in  a  plane  [Kissdni^  ihrouich  li^t 
point  o ;  and  if  a  perpendicular  od  Ih?  erectc^i  at  this  jko:  U; 
this  plane,  then  hy  makinjj^ 

JOD  zi  y,     i/oi)  zz  q\     roD  zz  y", 

these  three  an^le**,  which  may  In?  either  acute  or  obtuw.  »  — 
determine  the  direction  of  oo  and  that  of  the  plane  i-l  •; .  ^' 
each  of  tlu^e  thret'  he  chan^etl  into  tht-ir  ri'^jH*vr;%e  %^r>w«* 
ments,  the  ri^ht  line  oo  uill  aUo  Ik?  ehan^cti  ir.to  ;t»  jr> 
duction,  but  the  plane  of  a  \iill  remain  the  s^unc  as  l^icivrx 
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Also,  if  the  projections  of  a  on  the  planes  of  yoz^  xoz^  xoy^ 
be  denoted  by  /?,  p^p",  we  shall  have  (No.  10) 

Finally,  if  6  denotes  the  projection  of  a  on  any  fourth 
plane,  as  for  instance  the  plane  y'oz'j  and  if  c  denotes  the 
angle  oc'oDj  we  shall  also  have 

6  =  a  cos  c, 

and,  by  formula  (2)  of  No.  9, 

cose  =:  cosy coso  +  cos  j' cos/3  +  cos j" cosy,       (6) 

hence  we  infer, 

&=:pcosa  +j/co%fi  +p''co&yi  (6) 

by  means  of  which  the  projection  of  an  area  a  on  any  plane 
whatever,  will  be  determined,  when  its  projections  on  three 
rectangular  planes  are  known. 

As  equation  (5)  obtains  only  when  the  signs  of  the  cosines 
iTirhich  it  contains  are  taken  into  account,  it  follows  that  it  is 
also  necessary  to  have  regard  in  equation  (6),  to  the  signs  of 
the  projections  fyp^p^'j  and  to  treat  them  as  positive  or  ne- 
gative, according  as  od  the  perpendicular  to  the  plane  of  a, 
makes  acute  or  obtuse  angles  with  the  axes  ox,  oy,  oz. 

277.  This  being  established,  let  any  number  of  plane 
areas  whatever,  such  as  a,  a',  cT^  &c.,  existing  in  different 
planes,  be  projected  on  the  three  -planes  xoy^  xoz^  yoz,  and 
let  the  sum  of  the  projections  on  each  of  these  planes  be 
taken,  respect  being  had  to  their  signs  in  the  manner  above 
specified,  then  if  the  three  sums,  which  are  obtained  in  this 
manner,  be  denoted  by  a,  a^  a'^  and  if  in  like  manner  b  de- 
notes the  sum  of  the  projections  of  a,  a',  a'\  &c.,  on  the  plane 
y'oz'\  by  forming  for  each  of  these  areas,  an  equation  similar 
to  equation  (6),  we  shall  obtain,  by  adding  together  all  these 
equations, 

B  =  ACOSa  +  A^COS^  +  A^^COS^. 


438  THEOIIT  or  MOMKKTI. 

If  again  ihi;  Humnf  th«  praj«ctiuiu  of  a,  a',  a*,  Aw^  oaiW 
plane  x'oz'  he  denoted  \iy  a',  it  is  eriJenl  thut  tlie  valncctfi 
may  bo  deduced  ham  that  of  n,  hj  substitntinff  Um  aiii  cy* 
perpendicular  to  this  piano,  tor  llwr  axii  itr'  p 
titc  planu  i/oa',  that  is  to  say,  by  <ubstitiuin({  !■  Ike  | 
fonnola,  «■',  0',  7',  for  a,  /3,  7 ;  by  this  neniu  we  olMli& 
11'=  A  CO*  a' 4-  ■>  ca«j3'+  corny'. 

If,  in  like  manner,  the  »um  of  tbe  pmjectioos  of  a, «',  ^ 
tic,  on  the  plane  I'oy'  be  denotnl  by  b",  its  raloe  uy  ht^ 
dueed  from  that  of  n,  by  subtttitating  a",l^",y'\  in  phetrf 
a,  |3)  7  ;  from  which  there  will  result 

U"=  ACOBu"  •+•  BC»/f'  +  COM 7". 

We  can  likewise  deduce  conrersely  from  thr*»  valoa  rf 
B,  b',  b",  atu)  by  having  regard  to  equatioiu  (3)  aod  (4), 

A  =  B  cos  a  +  d'  COS  a  +  b"  eoa  ■'',  ] 

A'=BCOS^  +  B'cOi^'  +  B"eM0^',  I  p) 

4"  =  B  COS7  +   U'cosy'  +  b"  C0*7  ".  J 

From  a  consideration  of  these  different  eqoatioiM,  it  ia  evi- 
dent, that  the  projections  of  plane  surfaces  on  diAfvol  plaara. 
are  subject  to  the  same  laws  as  those  of  right  liaea  on  otkcr 
tight  lines. 

278.  If  the  sum  of  the  squares  of  the  ralaes  of  B,  B'.  b', 
be  taken,  there  results,  by  equations  (3)  and  (-1), 

b'  +  b"  +  n"*  =  A»  +  a'»  +  a"*:  (?) 

from  which  it  appears,  that  the  sum  of  the  sqnam  of  tktc 
three  quantities  b,  b',  a",  does  not  niry  with  tbe  dinni—  li 
the  three  rectangular  planes  of  projection  to  « I  icfa  tWy  are  re- 
ferred. In  the  particular  case,  in  which  aU  the  wees  «, ',  «*• 
tie,  exist  in  the  same  phine,  this  som  is  in  ftcl  the  sqean 
of  the  entire  area  a  +  a'  +  a'  +  &c. ;  vui,  tf  fbr  cxbhJ^ 
this  plane  be  assumed  to  be  that  of  the  azet  oy  and  ox*  «* 
shall  have 
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A=:a  +  a' +  a'' +  &c.,    a'  =  0,     a"=0. 

In  this  case  all  the  areas  a,  al^  d\  &c.,  lie  in  the  same  plane, 
but  if  they  should  exist  in  different  planes,  then  it  is  easy  to 

prove,  that  this  sum  is  equal  to  v^a*  +  a'*  +  a"*,  in  feet,  by 
equation  (8)  we  have 

from  which  it  appears,  that  the  sum  b  which  varies  from  one 
plane  of  projection  to  another,  is  greatest  when  b'=:  0^  b^^z:  0; 

in  which  case  it  is  equal  to  v^a*+a'*+a^,  this  is,  therefore, 
the  expression  for  the  greatest  sum  of  the  projections  on  the 
same  plane^  of  the  plane  areas  a,  a',  a",  &c.,  considered  as  ex- 
isting in  different  planes. 

279.  The  plane  t/o^i  that  answers  to  this  greatest  pro- 
jection, possesses  remarkable  properties,  which  will  be  advert- 
ed to  in  the  sequel  of  this  treatise.  It  is  easy  to  determine 
its  position  by  means  of  the  equations  b'  •=,  0,  b''  =:  0,  which 
characterize  it. 

In  feet,  equations  (7)  are  then  reduced  to 

A  =  BCOSa,      a'=BC0S/3,      A^^:=BCOSy; 

from  which  we  obtain 

A 

cosa  = 


v^ 

a' 

+  a"»' 

•:? 

+  A'* 

+  a"»' 

m'^^m^m 

a" 

COS  V  =z      , 

/a*^  +  a'^  +  A''* 

Hence,  when  a,  A^  s!*^  the  sums  of  the  projections  on  any 
three  rectangular  planes  yox^  xoz^  xoy^  selected  arbitrarily,  are 
known,  the  direction  of  ^oz',  the  plane  of  greatest  projection, 
may  be  immediately  ascertained,  by  means  of  the  angles  o,  /3,  y , 
which  determine  the  line  oJ  perpendicular  to  this  plane.  With 
respect  to  its  absolute  position  in  space,  that  is  evidently  unde- 
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tenmaed,  for  th«  projections  of  rnch  of  tbe  aieui  a,  a',  i^,  ik 
and,  cotuequeutly,  the  siim  of  thcw  pnij«ctioiis,  are  the  ^ 
on  nil  ]>arallel  pUnps. 

280.  The  »uni  iif  ihtf  projection*  of  the  aross  a,  a',  a",  At. 
OD  alt  pUncs  wiually  inclined  to  the  plane  of  gremtttH  p»- 
joction,  b  always  the  sumc. 

In  oriltT  to  (lemoDStratr  llu»,  Wt  the  plane  pap«dM» 
to  tlii^  liue  on  be  taken,  Ic-t  c  (k-nole  tlu;  «ain  of  tW  p»- 
jcc^onft  of  a,  a',  a".  &<:.,  on  thU  pUne,  7,  f',  {^,  tb*  Mfla 
which  this  line  on  moko  with  the  axes  or.  ojr,  os,  fte^  « tm 
angle  Jc'oo,  which  measure*  the  tncUoatiiia  of  tlik  plaa*  m 
that  of  the  g7'«nte«t  projection.  By  what  baa  beaa  m^ 
blished  in  No.  277,  we  Khali  have 

C  ;=  A  co«  q  +  a'  cos  g'  -^  a"  cot  9". 

Henue,  by  Mibatituling  for  a,  a',  a',  tbor  rctpcctiTv  valat 
B  cos  a,  &  cos  0,  B  cos  y,  we  shall  have  ^^H 

C  =  B  (cos  BCOSy  +  C09/5cO*7'+  GtK  y  CCM  f'\         ^^^ 

that  is,  in  virtue  of  formula  (5),  c  =  b  cos  c,  and,  tabatiltia^ 
for  B  its  vulue, 

c=  */*'  +  *'*  + A**  COS  c; 

consequently,  the  value  of  c,  is  the  same  for  all  plaaei,  which 
make  the  same  angle  c,  with  g'oz',  the  plane  of  grealtA  pc«- 
jection. 

This  value  diminishes  according  as  the  angle  r  appraachA 
to  90°;  and  it  is  cypher  for  all  pUnes  perpendicular  to  f 'at'. 

281.  In  order  to  apply  these  propositions  reUtire  la  tW 
projections  on  plane  surfikces  to  the  iheorj-  of  raoBcaia,  it  i» 
only  necessary  to  suppose  that  (be  areas  a,  a',  a",  he-,  ait  tkr 
doubles  of  triangles  which  have  for  their  conunon  venex  tk 
point  o,  and  for  bases  the  lines,  which  repreaent,  to  Ba^aitait 
and  <tirection,  the  farces  r,  r',  r",  &c.,  that  hare  beea  e^ 
sidered  above.     Their  momenta  L,  M,  N,  with  reapect  la  iht 
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axes  ozy  oy,  ox,  of  the  positive  coordinates  of  their  points  of 
application  (No.  274)  will  be  then  the  sum  of  the  projections 
of  a,  a\  a'\  &c.,  on  the  planes  xoy^  xoz,  yoz.  The  following 
consequences  result  from  the  propositions  which  have  been 
now  demonstrated : 

1st.  Denoting  by  e  the  moment  of  the  forces  p,  p^  p",  &c», 
with  respect  to  an  axis  passing  through  the  point  o,  and 
that  makes  with  the  axes  ox,  o^,  oz,  the  angles  c,  c',  t\  which 
may  be  either  acute  or  obtuse,  we  shall  have 

E  =  N  cos  €  +  M  cos  c'  +  I'  CO®  c"* 

2ndly.  Among  all  the  directions  which  the  axis  of  the 
moment  k  can  assume  about  the  point  o,  there  is  one  for  which 
this  moment  is  the  greatest  possible  and  equal  V^l^+m^+n^ 
With  respect  to  every  other  axis  passing  through  the  point  o, 
and  perpendicular  to  that  of  the  greatest  moment,  the  moment  e 
is  cypher,  and  it  is  equal  to  v^L^-f  m*  -f  n^  cos  S,  relatively  to  an 
axis  which  makes  the  angle  S  with  that  of  the  greatest  moment. 

3rdly.  Finally,  if  a,/3,7,  denote  the  angles  that  the  axis  of 
the  greatest  moment  passing  through  the  point  o,  makes  with 
ox,  oy,  or,  the  axes  of  the  moments  n,  m,  l,  and  if  o  repre- 
sents the  magnitude  of  this  greatest  moment,  we  shall  have 

N  -,        M  L 

cosazz-,     cosi3=— ,     cosyr:-, 
G  '^      o  '       o 

and,  at  the  same  time, 

o=  >/L'+M*-f  n'; 

hence  it  follows,  that  if  on  the  axes  o^,  oy,  ozy  we  take,  rec- 
koning from  the  point  o,  lines  proportional  to  the  moments 
N,  M,  L,  and  if  the  parallellopiped,  of  which  these  lines  are 
the  adjacent  sides,  be  completed,  the  length  of  its  diagonal 
will  represent  the  magnitude  of  the  greatest  moment,  and  this 
line  will  be  the  axis  of  this  principal  moment. 

Euler  was  the  person  who  first  announced  these  remark- 
able theorems.  They  establish  a  complete  analogy  between 
the  composition  of  moments  and  that  of  forces ;  an  analogy 

,3  L 
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whkh  arisen  Iram  tliu,  that  ibrcn  bcijiK  reprevented  by  n^ 
lines,  momcnU  are  eiprened  by  plane  ■ttr&ce«,  wUci  0 
projected  011  different  phuw*,  in  tbe  laoie  mnnn-rr  «»  tba  « 
projected  on  different  line*  (No,  277)- 

HSI.  The  point  11  uixl  (he  syntem  of  forces  r,  r*.  K*,  fte^  ta| 
^ren,  their  greale«I  inoiseiit  a  h  termed 
of  these  foreee.  If  all  ibese  forces  be 
thonuelvn,  to  tlits  piHnt  n,  their  resultaot  ■  will  law  It 
components  parnlivl  to  the  aita  ox,  oy,  as,  Hw|nmln[j,  A* 
throe  quaniitie*  x,  v,  z,  of  No.  361.  The 
this  roultant  and  of  the  principd 
a  rery  simple  nieani  of  ttattng  the  rmIu  of  thm  pna^af 
ch^ter. 

In  order  to  the  equilihriuin  of  the  forces  r,  v\  t^,  te, 
applied  to  a  solid  body  cjitirvly  free,  it  mSoea  if  tbc  teantart 
sand  the  principal  motoent  a  arcrc^Mctiraljrequltn^plit 
fbrnnce 

■«=:t»  +  T«  +  z«,    a«  =  t«  +  ii"  +  »\ 

the  equations  n  =  (I,  u  r^  0,  imply  (hut  the  *i\  iiju«lj«»  « 
equilibrium  of  No.  26)  have  place. 

Hence  it  is  easy  to  infer,  that  when  one  a)-M«B  of  Sotvf  » 
in  equilibrio  with  another,  it  is  necessary,  and  it  soAces,  ■«. 
that  the  resultants  R  of  the  forces  of  the  two  sj-sietns  ibuji 
be  respectively  equal  and  contrary ;  2ndly,  that  for  the  *a^ 
point  o,  their  principal  moments  should  be  equal,  and  showf 
refer  to  two  axes,  drawn  in  opposite  direction^  or  ofvkiri 
the  one  is  the  pro<luction  of  the  other.  The  resaltaai  «  mi 
itB  direction,  the  principal  moment  and  the  ifirvetiaa  of  K* 
axis,  will  remain  the  same,  in  all  the  tnuufennatioo*  «Uci 
the  same  system  of  forces  can  undergo,  and,  fetMrallv.  for  wi 
two  syAtems  of  equivalent  force*. 

If  a,  A,  r  he  the  angles  which  the  forw  ■  nuke*  with  iW 
axes  ox,  oy,  n;,  we  shall  hare 
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Likewise,  if  cu  be  the  angle  comprised  between  its  direction 
and  the  axis  of  the  principal  moment,  we  shall  have,  (a,  /3, 7, 
being  the  angles  which  this  axis  makes  with  ox,  oy,  oz), 

cos  io  zz  cos  a  cos  a  +  cos  b  cos/3  4*  ^<>^c  cos*/, 
or,  what  comes  to  the  same  thing, 

XN  4-  TM  +  ZL 

cos  w  :=  . 

RO 

It  follows,  therefore,  that  the  condition  of  an  unique  re- 

« 

sultant  which  is  expressed  (No.  263)  by  the  equation 

XN  4-  TM  -f  ZL  =  0, 

consists  in  this,  that  the  axis  of  the  principal  moment  o,  and 
the  direction  of  the  resultant  r,  should  be  at  right  angles  to 
each  other.  This  is  what  can  in  £Etct  be  verified  by  observing, 
that  if  the  forces  p,  p',  p'^,  &c.,  in  their  actual  position,  have 
an  unique  resultant,  this  force  must  be  equal  and  parallel  to  r, 
and  that  its  moment  with  respect  to  the  point  o,  must  also  be 
the  principal  moment  o,  so  that  the  axis  of  the  principal  mo- 
ment is  then  perpendicular  to  this  resultant  transferred  to  the 
point  o  in  a  direction  parallel  to  itself;  but  this  reasoning 
does  not  suffice  to  prove  conversely  that,  when  the  preceding 
equation  obtains,  the  given  forces  have  an  unique  resultant. 

283.  If  the  point  o  be  transferred  to  any  other  point  0|, 
and  if  ^1,  yi,  Zi,  be  the  coordinates  of  the  point  o,  with  re- 
spect to  the  axes  o:r,  oy,  oz;  and  if  Li,  Mi,  N],  be  what 
L,  M,  N,  become  relatively  to  this  point  Oi,  the  values  of  these 
hist  quantities  may  be  obtained  from  the  first  (No.  261),  by 
substituting  x— o^i,  y — ^h  z-^Zu  in  place  t,  y,  «,  from  which 
there  will  result  (e) 

Li=:  L +  xyi  — Y«,, 

Mi=  M  +  za?i  — xzi,  '    (a) 

N,  =:N4.YZi-zy,. 

From  these  formulse  it  appears  that  when  p,  p^  p'^,  &c.  are 
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reduced  m  rqual  and  paruUt;!  fure<«,  wluch  Uioa^  Mfa^k  i 
contrary  dtrcctione,  fttill  luc  lun  directly  oppoaed  Im  mA 
other,  in  which  ctUK-  wi>  have  x  =  0,  T=0,  xs^ifa 
quantities  Li,  m,,  k,  arc  independent  of  the  coordiiMlM  «/Ai 
point  o, ;  BO  that  the  niag;nitud«  of  the  principal  miwiMil  mi 
the  direction  of  itn  uxis  do  not  vary  with  the  po«itaa«  of  riv 
point.  In  fact  it  is  evident,  that,  whatever  be  xbm  pMibM  rf 
the  point  o, ,  the  axis  of  the  principal  mranent  of  the  two  pa- 
rallel forn-s  which  may  be  Bubstilated  fiir  the  givoi  kn* 
p,  ]>',  I'",  Sic,  i»  perpendicuUr  to  iheir  plane ;  and  ««  ka«« 
from  othiT  considerations  (No.  4li)  that  the  sun  of  iJm  ■» 
monta  of  thi-tw  two  forces,  which  will  be  the  prtBci[Md  omnmm 
of  thv  i^ven  forcci,  is  a  constant  quantity. 

In  eviTy  other  caw,  the  principal  tnoment  vmne*  «Uh  iki 
position  of  the  point  o, ;  ami  if  it  wrrc  lequir^  tn  dsMnriH 
the  point,  or  series  of  points,  fur  which  this  mammt  h  a 
minimum,  by  making  genenilly 

<!,*  =   !,,»  +  M,'  4-  H,'. 
we  shall  hare 

G,*=  (L  +  xy,-v:t,)^  +  (m  +  zj,-i2,)*  +  (»  +  Ti,-i>,;». 
If  in  order  to  determine  the  ffliiiiBiiui  ralue,  ita  thrcv  par- 
tial differences  with  respect  to  x,,  y, ,  ;„   be  put  eatnl  u 
cypher,  and  if  we  observe  that 

B  *  =  l'  +  m'  +  n', 

three  equations  result,  which  it  is  easy  to  write  nixier  iW  W- 
lowinf^  fom,  (/) 

bV,  =  t{XJC,  +  Vy,   +  Z2,)  +  TL  — ut, 

R*yi  =  If  ("i  +  vy,  +  «i)  +  8S  -  xi^ 
' .        n*z,  •=.  z  (xj-,  +  vy,  +  m,)  +  xm  —  tx. 

Now,  if  these  three  equations  be  raultipUed  by  \,  T,  > 
respectively,  and  thei^  added  tt^iher,  there  will  re««li  ■* 
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identical  equation ;  it  follows,  therefore,  that  one  of  them  is  a 
consequence  of  the  other  two ;  and  as  the  coordinates  Xijj/u  Z\ 
do  not  exceed  the  first  dimension,  they  appertain  to  a  right 
line,  which  is  therefore  the  locus  of  the  centres  of  the  mo- 
ments, with  respect  to  which  the  principal  moment  is  a  mini^ 
mum.  It  is  evidently  unnecessary  to  examine  whether  the 
preceding  equations  determine  a  maximum  or  a  minimum^ 
for  the  value  of  g  is  not  susceptible  of  being  a  maximum, 
inasmuch  as  it  increases  indefinitely  with  the  variables  Xi ,  ^i ,  Zi* 
284.  If  the  quantity  tlxx  +  y^i  4-  zzi  be  eliminated  be- 
tween the  preceding  equations  taken  successively  two  by  two, 
there  results  (^) 

(nx  +  mt  +  LZ) 
xyi -  YXi  +  L  =  z^^ ^5--L — \ 


-                   (nx  +  my  +  Lz) 
ZXi  -  X2^1  +  M  =  Y  ^ -2-^5 \ 


R 

f  NX  -f 
YZ 


(NX  -f  MY  +  LZ) 
I  — Zyi  +  N  =  X^ -5 i\ 


R« 


(b) 


which  are  the  equations  of  the  projections  on  the  three  planes 
of  the  coordinates,  of  the  loci  of  the  centres  of  the  principal 
minima  moments. 

By  squaring,  and  then  adding  them  together,  we  obtain 

NX4-  MY+  LZ 
G.  = (C) 

for  the  value  of  the  principal  minimum  moment,  which  is  con- 
sequently the  same  for  all  the  centres  Oi* 

Denoting  the  angles  that  the  axis  of  the  moment  Oi  makes 
with  parallels  to  the  axes  ox,  oy,  oz,  drawn  through  the  point 
0|,  by  ai,  /3i,  71,  we  shall  have 

Ni  -J  Ml  Li 

cosai  =  — >     cosfli  =  — ,     COS71  =  — , 

Gi  ^  Oi  '  Oi 

wherever  the  centre  of  the  moments  may  be ;  and,  from  equa- 


TUBOIiy   OF   MOMKVTa. 


tJoHB  (a),  (A),  (e),  there  will  rmult  in  particular.  Cat  a  puCM^ 
wbicb  bL-long«  to  tlu.'  right  line  lietermincd  bjr  equatiaaB(IJ 

which  thevtt  Uiat  th«  axe*  of  all  the  principal  mimima  ■ 
whose  eoniinoD  valuu  U  if^ivcii  by  furmula  (c),  aiw  j^riOri  M 
each  flllior  and  to  tb*?  iIirecUi>n  of  the  forcr  n. 

When  the  givvci  forces  hare  aii  uni(]iH'  multaMt,  il  H«n- 
tlent  thai  the  value  of  a,  is  the  least  of  all  whcfl  Um  patH  at 
exists  un  ib)  diruction,  in  which  amc  thu  valoe  i*  cnfcs. 
Conrerwly,  if  the  valac  of  o,  is  cypher  with  raqiaet  t»  m§ 
pcHnt  0|,  it  followK  that  the  frivrn  force*  r.  p',  r",  Ae.  !■<« 
an  unique  resultant  paA^ing  throuf^h  thia  fwa;  far  if  ikf 
can  lie  rtvlucetl  to  two  forco  not  cxiaiinff  in  the  «■•  w^^ 
one  of  them  raay  he  made  to  |mus  through  th«  aaim  an 
and  thus  reduce  their  principal  moment  to  that  of  tW  0km 
force,  which  would  not  be  cypher,  Dontiary  to  tb»  bfpMfcaiK. 
From  tiii^il  f"ll<in«.  thut  thv  cnnJition  nhicb  i*  n(Xf««an  aa4 
sufficient  in  order  that  the  given  forces  may  hare  ao  iiaiiiM 
resultant  congislit  in  this,  that  their  principal  moment  bsy  bt 
equal  to  cypher.  This  moment  being  then  a  mimimmm,  ik 
condition  in  question  will,  in  consequence  of  fomtola  (c),  kt 
expressed  by  the  equation 


and  as  the  point  o,  to  which  it  refers,  belongs  to  tbia  n 

the  equations  of  tbc  line  in  the  direction  of  whicb  it  acla  *tQ 

be,  ID  virtue  of  equations  (b), 

Xjf,  —  T*|  +  L  =:  0, 
ZJ,  —  XJ|  +  H  =  0, 
Vi,  —  ZJfi  +  K  =  0. 

These  resulu  coincide  with  ihow  of  No.  363,  that  hare  b«« 
obtained  from  other  oonsidemtiont. 


CHAPTER  III. 

EXAMPLES    OF   THE    EQUILIBRIUM    OF    A    FLEXIBLE    BODY. 

I.  Equilibrium  of  the  Funicular  Polygon. 

285,  Every  system  of  cords  connected  together  by  fixed 
knots,  or  merely  run  into  rings  which  can  slide  along  these 
cords,  is  termed  2l  funicular  nuichine.  Any  number  of  strings 
may  terminate  at  the  same  knot,  but  for  greater  simplicity  we 
will  suppose  that  at  each  knot  there  are  never  more  than  three 
strings,  and,  in  the  first  place,  we  will  exclude  the  consideration 
of  moveable  rings. 

Let  then  a  and  b  (fig.  71)  be  the  two  extremities  of  a  cord 
perfectly  flexible,  and  of  any  length  whatever,  and,  m,  m',  m'', 
&c.,  being  different  points  of  this  cord,  let  the  strings 
MC,  M^c',  m"c",  &c.,  drawn  in  the  direction  in  which  the  given 
forces  p,  p',  p",  &c.  act,  be  attached  to  these  points ;  likewise 
to  the  point  m  let  there  be  applied  a  given  force  h,  acting  in 
the  direction  of  the  string  ma,  and  to  the  last  of  the  points 
m,  m^,  m'^,  &c.,  let  another  given  force  k,  directed  towards  the 
point  B,  be  applied.  In  the  state  of  equilibrium,  this  flexible 
cord  will  constitute  a  polygon,  the  summits  of  which  will  be 

the  points  a,  m,  m',  m,'^ b,  and  it  is  termed  z.  funicular 

polygon.  The  problem  to  be  solved  with  respect  to  it,  is  to 
find  the  conditions,  which  the  given  forces  h,  p,  p^  ¥'\  . . .  k, 
must  satisfy,  in  order  that  this  equilibrium  may  be  possible, 
and  to  determine  the  figure  of  the  polygon  which  suits  this 
state. 

In  order  to  find  these  conditions,  this  self-evident  principle 
must  be  assumed,  namely,  that  when  the  equilibrium  obtains, 
each   of  the  strings  mm',  m'm^',  &c.,  must  be  drawn  at  its 
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two  (^xt^(.■Inities  I>y  p[|ual  fnrcu,  OL-ting  iu  rho  diircootui  4f  n 
])ru<Iuc'tiitnfl ;  for  ifilie^c  twu  iorce*  hati  oirt  tho  tu 
as  the  Htring,  nothing  would  prt^vent  them  from  f 
and,  unlem  tbey  were  equal  aiid  cootnrjr,  thty  woaUaat 
the  string  to  move  in  its  lUrection.  | 

It  follows  ht  oncv,  that  th«  multiuit  at  the  two  faiw*  I 
nnil  p,  a)i|ili(nl  to  the  point  M.  muM  i-iiinoi<I«  witfa  iw.  lk>  ' 
proiluctiou  oftliv  Miring  u'm.  WV  mny  tfaorditrv  truMio-te 
point  of  application  of  ihi*  force  to  the  point  m",  vbich  «nB 
on  ilx  direction  (No.  41);  if  it  b«  then  compoaailed  vith  A» 
forctt  r>'  applied  to  thta  poini,  thii  tecond  rasoltantt  wbk  «9 
be  in  fact  that  of  the  three  force*  ii,  p,  i>',  inu^t  coioaie  «A 
m'd',  the  production  of  the  string  )i"m';  and,  aKweqaenl) j, i 
may  1)0  tran«f<.-rred  to  the  point  m".  If,  in  the  nrar  ■■■»*; 
the  rc^uluint  uf  this  force  and  of  r",  which  aet»  at  ihW  ^am 
point  M",  be  ukvn,  the  force  which  dtawn  lh«  UrinK  w"  H~  « 
itH  extremity  h",  and  which  should  act  in  the  £t»ctiam  af  i» 
production  m''o'',  will  be  obtained.  Thw  forve  !■  0 
resuhaiil  of  the  fori-o  h,  r,  i- .  r'  ;  by  MiniUr 
may  be  shewn,  that  the  force  which  draws  the  lame  *tri^  M 
its  extremity  h'",  and  which  must  cmndde  with  its  other  p(«- 

duction  m"'d"',  is  the  resultant  of  the  forces  p",  r", a: 

therefore  these  two  resultants  are  equal,  and  directly  o 
to  each  other ;  and  consequently,  the  resultant  of  all  (he  g 
forces  II,  r,  i-',  p",  . . . .  k,  must  be  equal  10  cypher.  We  vmU 
evidently  arrive  at  the  same  result,  if  the  forces  which  wt  U 
the  two  entremilies  of  any  other  side  of  the  pf^rgoa  w«* 
considered. 

Hence,  the  forces  Dppli<.-d  to  the  funicular  polygoa  shoaU  W 
such,  that  when  they  are  lnin!>ferred  to  (he  same  point  mp«e> 
tively)>arallcl  to  ihemsL-lves,  they  may  constitutean  eqinltbri^ 
Tlii!*  furninhcs  ui,  il«  wc  know,  with  three  equations.  hefwtM 
(he  mngnituden  of  ihi-ne  fon.-es  and  the  angles  which  th«<r  A- 
rectiuns  make  with  three  rvctaiigular  axca  drawn  thnN^iy> 
point.     These  equations  are  (  No.  35) 
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H  COS  a  4-  Kcose-f  Pco8a  +  P'cosa  +  &c.  =:  0, 

Hcosft  4.  Kcos/-f  Pco8/3  +  P'c^i3'  +  &c- =  0>  (a) 

HCOSC  ^KCOSg-^VCOSy  +  P'COS'/+  &c.  =  0; 

Of  €y  Qj  a  9  &c.  denoting  the  angles  relative  to  one  of  the  axes ; 
b,  fy  fif  /3',  &e.  the  angles  relative  to  another  axis ;  and  c,  gj 
y,  y\  &e.  those  which  refer  to  the  third. 

286.  When  the  forces  H,  p,  p^,  p", k,  and  the  direc- 
tions of  the  strings  along  which  they  act,  do  not  satisfy  these 
equations,  an  equilibrium  cannot  be  effected  between  them  by 
means  of  the  funicular  polygon,  whatever  be  the  figure  it  is 
made  to  assume ;  but  whenever  these  equations  are  satisfied, 
we  may  assign  to  the  polygon  a  figure  suitable  to  the  existence 
of  the  equilibrium.  As  the  magnitudes  and  directions  of  the 
forces  H,  p,  p',  p'^  ....  K,  are  given,  this  figure  is  necessarily 
determinate,  and  its  construction  results  from  the  series  of 
compositions  of  forces  which  we  proceed  now  to  point  out. 

In  fact,  the  directions  of  the  strings  ma  and  mc  along 
which  the  forces  H  and  p  act,  being  known,  the  magnitude 
and  direction  of  their  resultant  will  be  determined.  On  the 
production  of  this  direction,  reckoning  from  the  point  m,  let 
there  be  taken  the  given  length  of  the  side  mm",  and  then  to 
the  point  m^  let  there  be  applied  the  resultant  of  h  and  p  act- 
ing in  the  direction  of  the  line  m'm,  and  the  force  p'  acting  in 
the  g^ven  direction  of  the  string  m^c'.  Let  the  resultant  of 
these  two  forces  be  taken,  and  on  the  production  of  its  direc- 
tion, let  there  be  laid  off,  reckoning  from  the  point  m^,  the 
given  length  of  the  side  m^m^',  and  at  the  point  m^',  let  a  con- 
struction similar  to  that  indicated  for  the  point  m'  be  per- 
formed, and  then  at  the  point  m''  let  there  be  applied  this  last 
resultant  in  the  direction  of  the  side  m'^m^  and  the  force  v**  in 
the  given  direction  of  the  string  m^'c'^,  these  two  forces  must 
then  be  compounded  into  one,  and,  on  the  production  of  the 
resultant,  the  given  length  of  the  side  m'^m'  should  be  taken. 

This  operation  should  be  continued  until  we  arrive  at  the 

3  m 
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last  of  the  knots  m,  m',  m",  &c.,  if  in  the  present 
pose  the  last  of  them  to  l>c  m"',  then  m"  d  will  Iw  tlie  bM«« 
of  the  polygon.  Its  direction  is  known.  I>ciii^  chat  ni  the  tat 
force  K,  which  by  hypothesis  is  given.  It  i«  thor\'f«>re  ti«*^ 
sary  that  the  produced  direction  of  the  resultant  of  the  rr* 
forces  applied  to  the  point  m'*',  in  the  direction  of  the  «or 
M^^M^^',  and  in  the  direction  of  the  strinf^  m"'c"',  idiouij  ••*► 
incide  with  the  given  direction  of  the  side  m"'b.  Thi*  k  a 
fiict,  what  will  always  be  the  case ;  for,  by  otir  con^tnxfkcL 
the  force  acting  in  the  direction  of  m'''m%  is  the  rr^'Jtr. 
Itself  of  the  five  forces  h,  p,  i*',  p",  p*^,  transferred  to  the  p%^ 
m'^'  parallel  to  their  directions,  and  if  it  he  compouiHU  «td 
the  force  p'*',  acting  in  the  direction  M^'c"*,  the  re»u!tttf« 
all  the  given  forces,  except  the  force  k,  will  be  obtaincti :  i»s. 
in  consequence  of  equations  (a),  which  are  supposed  to  be  •- 
tisfied,  this  resultant  is  equal  and  directly  opposite  to  the  Sxa 
K  (No.  35). 

If  through  the  point  a,  the  three  .axe^  to  which  thoar^ 
n,  f,  a',  a\  &c\,  h,Jl  ^-J,  ^3',  &c.,  <\  '/,  •),  -y  ,  \i\,  .ir»*  r  r  "  ■  ■ 
be  drawn,  tlio  cnonlinatt'**  of  laoli  of  tlh-  '»iinunl** 
gon,  with  n'«»iurt  to  tluM*  axi"*,  uill  ]»«■  flit-  j  -  .• 
tht*so  same  axi'**  ni"  tin-  parts  ot  tlio  [h»1\  Lji»n  iii't  r.  ■  ;  • 
tho  point  \  ami  this  sununit.  Thry  may  *•.  .!  • 
fiini*tion*i  ot' tlu'st' anL,Mis,  nt"  tin*  l»ii;^tlis  **\  r}.,  * 
polyi^on  and  of  tin' i^iw  n  tnr»Ts  :  tin-  i^i  !i»  ral  t'.-r:- 
aro  ohtainod  in  this  inaniii  r,  will  rnahK*  »is.  iw  i  a.  ' 
ca"^t*,  to  con»*tnirt  dirii-tlv  all  tlu'  summits  nj  t!^.  ; 
one  or  mon*  of  thfM'  points;  hut  it  is  sjinpli  r  • 
thom,  ono  aftor  another,  in  tho  mainuT  p«»int«  -i  .■  .: 

2^7.    Wht'ii  tht*  irivi-n  ton  rs  Haii^tN  thr  i'i»iii;:r' 
hy  r<piations  (a),   and    w  hrn    tin-    p.»l\;^i'!i    has    J.,. 
Itvsunir  tlu-  fi'^nin*  sultahlo  ti»  thr  Mpiillhriiim,  tl  .    v 
trn»»it\  ot  ih<- two  ctpiid  a?hl  i'ppositi"  liUi'.s  \\  ]ii»  I. 
ihf  **idi-H  in  thr  dinctiiui  of  its  prodiiitioti,  {^  iht   /-  .  - 
this  strini;  rxpriirnoi's;   it   is   thtTrli'ii   of  i,.'is, ..  ., 


.•  • » 
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able  in  practice  to  compute  this  tension,  and  to  be  assured,  by 
experiment,  that  it  is  not  greater  than  that  which  a  string  of 
the  same  diameter  and  material  can  bear  without  breaking. 

Now,  from  what  precedes  it  appears,  that  this  tension  will 
vary  from  one  side  to  another  of  the  polygon ;  the  tension  of 
the  side  mm^  will  be  equal  to  the  resultant  of  the  forces  h  and 

p,  or  to  that  of  the  forces  p',  p^,  v"\  &c k  ;  the  tension 

of  the  side  mIm''  will  be  equal  to  the  resultant  of  the  forces 
H,  p,  p^  or  to  that  of  the  forces  p'^  p%  •  •  •  •  k,  and  so  on.  It 
will  therefore  be  easy,  in  each  particular  case,  to  determine 
the  tensions,  which  all  the  sides  of  a  polygon  in  equilibrio 
experience,  when  the  magnitudes  and  directions  of  the  forces 
H,  p,  p',  p", ....  K,  are  given. 

If  A  and  B,  the  extreme  points  of  the  polygon,  are  fixed, 
the  forces  h  and  k  will  represent  both  the  tensions  of  the 
strings  that  terminate  at  these  points,  and  also  the  pressures 
which  these  points  sustain.  In  this  case,  the  values  of  u  and 
K,  and  of  the  angles  a,  6,  c,  e^f^  g,  which  determine  the  direc- 
tions of  the  two  extreme  udes  of  the  polygon,  will  be  no 
longer  given ;  but  we  shall  have  eight  equations,  by  means  of 
which  these  eight  unknown  quantities  can  be  determined; 
these  will  be,   equations  (a),   equations  (No.  6),   namely, 

cos^a  +  cos*6  +  cos'c  =  1,     cos'c  +  cosV+  cos'^  iz  1, 

and  three  equations  resulting  from  the  consideration  that  the 
position  of  the  two  fixed  points  a  and  b  is  given.  These  are 
obtained  by  computing  the  values  of  the  three  coordinates  of 
one  of  these  points  referred  to  axes  passing  through  the  other 
point,  that  is  to  say,  the  projections  of  the  entire  polygon  on 
these  three  axes,  and  then  putting  them  equal  to  the  given 
values  of  these  same  coordinates. 

In  general,  the  determination  of  these  eight  unknown 
quantities  is  extremely  complicated,  but  after  that  the  funi- 
cular polygon  has  assumed  of  itself  the  figure  suitable  to  the 
equilibrium  of  the  forces,  which  are  applied  at  its  summits. 
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ihu  tciisionti  of  tliofte  iliiTereDt  uiles  may  !>■;  obcaincd  ■iih* 
any  diflScultj- ;  and  this  u  sufflcicnt  in  practice.  Tboi,  if  ifa 
force  V  apptiinl  to  tliu  po'un  M  bo  mulvtrd  into  two  otfcwi  i* 
ingiii  tlic  din^ioiH  of  till:  prod  uetiona  of  the  skies  A.Hu>it^» 
tbv  componoiitR.  wliicli  are  f^iven  immcifialcly  by  llie  nil  ^ 
ihti  parallellognun  of  foret;^,  uill  be  tlic  tcmioiu  of  tbeatw 
Hides.  Tliat  whicK  wilt  act  atiiiig  Uh;  produccioa  at  am,  bM 
bv  c(]Uil1  to  the  forcu  acting  in  the  tlircctioii  of  tki*  fini  aik 
whi;ii  the  point  a  is  free ;  and  wbcn  it  t«  fixal,  it  wUl  c^iM 
thu  preuurc  rxorciwd  iiti  thia  point.  In  lik«  manDcr,  lfaM» 
ponents  of  the  forcv  r'  in  the  directiooti  of  tlie  imwIiMlj— rf 
mm'  and  u'm'  will  cxpn.>«  the  letnion  of  mm',  aliMitj  La^ 
t>y  tho  di-cuin  position  of  r,  and  that  of  the  odJAeenl  riib  sV. 
liiid  »o  on. 

2S8.  As  the-  strin)f^  which  comtitnt*  the  SMenmtmim^ 
a  funicular  polygon  on-  alwuy»  a  little  ezteuiblew  tlw  tafft 
of  each  of  them  is  increuc-d  hy  ■  mull  quaalil^,  la  cH^ 
qiience  of  tlie  tension  wlu^^  it  experienoes  In  A*  aok  J 
vi|utlibriiim;  and  when  [hi*  tfiision  U  known,  the  corrofoaJ- 
ing  inciviibL'  ol'  longlli  may  W'  vitlculaU-A. 

In  fioct,  it  appears  from  ezperiment,  that  when  tbc  tea«i 
of  a  homo^neona  thread  of  a  constant  thickima  ia  incoaad*- 
able,  comparLHl  with  the  force  necessary  to  brv&k  it,  ila  matm 
of  leni^h  is  proportional  to  its  length  aiid  to  tkc  tcMsa  l> 
which  it  is  subjected;  and  in  different  threads,  it  VBrica  wkhik 
thickness  and  the  material  of  which  the  thrtaxl  raoaaB.  Tkii 
being  so,  if  to  a  fixed  point  a  thread  is  attached  of  th*  ssat 
thickness  and  material  as  the  string  am,  and  if  at  iiaiaMv 
extremity  there  be  suspended  a  giren  weight  □  that  is  *«7 
great,  relatively  to  that  of  the  thread,  and  if  /  and  /.  (I  +  ■) 
be  iu  lengths  before  and  after  the  saspenaion  of  the  wtighl  *, 
this  quantity  w  will  be  a  very  small  fraction,  indepcttdcBt  *tl> 
and  prviHiitiuiiul  to  n,  (the  weight  of  the  lhrt«l  bciag  ar- 
glcelcd);  so  (hat  if,  in  anuthi-r  ex|H>rioH>ut,  the  thrcv 
/,  M,  II  bccOme  /',  u',  ii',  we  shall  have 


V 


i 
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"ff 


0}   =   -^j 


whatever  may  be  /  and  l\  Now,  it  is  evident  that  a  thread 
attached  to  a  fixed  point,  and  drawn  at  its  other  extremity  by 
a  force  acting  in  the  direction  of  its  production,  is  in  the  same 
condition  as  if  it  was  drawn  in  the  directions  of  its  two  pro- 
ductions by  this  same  force.  If  therefore,  t  be  the  tension  of 
the  string  am,  and  if  its  length  be  increased  in  the  ratio  of 
1  +  T  to  unity,  we  shall  have 


CilT 

"ff 


by  means  of  which,  this  increase  of  length  can  be  determined  ; 
and  in  the  same  way  the  value  of  r  for  all  the  other  sides  of 
the  polygon  can  be  obtained. 

289.  Whether  the  extreme  points  a  and  b  of  the  polygon 
be  fixed  or  free,  if  one  or  more  of  the  knots  m,  m^,  m'',  &c.  arc 
replaced  by  rings,  this  circumstance  will  give  rise  to  new  con- 
ditions of  equilibrium.  If,  for  example,  m''  is  a  moveable  ring 
which  can  slide  along  the  chord  m^  m^^  m%  it  b  evident  that 
in  this  motion  the  sum  of  the  distances  m'm^  and  m^^m'^^  of 
the  point  m'',  from  the  points  m^  and  m%  will  remain  constant. 
Now,  if  the  equilibrium  obtains,  this  state  will  not  be  deranged 
by  fixing  these  two  last  points ;  but  then  the  point  m"  will  be 
in  the  same  circumstances  as  if  it  was  constrained  to  exist  on 
an  ellipsoid  of  revolution,  of  which  bI'  and  m^^^  are  the  two  foci, 
and  whose  major  axis  b  equal  to  the  given  length  of  the 
string  yk'vL"w!"y  therefore  this  point  cannot  be  in  equilibrio 
(No.  36),  unless  the  force  p"  which  is  applied  to  it  is  perpen- 
dicular to  this  surface ;  hence,  by  a  known  property  of  the 
ellipse  it  follows,  that  the  direction  of  this  force  must  divide 
the  angle  between  the  two  radii  vectores  m'm'^  and  m^m^^^  into 
two  equal  parts. 

When,  therefore,  in  performing  the  construction  indicated  in 
No.  286,  we  come  to  a  moveable  ring  such  as  m'',  if  it  is  found 
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that,  HfUT  wu  have  taken  the  resultant  of  the  two  force*  acti^ 
in  tlie  iliret-tions  m'm' anil  M"c",  nf  which  the  title  ■'«*  ■ 
the  productiuD,  tlienn);tm  c''m''m'  and  c'm"m'^  are  OM  <^«L 
it  fulluwH  llittt  tlie  equilibrium  (Incii  not  •nhaiM.  la  ^iniW.J  { 
in  nocvHKury  that  the  diKction  of  the  string  m"c"  iiiiiImj  ■  I 
thu  moveable  ring,  slkould  not  be  given  t>eforuhuHl,  ia  m4* 
that  we  may  be  enabled,  by  a  suitable  detcmimuioii  of  ik  ■ 
Mtiafy  tho  condition  of  the  equality  of  the  angloa  H'M''r*  arf 
m"'m"c". 

It  ift  cndont  that  wluiti  tiusn  u  ui  oqnilUmiiB,  th*  tma^t 
of  the  two  sides  adjac«!tit  to  a  moveable  liiijf  will  ttm  Mwl  li 
rach  other ;  lliis  follows  fnim  the  ctrvumstuiee  tlni  the*  t«* 
sides  make  equal  angles  with  the  dirertioa  of  the  fa*a*  ^vW 
to  this  ring,  and  that  their  tenuooa  on  isqual  to  Am  fav  » 
eolvod  in  their  ivopective  dim-tJoDS ;  but,  iiulevd,  tUt  «MiB 
of  tcn*ion  may  ho  rc^rardccl  u  m-lf^ndciit, 
two  ftid««,  in  the  diKctiou  of  whiefa  the  ring 
tute  parts  of  tho  mae  ittinfr,  wlovh 
an  equal  lerisioii  tlirouith"Ut  iw  enlin-  esicni. 

290.  What  has  been  stated  relatively  to  a  ring 
to  slide  along  an  incxtensible  and  perfectly  flexible  thi«< 
may  be  applied  to  all  the  points  of  a  system  of  aiaicfial  peiM 
in  equilibrio.  In  whatever  manner  these  poinu  ni«  ammaetd 
tc^>thcr,  it  is  evident  that  this  equilibriua  will  mh  be  it- 
ranged,  by  fixing  all  the  points  of  the  systea  except  aas. 
Now,  if  the  connexion  of  this  point  with  the  othen  b  «^ 
that  it  may  besides  describe  a  sur&ce,  or  only  a  ewred  fm 
about  these  fixed  points,  it  is  evident  that  the  Moveable  paM 
will  be  in  the  same  couditton  as  if  the  surfitoe  or  camd  fae  a*- 
tually  existed ;  conaequcutly,  the  direction  of  the  forte  m^k 
is  opplied  to  it  must  be  normal  to  this  sur&ee  or  thk  Itae. 

Hence  it  follows,  that  in  any  system  of  material  posKs  U 
ec|uilibtio,  the  force  applied  to  each  of  these  potnu  k  per**- 
dicukr  to  the  surbicc  or  line  on  which  thk  point  ««^  k 
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constrained  to  exist,  if,  for  an  instant,  all  the  other  points  to 
which  it  is  connected,  were  considered  as  fixed  points. 

When  this  condition  relative  to  the  direction  of  the  forces, 
and  to  the  connexion  of  the  parts  of  the  system,  is  not  satisfied, 
we  may  be  certain  that  the  equilibrium  does  not  exist,  but  on 
the  other  hand  it  is  not  of  itself  sufficient  to  secure  the  equili- 
brium of  the  system. 

291.  If  all  the  forces  which  act  on  a  funicular  polygon 
suspended  at  the  two  fixed  points  a  and  b,  are  given  weights,  it 
follows,  from  the  construction  of  No.  286,  that  this  polygon 
must  exist  altogether  in  the  vertical  plane  passing  through 
these  two  points ;  thvs  is  indeed  evident  of  itself,  for  there  is 
no  reason  why  it  should  deviate  £rom  this  plane  to  one  side 
rather  than  to  the  other.  Hence,  if  the  perpendicular  to  this 
plane  be  assumed  for  the  axis  to  which  c,  g,  y'j  y'\  &c.  are 
referred,  all  these  angles  will  be  right,  and  the  third  equa- 
tion (a)  will  disappear ;  the  two  others  will  become 


<i>) 


H  cos  a  +  K  COS€  =0, 

H  COS&  +  R cosy+  n  =:  0 ; 

in  which  the  angles  a,  6,  a,  a\  &c.  refer  to  an  horizontal  axis, 
and  the  angles  b^f,  j3,  j3^  &c.  to  an  axis  drawn  in  the  direc- 
tion of  gravity,  n  denotes  the  sum  of  the  weights  p,  p',  p'^  &c. 
which  are  applied  to  the  polygon. 

The  equilibrium  of  this  polygon  will  not  be  deranged,  by 
making  its  form  invariable ;  conseqtiently,  the  force  n  must  be 
equal  and  directly  opposed  to  the  resultant  of  the  forces  h 
and  K.  From  equations  (b),  we  know  already  that  it  is 
equal  and  contrary  to  this  resultant,  it  must  therefore  pass 
through  the  point  o  (fig.  72),  where  the  productions  of  the 
extreme  strings  am  and  bn  intersect ;  hence  this  point  may 
be  taken  for  the  common  point  of  application  of  the  two  forces 
R  and  K.  Thus,  in  the  state  of  equilibrium,  n  the  resultant 
of  the  vertical  forces  p,  p^,  p^^  &c.,  will  be  directed  along  the 
vertical  on,  and,  consequently,  we  shall  have  (No.  29),  (A) 
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II :  n  : :  Min  &o»  :  lin  aob, 

K :  It ; :  tin  aou  t  uo  aiio  ; 
by  meant*  of  wtucb,  thu  tcnnoiw  nf  the  extreme  striagt,  mi 
prcMsiiTcA  n  and  k  on  the  two  fixed  points  a  and  B,  «3  W 
known,  wheu  the  antics  Aon  and  noD  nre  naMared. 

292.  The  samo  remark  in  ap|>lieabte  to  thm  loMMM  ' 
ittringQ  which  support  a  given  weight,  tm  ha*  Immi  wkmit 
made  relatively  to  the  pnaaorei  expcrieoood  by  iht  poo*  W 
Bupport  of  a  horizont^  I>1bim,  oa  wUeb  «  ««igfat  m  fi^mri. 
(No.  270). 

L«t  ut  HUppoM  that  the  throe  itringt  attedwd  to  tW  lari 
l>oint!(  A,  II,  c  (fig.  73)  arc  rounllctl  at  tbe  poiot  M,  wailH 
at  this  point  a  weight  i*  u  cuspcixled,  which  acta  ia  tb*  ibm- 
tioD  of  the  vertical  no.  On  the  pntductton  of  tU>  Bd«,  IiB* 
point  d'  be  assiuncd,  an<I  let  n  [Nutdlellopipcd  be 
of  which  mo'  is  the  diagonal,  and  whose  tkrvc 
are  ha',  hh',  mc',  taken  on  tbe  dindiiiaa  of  the  tkra* 
If  thi'  force  i-  bo  reprrwiit.il  by  the  line  mo',  iu  < 
in  the  directions  of  the  lines  ma',  hb',  mc',  will  be 
by  these  lines  rcspcc^vely,  and  they  will  expreaa  the 
of  the  three  strings  ha,  hb,  hc,  or  tbe  prenures  oa  tbe  thm 
fixed  points  a,  8,  c,  which  will,  in  this  cue,  be  ooaplrttlj 
determined.  Hut,  when  the  number  of  strings  which  tetaiaMt 
at  the  point  m  is  four,  or  a  greater  number,  the  force  r  mtf 
be  resolved  in  their  directions,  in  an  infinite  Tariety  irf'ififtil 
ways;  so  that  their  (euuons  and  the  prcasuic*  of  the  ix^ 
points,  will  be  no  longer  determined,  and  one  or  mote  of  ihs 
may  be  either  cypher  or  any  arbitrary  magnitude  almii  m 
Now,  this  indetermination  really  obtains  in  the  abstrwi  qa» 
tion,  when  tbe  cxlenubility  of  the  strings  is  not  takes  iaM 
account;  but  it  no  longer  exiitts,  when  regard  is  hwl  t»  lUi 
property  of  the  material  of  which  the  string  coosaas ;  t^ 
all  the  strings  are  leogthenei)  by  some  small  qnaalilM^ 
they   may  be  ewr  so   small ;   they  depend  on  their  w^ 
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^er  and  on  their  relative  positions;  and  by  measuring  the 
mall  increase  of  length  for  each  of  them,  the  tension  of  each 
tring,  or  the  pressure  of  each  fixed  point,  which  actually  has 
lace,  may  be  determined. 

Thus,  if  we  suppose  that  the  string  am,  for  example,  is 
sngthened  in  the  ratio  of  1  -f-  ^  to  unity,  and  if,  besides,  we 
now  that  a  string  of  the  same  material  and  diameter  is 
3ngthened  in  the  ratio  of  1  -f-  a>  to  unity,  when  being  sus- 
ended  vertically  from  a  fixed  point,  the  weight  p  is  attached 
3  its  inferior  extremity ;  it  follows  from  No.  288  that  the 
snsion  experienced  by  this  string,  or  the  pressure  which  the 

oint  A  sustains,  is  equal  to  the  product  —  p. 

If  we  denote  by  cu'  and  S\  w"  and  S",  &c.,  what  the  frac- 
ons  w  and  S  become  relatively  to  the  strings  MB,  mc,  &c., 
nd  by  7,  y\  7",  &c.  the  acute  angles  which  the  strings  ma, 
IB,  MC,  &c.,  make  with  the  vertical  md',  we  must  have 

—  COS7  +  -7  C0S7'  +  —r,  cos  y  +  &c.,  =  1, 

W  W  U9 

1  order  that  the  sum  of  the  vertical  components  of  all  the 
msions  may  be  equal  to  the  weight  p.  If  the  same  strings 
re  projected  on  a  horizontal  plane  drawn  through  the  point  m, 
[id  if  f},  fi\  r\'\  &c.,  denote  the  angles  which  the  projections 
r  ma,  MB,  mc,  &c.  make  with  a  line  mo  arbitrarily  traced  in 
bis  plane,  we  shall  also  have((f) 

—  sin  7  sin  i|  -I — ;  sin  7'sin  ^'  +  —7,  sin7"  sin  i|''+  &c.  =  0, 

Cil  Oi  (i> 

8  .  S'  8"   . 

—  8in7COS  i|  -I — -,sin7'cosi|'4-— 7, 8in7"cos  V  +  &c.  =1  0; 

Cil  (il  Ci> 

hich  indicate  that  the  resultant  of  all  the  tensions  is  a  vertical 
►rce. 

When  there  are  only  three  stringy,  these  three  equations 
*e  sufficient  to  enable  us  to  determine  the  relations  which 
cist  between  their  tensions  and  the  weight  p»  or  the  values  of 

3n 


•iM  Kgril.lBKItM  OF  *   rLKXIBLB  TBRSAD. 

£,  il„  --S,  by  means  of  ihv  angW  vbich   thM«  three  loitf 

ID     tW      M 

make  witli  the  vertical  mr',  anil  of  the  an^lc*  txHBfraaiW 
twiNMi  tlie  p)ant.>i  of  lliis  lint;  ami  tUar  dirvciiooft. 
on^  only  two,  tbv'tT  dircpticiti*  and  Utia  rrrtieal  cxiM 
same  plane- ;  thi^  nidueea  tike  two  tuat  Mjuattona  ut  oiv. 

11.  EquitibriumqfaJIfxAle  T^»ad. 


293.  The  caw  wbich  we  propose  to 
of  a  homog;viicoiM  [liKBd,  which  wc  luppoac  \o  b*  wteJ  asto 
f^ntvity,  and  lo  have  a  constant  lUomBlcr.  If  it  be  pcriieV) 
fli-xiblo,  and  attached  at  its  cxtrotailics  a  nad  c  (fig.  74.)  u  ta< 
6xed  points,  the  fi^ut«  thai  it  asviune*  in  the  ataie  of  oqafr 
hrium  U  termeti  the  caieMtuy,  all  ita  ptnDIs  eridcBitv  ait 
ill  the  veri!(Sil  plane  whicb  paue*  thrm^h  llk«  t««  fi^ 
points  A  aikd  c,  lor  there  is  no  reason  why  it  ibooU  denikli 
the  one  side  rather  than  lo  the  other  uf  this  pUac. 

Lft  (hiTe  I)e  drawn  thruu|cti  n  [mini  ti  *ittut«d  in  tfc» 
plane,  the  two  rtK^tanj^W  uce«  ox  and  op^  whtcli  will  W  I^H 
of  the  positive  coordinate'*,  let  ax  be  the  horiuatal  an  AlM 
in  tiip  same  vide  ii"  thi-  poml  t,  nnd  n^v  the  ri'iiii-.i;  a\ '.  .'-i»" 
through  B,  the  lowest  point  of  the  curve,  to  a  diiwciicwlk 
opposite  to  that  of  gravity.  Let  z  and  f  be  the  eoorduMics  or 
and  PH  referred  to  tbe«e  two  axes,  of  H  any  point  ot  tba  ^V- 
nary,  a  the  arc  bm,  measured  from  the  point  b,  and  terwaatiBf 
at  this  point;  and  let  j'.y',  #*  denote  what  .r,  jr,  i  hrfm^i.  wb 
tively  to  another  point  of  this  curve  which  is  ao  aitiiMeJ  th( 
»>  a. 

If  /)  be  the  weight  of  the  unit  of  length  of  the  thvwL 
when  it  existe  in  a  horizontal  plane,  ^  («*  —  «)  vtU.  ta  dii 
fitate,  be  tlie  weight  of  any  length  a' —  t  of  this  curve,  «■« 
it  is  assumed  to  W  homogeneous  and  of  a  constant 
1 1'  it  be  suspendeil  at  the  two  fixed  poinU  a  and  c,  its 
paru  will  be  uunjuulty  elongated,  on  accottol  of  ikm  n- 
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speclive  tensions ;  and,  at  the  same  time,  since  their  masst^  do 
not  undergo  any  change,  either  their  densities,  or  their  thick- 
nesses must  diminish ;  consequently,  the  weight  of  this  length 
s'-^  s  will  be  no  longer  the  same,  as  before ;  however,  if  the 
material  of  which  the  thread  consists  is  very  little  extensible, 
so  that  the  small  dilatations  of  its  parts  may  be  neglected, 
/>  (y  —  .9)  may  still  be  considered  as  the  weight  of  the  arc  mm^ 
of  the  catenary. 

Moreover,  let  t,  t',  be  the  unknown  forces  that  act  at  its 
extremities  m  and  m^,  which  arise  from  this,  that  these  points 
are  connected  with  the  parts  cm  and  am'.  By  joining  these 
forces  to  the  weight  p(«'—  «),  we  may  consider  mm'  as  en- 
tirely free ;  consequently,  if  a  and  /3  denote  the  angles  which 
the  direction  of  the  force  t  makes  with  the  productions  of  x 
and  ^,  the  coordinates  of  its  point  of  application,  and  if  a! 
and  fi'  denote  corresponding  angles  relatively  to  the  force  t', 
we  shall  have 

T  cos  a  +  t' cos  a'=  0, 

tcos/3  +  t'cos/3'=p(*'—  *),  (a) 

t{x  cos  ^— y  cos  a)  +  t'  (x'cos/3'— y'cos  a')zzp  (*'— *)-Ci, . 

for  the  equilibrium  of  these  three  forces  existing  in  the  same 
plane  (No.  262) ;  Xi  being  the  horizontal  abscissa  of  the  centre 
of  gravity  of  the  arc  mm^  These  equations  will  obtain,  whatever 
be  the  length  of  this  arc ;  if  it  be  infinitely  small,  then  the  in- 
finitely small  quantities  of  the  second  order  may  be  neglected 
in  these  equations,  but  the  quantities  of  the  first  order  must 
be  retained ;  this,  however,  will  not  prevent  us  from  consi- 
dering the  force  t  as  acting  in  the  direction  of  mh,  which  is  a 
tangent  to  the  curve  at  the  extremity  m,  and  the  force  t'  as 
acting  in  the  direction  of  m'h^  the  tangent  at  the  other  ex- 
tremity m'. 

In  order  to  be  satisfied  of  this,  let  there  be  taken  on  mm'  a 
point  m,  such  that  the  arcMm  may  be  an  infinitely  small  quantity 
of  the  second  order ;  this  will  enable  us  to  neglect  the  weight 
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of  this  part  of  llic  catenary.  TKl-  L^quilibrium  will  OM  W  i» 
nugu<)  l>y  fixtu|^  the  point  m,  but  as  thp  tlinml  b  •uppow^fe 
bfl  perfectly  tlexifalp,  there  in  nothinfr  to  prvwmt  the  immt 
from  ni(utn^  the  nrc  Mm  to  turn  aboot  n,  if  it  did  sot  art  ■ 
the  dJrvction  of  its  production  uu.  la  Uie  same  «aj  ti  ^ 
be  fhewu,  that  tb«  force  t'  must  act  in  the  directioa  of  aV- 
In  consfXjueticc  of  ihiA.  wc  sbatl  hare 

coa«  =  — -3-,     co»fl=— -S, 


co««*=T-,.    eatfi' 


._<'/. 
^-3?- 


iiDtl  by  neglecting  infinitely  >nuU  quantitjea  of  tW  1 
order,  these  last  values  will  become 


''=:s  +  ''-S'  "•'*' 


=S+-S- 


It  may  be  Ukowiae  fthewn,  thai  t'::  T -f  rfr.     In  fael,  At 

({uantity  t  is  a  function  of  ihe  cnoritmates  of  any  p-n'm  i*  ^ 
which  it  refera,  which,  consequently,  becomes  at  the  poiat  i 
T+dj;  at  this  point,  it  expresses  the  force  which  act*  ia  iW 
direction  of  mh,,  the  production  of  u'm',  on  am'  the  vpf* 
part  of  the  catenary.  But,  if  n'  be  a  point  of  the  cnrre.  ik 
distance  of  which  frotn  h'  is  an  infinitely  snudl  qoaaiirr  «t 
the  second  order,  the  force  which  acts  at  m'  on  the  pan  »»'• 
will  be  the  same,  in  magnitude  and  direction,  as  that  wUA 
acts  at  m'  on  am';  consequently,  the  part  u'm'  of  the  cucmh 
is  drawn  in  opposite  directions,  along  m'ii'  and  m'Hr  br  iW 
forces  t'  and  t  +  rh',  which  must  be  equal  in  order  thai  ■  ■ 
may  continue  in  equilibrio. 

This  being  established,  if  these  different  ndoea  aiv  i^M^ 
tutcd  in  the  two  first  equations  (a),  they   will  li 
making  *'—  *  =  ds(e). 


■'■T£  =  pd.. 


\ 


EQUILIBRIUM  OF  A  FLEXIBLE  THREAD.  46\ 

As  to  the  third,  it  will  assume  the  form 

in  which  x  is  substituted  in  place  of  x^  in  the  second  member, 
which  substitution  we  are  permitted  to  make,  as  infinitely 
small  quantities  of  the  second  order  are  neglected.  Now,  this 
equation  being  the  same  thing  as 

xd.T^-yd.T  — zzpxA, 

it  is  evidently  a  consequence  of  the  two  others.  In  point  of 
£Eict,  the  problem  cannot  depend  on  more  than  two  equations, 
inasmuch  as  there  are  only  two  unknown  quantities  to  be  de- 
termined in  functions  of  x,  namely,  y  and  t.  The  first  makes 
known  the  equation  of  the  curve,  the  second  determines  the 
tension  in  any  point  m,  that  is  to  say,  the  magnitude  of  the 
equal  forces  which  draw  the  element  Mm  along  its  two  pro- 
ductions. 

294.  The  integral  of  the  first  equation  (b)  is 

dx 

in  which  c  denotes  a  constant  arbitrary.     At  the  point  b, 

dx 
we  have  --=-=:  1,  and  t=:  c ;  if,  therefore,  the  tension  in  this 
ds 

lowest  point  be  denoted  by  the  weight  of  a  certain  length, 
such  as  A,  of  the  thread,  we  shall  have  c  =  />A,  and,  in  any 
point  whatever, 

The  second  equation  (b)  will  therefore  become 


from  which  we  deduce 


\ 


4G*2 
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Uierv  is  iio  conRtasI  arbitT&ry,  as  we  ba«e,  m»  tW  mim  u 
4  =  0  and  ^  =  0,  at  the  jwint  n.  Uj  mnuis  otf  ll 
Mjuations,  the  urc  «  anil  lliv  tension  t  will  be  faoBaAM 
known,  when  tbv  ordiiiaU.-  j/  Khnll  bare  been  daUnnfaMd  h 
function  ofi. 

By  vubtititulin]^  in  tbc  |>T«GVi]iii(^  eqaadon,  la  tb*d 
ds,  ita  value 

d.si'/l  +  g, 
we  obtuo 


Dy  integ-niting  tbis  csprewMD  ud  obaerrnic  tfcat  H I 


I 


and,  consequently, 


e  denoting,  as  usual,  tlie  base  of  (he  Naperiao  s)-Me«  of  kf 
rithms.     If  this  equation  be  multiplied  by 


tbete  results 

consequently,  we  shall  bavc(/) 

rf.  =  1  (.i 

hence  wc  deduce 


-!)*,  rf,=j(,;_,-;j. 
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in  which  we  suppose  that  *  =  0  and  x  =  0,  at  the  point  b,  and 
that  o  the  origin  of  the  coordinates,  is  taken  at  a  distance 
below  this  point  equal  to  A,  so  that  we  have  y  =  h  when 
x=z  0. 

From  equations  (c),  we  obtain  szz  h—  bs  before.     The 

second  is  the  equation  of  the  catenary  in  its  simplest  form ;  it 
shews  that  this  curve  is  symmetrical  on  each  side  of  its  lowest 
point. 

The  preceding  value  of  t  will  become 

Tzzph-:zpy; 

from  which  it  appears,  that  the  tension  in  any  point  m  is  ex- 
pressed by  the  weight  of  a  length  of  the  thread,  equal  to  mp, 
the  perpendicular  let  fall  from  this  point  on  the  horizontal 
line,  passing  through  the  point  o.  Therefore,  the  tension  is 
least  at  the  point  b,  where  it  is  equal  to  phj  as  has  been  al- 
ready supposed. 

295.  It  only  remains  to  determine  the  constant  h  which 
occurs  in  these  formulse.  The  expression  for  y  will  then 
make  known  the  figure  of  the  catenary ;  but,  in  order  to  know 
its  position  in  the  vertical  plane  passing  through  a  and  c,  it  is 
necessary  also  to  determine  the  distance  of  the  axis  o^  from 
one  of  these  fixed  points. 

For  this  purpose,  let  there  be  drawn  through  the  point  a 
a  horizontal  line  cutting  the  axis  oy  in  a  point  q,  and  through 
the  point  c,  a  vertical  line  meeting  aq  in  in  the  point  d.  The 
position  of  the  point  c,  with  respect  to  the  point  a  being  known, 
the  distances  ad  and  do  will  be  given.  If  these  lines  be  de- 
noted by  a  and  6,  and  if  k  denotes  the  distance  aq,  we  shall 

have 

ad  =  a,     DC  =  ^,     AQ  =  A,     OB  zzh; 
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a  and  b  are  j^ivpn,  nnd  k  anil  A  me  the  two  unluw 
Utie«  wliii-h  it  is  propmt>d  to  dflcntunr. 

Demiting  tb<;  dUtuncc  qd  by  k',  tfac  given 
curvi-  Aur  by  /,  ita  parts  ab  and  kc  by  g  and  y, 
gitta  BQ  by^  we  shall  have 

A  +A'=  a,     ff +  if'=/, 

in  which  h'  and  /  are  considered  lo  be  pomtin  a 
uccordtiifr  ai  tbv  poiul  v  bvloii)^  to  ibe  pndaetioii  c 
Au  itxtflf.  Thv  counlinuk-s  ofllic  iwioU  x  wm]  c  will  b*  i+J 
luid  A  -f /—  b,  in  which  A  it  to  be  vnntidervd  •■  p«Min«»  ■ 
i)«^livc,  according  as  c  fall^  belaw  or  above  the  1 
line,  drawn  through  thu  point  a. 

If,  in  equations  (c)  we  fint  moke, 


»  =  i,    «  =  ».    jrz 

and  tbea 

li.en' 

nill  ntull 

"  =  1  (''—"')•     *+-^= 

^(-+'-0- 

j'=*(,V_e-i),     h+/-b 

=  ^(--- 

from 

which  we  obtain 

/=5(J_,-i+«i 

-'-•). 

»  =  2  (''  +  '"'  -  " 

--'•)• 

I 

encc  and  b«caugc  A  +  A'  =  a,  we  obuin(^) 

r-S'  =  *'(.i  +  '" 

-2). 

«nd, 

c«^l»,,,«^„,ly, 

r.(— -)  = 

=  ». 

1 
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in  which  we  make,  in  order  to  abridge, 

2*  =  *"     ^-rf^  =  "' 

As  n  consists  entirely  of  given  quantities,  equation  (d)  will 
make  known  the  value  of  a,  and,  consequently,  that  of  A.  In 
general,  this  equation  can  be  resolved  by  trials ;  and  the  nu- 
merical value  of  a  can  be  deduced  from  that  of  n  as  accurately 
as  we  please.  If  n  differs  little  from  unity,  the  value  of  a  will 
be  very  small,  and,  in  this  case,  if  the  exponentials  be  deve* 
loped,  we  shall  obtain,  by  neglecting  the  fourth  power  of  a, 
a»=6(n-l).(A) 

If  in  like  manner,  we  make 

-r- = *"• 

we  shall  have 

and  the  preceding  value  of  b  will  become(t) 

h  i  1.       -_i\ 
&z:-^ct*-c  t*j(c^-r-^);  (e) 

by  means  of  which,  the  value  of  j3,  and,  consequently,  the 
quantities  k  and  k'  will  be  known,  when  that  of  A  is  determined. 
The  sign  of  k  will  determine  on  what  side  of  o^,  the  point  c  is 
situated. 

The  simplest  case  will  be  that  in  which  the  fixed  points  a 
and  c  are  situated  on  the  same  horizontal  line.  In  this  case 
we  have  6=0,  and  equation  (e)  will  give  /3  =  0,  and,  con- 
sequently, kzzK  -ZL  ^a,  as  we  know  it  ought  to  be.  At  the 
same  time,  we  shall  have 

A  /  ^        --\ 
A+/=:^^€t*4-«  >*j; 

by  means  of  which,  when  the  value  of  A  shall  have  been  calcu- 
lated, the  tensions  at  the  points  a  and  c,  or  the  pressures 
which  these  fixed  points  will  have  to  sustain,  can  be  deter«» 
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mioed.     In  the  f^cneral  case,   these  cxtmne  tOM^ 
ile<!uc(Ml  irom  the  valaes  of  y  corresiiondinK  to  « s  C  ■ 
x=.  -k. 

'^06.  Among  all  the  cttnm  of  the  muae  Icnfrtln  whkk  M-  i 
minatc  at  the  pvea  point*  a  luid  c,  the    catenary  m  itB 
whose  centre  of  gravity  «  the  lowol. 

In  foct,  if  through  the  point  a  (fig.  76)  m  hcMivnlal  ^  < 
a/ be  drawn,  and  a  vertical  axis  AX*  in  the  dirvctuw  of  giBfin.  ' 
and  if  jf  and  y'  be  the  coordinate*  of  any  pojnt  m,  r 
these  axes,  we  shall  hare 


"-ro'VTTg.^, 


in  nhich  7,  denotes  the  dtstanoe  nf  the  centre  of  ^nrilT 
Auc  any  curve  nhatevcr,  from  the  asia  Aff'y  b  tbe  v^mtit 
which  refers  to  thr  |>oint  c,  and  /  the  gtreo  teactli 
curve,  the  vnlut!  of  which  we  know  b 


-?y' 


.+^.*'. 


•My 


Now  by  formula  (e)  of  No.  201,  the  differential  ea^Aa 
of  the  curve,  for  which,  among  all  curve*  of  tk«  laae  k^tk 
the  first  int^p^  Is  a  mazimum,  is 

c'dx' 


rfy= 


V^(^  +  c)«-c" 


c  and  g'  being  two  constant  orbitnriea.    The  Jiiliftiniw  d 
this  gives,  as  x'  and  y'  are  equal  to  cypher  at  the  ^m 

time{k) 


and,  consequently, 

x'  +  <r/(^+c)'-c"  =  .^, 
in  which,  for  the  sake  of  abridging,  we  aak« 
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Hence  it  is  easy  to  perceive  ttiat 
in  whicti,  in  the  same  manner,  we  suppose 

c  -  \/c'  -  c'^  =  y. 

Consequently, 

sf  +  czz^yeo'+^Ye"^'  (f) 

will  be  the  equation  of  the  curve  which  possesses  the  required 
property.    At  the  point  c,  we  shall  have 

b  +  c  zz^ye^  +  iyc"  ^ ; 

in  which  a  is  the  given  distance  of  this  point  from  the  axis  AXf 
so  that  we  have  at  the  same  time  x'  =  6  and  y^  =  a.  By 
means  of  this  particular  equation,  and  of  /  the  length  of  the 
curve,  the  two  constant  quantities  c  and  c^  can  be  determined. 
Now^  in  order  to  make  equation  (f)  to  coincide  with  that  of 
the  catenary,  let  c  denote  an  indeterminate  constant,  and  let 
the  ordinates  x^  and  y*  be  changed  into  two  others,  such 
that 

«'  +  c  =  —  y,    y'  =  €  —  a:; 

so  that  these  new  coordinates  x  and  y  must  be  drawn  in  a  con- 
trary direction  from  that  of  x'  and  y',  and  also  be  referred  to 
another  origin.     By  this  change,  equation  (f)  will  become 


«      M 


c  can  be  determined  by  putting 


«  « 


ye^  zz  ye 

and  denoting  their  common  value  by  —  A,  so  that  we  may 
have 

76*'=  —A,     y'e~"c':z  —A. 
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Aft  77'  =  <;'^(/},  tliere  will  ri»ult  hzzf;  and  tbe  ftmaltf 

eqtiaiion  of  the  curve  will  Iwcomi- 

,=  »*(.;-. "'); 

wbich  eviileRtly  coinddM  wilh  the  mcoimI  eqauidB  («)  itf 
has  been  found  for  the  catenary. 

2<j7.  If  the  vertical  fore«  whicb  acts  on  cadi  bImbM^ 
the  thrcni)  mubiwikIcI  at  the  points  a  uiil  c,  (No.  74),  la  fiba 
of  bcin);  [>ro[iortioual  to  the  clcmiml  lU,  waa  proportio«d  I* 
iu  horizontal  projection  tU,  ihc  kooiuI  equaticn  ( b)  wSk  1^ 
come 


rf.T 


■.fU: 


* 


p  being  a  given  constant,  that  denotes  th«  weight  of »  pnK 
tlie  altitudo  of  which  in  the  linear  unit.     From  ihv  6nl 
dun  (b)  which  <lo««  not  undergo  uijr 
have 


in  which  A  denotes  a  line  of  unknown  length,  uid  pk  m  watM 
equivalent  to  the  tension  at  b,  the  lowest  point  of  the  cwrtv. 
From  hence  there  will  result 


and,  consequently. 


rfj" 


.  2Ay  = 


the  origin  of  the  coordinates  x  and  y  being  placed  at  ibr  poat 
H.  In  this  case,  the  curve  is  evidently  m  parabota,  the  vama* 
of  which  is  at  the  lowest  point,  and  the  expreaaton  for  thsMv- 
tion  at  any  jwint  whatever  will  be  (m) 


EQUILIBRIUM  OF  A  FLEXIBLE  THREAD.  469 

By  employing  the  notations  of  No.  295,  we  shall  have,  at  the 
points  A  and  c, 

and  because  A  +  ^^  =  ^9  there  will  result 

• 

by  means  of  which  ^  A,  V,  will  be  known,  when  h  shall  have 
been  determined,  and  the  value  of  this  last  can  be  deduced 
firom  knowing  that  of  /,  the  leng^  of  the  thread.  In  fitct, 
we  shall  have 

ds       1    ^ C     k     ^ 

which,  by  integrating,  g^ves 

If,  for  greater  simplicity,  we  suppose  that  the  two  points  a 
and  c  exist  in  the  same  horizontal  line,  we  shall  have 

6=0,     A  =  A'=ia; 

and  the  preceding  equation  will  be  reduced  to  (n) 

A/=AMog*'^^*'"^*'+*l/*M^; 

from  which,  when  the  numerical  values  of  /  and  k  are  given, 
an  approximate  value  of  A  may  be  deduced  by  trial.  This  un- 
known A  can  be  determined  with  greater  facility,  when  /,  the 
length  of  the  curve,  differs  little  from  a  its  projection;  for  then 
the  value  of  A  will  be  very  g^eat  relatively  to  that  of  a.  In 
this  case,  we  shall  have  in  very  convergent  series 

A'i       A< 

\/A^+  A^n  A  +  ir'^^A^  ■*■  *^' 


log 


A-h  •A^  +  *^-*-i^a,/^o 
h A      *A^^*^' 
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By  means  of  thc«r  values,  ilic  pivceiltng  oqamtioa  heeta 
q.p. 

uad,  consequently. 

.       a}/Ja 


Thi«  example  hiM  been  Miertnl,  bvoauae  il  nuj  b*a 
applied  in  the  constnictioii  of  •UKpeniJoa  bridge*,  in  « 
it  imporUnt  to  t>e  kMc  to  calcalnle  tlw  teaaaa  of  tbe  cl«  ^ 
suspcnidoii,  nnd  iilw  Uil-  pressure  oa  it»  pointe  of  mpport. 

Slid.  If  all  ihe  points  of  the  thraad  an  wnipiiiij  ■■  hi 
txilicited  hj  any  fnrCM  wbatcrcr,  (be  6^ni  whtdi  U  viD  » 
sume  in  consctiuenw  of  the  action  of  these  farcca,  wiU  bf»  ia 
geocml,  a  curve  ofttoubic  curraturc;  the  w|oarinBi  of  a^^ 
brum  of  each  of  its  points  will  be  tlirce  in  aomtwr ;  apd  V  ^ 
tlirvad  be  perfectly  flexibUt,  these  cqnatioM  <mn  be  obai^ 
in  the  manner  which  has  biMHi  explained  bi  datnl  in  N«>.Bi. 
In  thjy  way,  we  obtain 

dx  1 

a.T-j-  +  XUU  =  0, 


J 

X,  s,  z  being  the  rectangular  coordinatea  of  m  any  poial  wfai 
ever  of  the  curve,  ih  the  differential  element  of  its  losfctk.  t 
the  product  of  the  density  of  the  thread  and  of  the  MvtiM 
made  by  a  perpendicuUr  to  the  thread  at  the  poiat  m,  a»  tte 
tds  is  the  vloment  of  the  man  of  the  thread,  T  the  Icwimi  al 
this  same  (wint,  or  the  force,  of  unknown  maputnde,  wUci 
draws  lliis  i-lement  tils  in  the  direction  of  each  of  its  |iii>^ 
tions ;  X,  V,  z  the  forces  referred  to  the  unit  of  aaM,  pafalU 
to  the  oxcftof  J-,  y,  :,  the  coordinate*  of  the  point  M,  wUchrit 
be  given  functions  uf  these  three  coordinate*. 
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In  virtue  of  the  tension  t,  the  element  ds  will  experience 
an  extension,  and  the  quantity  e  a  diminution,  such,  however, 
that  the  mass  tds  remains  the  same ;  consequently,  if  cW  and 
('  denote  what  these  quantities  were  in  the  natural  state  of 
the  thread,  we  shall  have 

eds  =  ffds' ; 

and  if  the  extension  be  proportional  to  the  force  which  pro- 
duces it,  (No.  288),  we  shall,  at  the  same  time,  have 

&  =  (1  +wT)ds' ; 

fti  bebg  a  very  small  coefficient,  depending  on  the  material  and 
thickness  of  the  thread  at  the  point  M.  When  the  thread  is 
homogeneous,  and  of  a  uniform  thickness  throughout  its  en- 
tire length,  f'  and  tu  will  be  constant  quantities;  but,  in 
general,  these  two  quantities  may  be  considered  as  given 
functions  of  the  arc  ^,  reckoned  from  a  determinate  point  of 
the  thread,  and  terminating  at  the  point  m. 

299.  If  the  thread,  whatever  be  its  nature,  is  only  acted 
on  by  gravity,  and  suspended  vertically  at  a  fixed  point  a,  the 
two  last  equations  (1)  will  disappear,  and  the  third  will  be 
reduced  to 

rfx  +  gidx  zz  0, 

the  axis  of  the  ordinate  x  being  supposed  to  be  vertical,  and 
to  act  in  the  direction  of  ^  which  denotes  the  force  of  gravity. 
If  the  origin  of  the  ordinates  x  be  placed  at  a,  and  if  q  de- 
notes the  value  of  t  when  x  iz  0,  that  is  to  say,  the  load 
which  it  will  have  to  support,  we  shall  have  for  m  any  point 
whatever, 

T  =  Q  —  gl^dx, 

in  which  the  integral  vanishes  at  the  same  time  as  x. 

If  to  B,  the  lower  extremity  of  the  thread,  a  weight  p  is 
attached,  and  if  /  denotes  the  length  of  ab,  it  is  evident  that 
the  tension  at  the  point  b  will  be  equal  to  p ;  consequently, 


! 
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vre  ■IiaU  have  nt  the  samv  timir^  x  =  /,  and  T  =  r.  by  ■■*  ' 
of  which  we  obtain 

and,  consequently. 

Bat  as  the  Mcond  and  third  terau  of  tht*  fomtUa 
dantly  tlic  weight  of  the  entire  thread  and  of  its  part  ut,  & 
fbllowi  that  the  tcniion  at  tiny  point  ftucb  aa  m,  is  eqial  to  ikt 
weight  of  the  part  BM,  increaMd  hy  the  wdgbt  r ;  «Ui^» 
deed  i«  cvitleiit  of  itnclf. 

The  law  of  the  rxl^msiltility  of  the  tiiread  tbiBinh— 1  i* 
entire  It-nj^h,  depends  on  the  nature  of  the  naaeiial  of  wUA 
it  ifi  com[to«c<l  and  on  iXx  thickneat.  If^  for  mtmptg,  it  «■ 
bomogvneou*,  and  of  the  aame  thickness  thiougbaw,  dw*- 
efficient  i»  would  be  constant,  and  if  we  denote  U»  kifA  ^ 
die  part  AM  before  tho  thread  is  strrtchi-d  hy  x',  wUeh  k«pl 
becomes  x  by  the  effect  of  the  tenuon,  and  if,  in  conttgatma, 
dx'  and  dx  be  substituted  for  da'  and  dt,  in  equation  (SK  «t 
shall  have 

dx  =  {\  +wT)<ir'. 

Likewise,  if  /'  be  the  entire  length  of  thrend  be<b«e  ii  m 
stretched,  and  p  its  entire  weight,  the  weight  of  the  pan  aa 

will  be  ^  ■  ~ — -,  and  the  value  of  the  tennon  at  the  poiM  ■ 
will  be 

By  substituting  this  expression  forr  in  the  preceding  eqaattoa. 
and  then  integrating,  we  shall  obtain,  because  x*  s  0,  <  =  *> 
at  the  point  a,  (p) 

X  -  I*  =  ».p*'  +  g^ -', 


\ 
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which  is,  therefore,  the  quantity  by  which  the  length  of  the 
part  AM  is  increased.  The  entire  increase  of  length  will  be 
obtained  by  making  vfzz.  l\  a/:z,  2,  this  gives 

from  which  it  appears,  that  if,  in  calculating  the  increase  of 
length  of  the  thread,  its  own  weight  is  taken  into  account, 
half  of  this  weight  must  be  added  to  that  which  is  attached  to 
its  inferior  extremity. 

300.  In  the  general  case,  if,  after  having  multiplied  equa- 
tions (U>  ^y  "jT*  "^j  77r>  respectively,  they  be  then  added  to- 
gether, there  will  result(9) 

rfr  +  €  {xdx  +  Ydy  +  zdz)  =  0,  (8) 

because 

If  the  thread  be  homogeneous  and  of  a  uniform  thickness, 
and  if  the  small  dilatation  of  its  parts  be  neglected,  the  quan- 
tity c  will  be  constant ;  moreover,  the  formula  xdir  +  Ydy  +  zdz 
is,  in  general,  an  exact  differential  of  a  function  of  the  three 
variables  x,  y^  z,  considered  as  independent,  therefore,  by 
making 

ndx  -I-  Ydy  -f-  zdz  =  -^  d.^ipc^y^ «), 
we  shall  have 

rfr  =  €rf .  ^  (x,  y,  z\ 
and,  consequently, 

T  =  €^  (x,  y,  z\ 

in  which,  the  constant  arbitrary  that  is  introduced  by  the  inte- 
gration, is  supposed  to  be  comprised  in  the  function  ^.  This 
constant  will  disappear  in  the  expression  for  the  difference  of 
the  values  of  t  relative  to  two  points  of  the  thread ;  it  follows 

3p 
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thmfciri:,  that  it  u>  iiui  nonaxary  In 
whicli  thft  thread  assumos  iii  (he  nUHv  of  K|uUibriaai,  m  aar 
to  know  the  iocremeDt  of  the  UMuuiin  from  chip  paix  * 
nnolhcr;  ho  ihni  the  tcnNoii  will  be  known  tliiijiinhui  ife 
entire  length  ofihc  cuttp,  if  it  be  known  in  anv  aar  Jri»- 
miiinte  point  ofit.  The  eurro  wUiA  tbe  tbnMd  am^am  d 
be  dctcrtaincd  by  two  of  the  three  eqojitioBi  (1).  or  h  af 
two  ctimbinatioR^  of  tlieiw  itirce  r«]iuitiofim>  in  wludt  the  ^ 
ceding  value  nfr  Hliould  be  itub«tilute<l ;  m>  thai  bt  ftttidl 
will  be  necewinr)'  Id  inii-frtale  the  syslen  of  two  ^tmatd 
equiitioti«  of  tha  xecoixi  order,  ui  order  to  Wrs  Ike  flfMi* 
of  til  is  curve. 

lla  radiut  of  eorvalon  at  M,  any  ftolnt  wfaaivw,  wfl  fc 
obtaiued  by  means  nf  the  fiillnwinn  difcivntial  feraula,  vliA 
does  not  surpass  thi'  first  order,  nnd  in  wbkfa  h  M  onh  m^^^ 
that  the  dirvetiiNi  of  the  tangent  at  thb  potat  ■ 

Equations  (1)  may  bo  replacMl  by  the 


,^. 


da,     dx      dx  ,     d£  _ 

da    '    da       da    '    dM~ 


t(\dy  —  T«£*), 


i{tdx~xds\ 


djt  .    dx      dz  ,     du        ,     . 
da        da       da        dn         ^ 


»*)i 


which,  by  perforaiinf^  tlic  diffcnmluitioDs,  and 
arc  for  tbe  tude^wndent  variable,  arc  the  nme  aa(r) 

(irrf*y  —  (/yi/*jc  =  (xi/|f  —  rdi) , 


d^x  -  dWi  =  (wir  - 
ili/tPg  —  dul^  =  (rd:  - 


Now,  if  the  radius  of  curvature  at  tbe  point  M  bt  imi»i 
hyp,  we  have  (No.  16) 
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^  ""  (dx(Py  -  dyd'xy+  (dzd'x  -  dx(p2f+  (dyd^z  -  dzdhff' 

which  by  means  of  the  preceding  equations,  and  by  substituting 
the  value  t,  becomes 

^"{xdy^YdxY+izdX'-yidzf^iYdz^zdyy    ^  ' 

In  the  case  of  the  catenary, 

X  =  0,     Y  =  -  gr,     z  =  0,     ^  =  sy> 

the  axes  and  origin  of  the  coordinates  being  assumed  to  be  the 
same  as  in  equations  (c)  of  No.  294.  We  shall  therefore  have 

ds 

which  it  is  easy  to  verify,  by  means  of  these  equations. 

301.  Let  these  formulae  be  applied  to  the  case  of  a  string 
stretched  on  the  surface  of  a  solid  body,  and,  for  greater  sim- 
plicity, let  it  be  assumed  that  it  is  not  subjected  to  the  action  of 
any  given  force,  so  that  the  only  force  which  acts  on  its  dif- 
ferent points  is  the  unknown  resistance  of  the  solid  on  which 
it  is  stretched. 

Let  juds  be  the  magnitude  of  this  force  applied  to  ids  the 
element  of  the  thread  at  any  one  of  its  points  m,  its  three  com- 
ponents will  be  X€C&,  Yids^  zeds ;  its  direction  will  be  normal 
to  the  surface  of  the  solid,  and  directed  from  without  inwards. 
The  pressure  on  the  part  of  the  solid  corresponding  to  dSf 
will  be  equal  and  contrary  to  this  force  sdsj  so  that  n  will 
express  the  measure  of  the  pressure  referred  to  the  unit  of 
length.  If  X,  /i,  V,  denote  the  angles  which  the  exterior  part 
of  the  normal  at  m  makes  with  lines  drawn  through  this  point, 
parallel  to  the  axes  of  x,  y,  z,  we  shall  have 

f  X  =  N  cos  X,       €Y  =  N  COS/i,       CZ  Z=  N  COS  v. 

Moreover,  if  l  =:  0,  is  the  equation  of  the  surface  of  the  solid, 
and  if,  for  the  sake  of  abridging,  we  make 
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(dL*      di.*      tlL*\- » 


we  akmil  Ukcwbe  bare  (  No.  2 1 ) 

dL  di.  A. 

dx  '^        d^  dz 

a  suitable  stf^  being  gircn  to  *.     Thb  being  •«.  «« 

bave(<) 

xdi  +  Ydif  +  3u/;  =  NvrfL  =  0  ; 

in  consequence  of  vhich,  tbu  nUue  of  &t  funmbed  bj  «^ 
(3)  will  be  c}-pb«r.  Ucncv,  wbaicvM'  btf  theform  of  tiMMeJ 
body,  the  tvnsitin  will  be  (be  uinc  tbrnugbnat  Uk  enlinr  la^ 
of  tbc  thread.  Li't  ju  value  be  Mippow>d  to  bo  gireo,  muk  V  h 
represeotet)  by  k,  tlirn  if  the  threail  a  allai:bed  at  on*  a(  in  » 
tremiU«A  to  a  point  of  tbe  body,  and  if,  at  ita  otiMr  iii[»«i» 
tbere  be  BUs{ieDde<l  vertically  a  wi^ht  aoch  aa  p,  (Imc  k^*- 
sidemble  relatively  to  that  of  the  tluead*  which  nay,  iknfck 
be  neglected,  itib  wnght  will  be  ibe  temion  k  and  ih*  ^&mKi 
whU-Ii  ibo  tixi'tl  point  uill  i'lperit^aci:.  If  (Im?  tbtv^  a  Bw 
at  its  two  extremities,  and  if  cnnndetable  wwii^hla  wk  w^ 
pctidi^l  from  them,  tbcy  will  cxpnr«&  the  catrvnio  Icbmm; 
conse()uenUy,  tliey  must  be  i-iiitol,  and  each  of  thnw  wil  W 
tbe  tvn«ion  h.  Mnally,  if  tbv  two  pxtivaiitJM  an  wmmmd 
fixed,  itM  tvnfiun  k  will  be  deduocd  from  ita  rxtvnaaa,  ^MA 
will  b«  constant  tbrouKlioui  itH  entin  length, 

302.   If  A',  ft',  f',  denote  the  aiiKtra  which  tbe  Mif^^» 
Jot  Il>  ibf  osL-ulatur >'  filaue  at  tbe  point  m,  makes  with  pw^H* 
to  the  Bxce  of  X,  g,  z,  then  the  radius  of  curvatorc  at  thM  (mm 
being  />,  we  shall  have  (No.  19) 
dxd'y  —  djtd'x 

— dP —  =  (■■»•.. 

d^J-x  -  dxd's 


if 


=  pcoaA-. 


EQUILIBRIUM  OF  A  FLEXIBLE  THREAD.  477 

If,  therefore,  equations  (4)  be  multiplied  by  cos  v,  cos  /i, 
cos  X,  respectively,  and  then  added  together,  there  will  re- 
sult, by  taking  into  account  the  values  of  x,  y,  z,  in  the  case 
which  we  are  considering(^), 

cos vcosv^+  cos fi cos ^*  +  cos\ cmX* zz  0; 

consequently,  the  normals  to  the  surface  of  the  solid  body  and 
to  the  osculating  plane  of  the  curve  formed  by  the  thread  at 
each  point  m,  are  perpendicular  the  one  to  the  other ;  this 
we  have  proved  to  be  the  characteristic  property  of  the  line, 
the  length  of  which  is  a  minimum  or  maximum  on  a  given 
surface  (No.  161).  It  foUows,  therefore,  that  a  thread 
stretched  on  a  solid  body,  traces,  in  general,  the  shortest  dis- 
tance from  one  point  to  another  on  the  surface.  Strictly 
speaking,  it  is  possible  that  this  distance  may  be,  on  the  con- 
trary, a  maximum.  Thus,  for  example,  two  given  points  on 
a  sphere  are  the  common  extremities  to  two  arcs  of  great 
circles,  of  which  one  is  the  shortest  distance  between  these 
points,  and  the  other  the  plane  curve  which  is  the  longest ; 
now,  it  is  evident,  that  the  equilibrium  of  the  stretched 
thread  will  be  rigorously  possible  on  these  two  arcs  of  the 
circle,  since  if  it  be  placed  on  one  of  them,  there  is  no  reason 
why  it  should  deviate  from  it  to  the  one  side  rather  than  to 
the  other ;  but  on  the  small  arc  the  equilibrium  will  be  stable j 
and  on  the  g^eat  only  instantaneous,  so  that,  physically^  it 
cannot  subsist  except  by  means  of  the  friction  of  the  thread 
against  the  solid  body. 

Likewise,  if  the  values  of  €X,  cy,  cz,  of  the  preceding  num- 
ber, be  substituted  in  formula  (5),  we  shall  have 

Kdy       .       dx         V      (^  ^^       xV 

^eosX-^cosMJ+l^cosv-^cosAJ 

(dz  dy         y-l      A 

because  up  (d-,  y^  z)  •=,  k.     We  have  at  the  same  time 
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a«+a?  +  s?-'' 

CM  >*  +  WM  ;i'  4-  w*  V*  =  I : 

and,  as  the  notrnal  to  the  mrficL'  of  the  body,  «iid  Ui 
to  the  carve  of  the  thread,  at  each  punt  m,  w 
the  ono  to  the  other,  nc  haro  aUo 

^CO«X  +  ^CO.^  +  ^e«.  =  0; 

but,  it  is  ca»y  to  tAxcv  by  mean*  of  theac  thrue  1^  c^atfMA.   ' 
that  the  cocfEcient  of  N  in  the  prcoeding  rrpfr  laiiiii  m  wi^ 
hciice  we  havi'  6iinply(ir] 


from  whicli  it  u  evident,  that  tbe  pmaore,  wfciraJ  la  th*  wk 
oflength,  exerted  hy  a  thread  atrelchcd  on  tJie  wiifaa  rfi 
•olid  body,  is,  at  eaiA  ptiint  uf  tbe  enrrc,  wjual  la  tke  IM^ 

.iivM.a  l>y  Iho  nuliu*  of  c-iirt  uliir.-  of  lb.-  tlin-a.).  iFiiii  i«  t^  «». 
by  the  radius  of  the  section  which  u  normal  to  tbe  svAen 
Bod  to  the  tangent  to  the  curve  which  tbe  thread  aaauaea. 

303.  These  resulte  will  be  modified  by  tbe  frictioii  (^  tht 
thread  against  the  surbce  of  the  body  on  which  it  ta  AtrHcM. 
In  order  to  show  bow  this  force  should  be  taken  into 
in  the  equilibrium  of  a  flexible  thread,  we  proceed  to 
the  equilibrium  of  a  cord  abucd  (fi|(.  76),  whose  pan  aitc  m 
applied  to  ilie  throut  of  a  fixed  pulley,  and  which  i«  dran  la 
tbe  directions  of  ba  and  cd,  the  productions  of  this  pan,  b« 
given  forces.  Let  the  pulley  and  the  line  ab  be  sappoard  » 
be  vertical,  and  let  the  force  acting  in  thedirvcUon  of  at  br 
represented  by  the  weight  A,  and  that  in  tbe  direclioa  of  c  i>  bi 
r,  it  is  evident  that  k  and  F  denote  the  lenai<HM  at  the  poiaa 
aandc,  in  the  directions  of  the  tangenU  BAandco.  If,  iaft* 
manner,  in  order  to  simplify  the  question,  tbe  pulley  ts 
to  be  circular,  its  radius  to  be  denoted  by  r,  aikd  ik* 


\ 
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Oy  to  be  the  origin  of  the  coordinates;  the  axis  of  z  will  be  per- 
pendicular to  the  pulley,  the  axis  of  y  vertical  and  directed  up- 
wards, and  the  axis  of  x  horizontal  and  passing  through  the 
point  B.  Finally,  let  c  be  the  origin  of  the  arc«,  terminating 
at  M,  any  point  of  the  cord,  so  that  cm  =z  s. 

This  being  premised,  if  there  is  no  friction,  it  is  necessary 
that  in  the  case  of  equilibrium  we  should  have  A  =:  f,  but,  in 
consequence  of  the  friction,  the  equilibrium  may  subsist  as 
long  as  the  difference  between  these  two  forces  k  and  f  does 
not  pass  a  certain  limit.  Let  us  suppose,  therefore,  that  the 
equilibrium  is  on  the  point  of  giving  way  in  the  direction  of 
the  weight  A,  this  implies  that  A:>f.  At  this  instant,  the 
friction  of  the  cord  against  the  pulley,  which  has  place  at  any 
point  M,  will  act  in  the  direction  of  the  part  mh  of  the  tan- 
gent at  this  point.  If  its  intensity  be  denoted  by  /u,  and  if, 
as  before,  the  normal  resistance  which  has  place  at  the  point 
M  in  the  direction  of  m^o,  the  production  of  mo,  be  denoted 
by  N,  then  fids  and  vds  will  be  the  tangential  and  normal 
forces  which  act  on  c(29,  the  element  of  the  cord  terminating 
at  the  point  m,  and  fi  and  n  represent  these  forces,  referred  to 
the  unit  of  length.  If  through  this  point  m,  mx*  and  My'  be 
drawn  parallel  to  the  axes  ox  and  oy,  we  shall  have 

cos  x'MH  ZI  -y      CO&ffUB  =  -, 

c  ^  c 

X  »        V 

COS  x'mo'  =  -,     COS  y^Mo'  =  - : 
c  ^  c 

hence  we  infer, 

CA..  —    — ,        tm    —  —  -f  —  , 

C  C  C  C 

for  the  values  of  cx  and  cy,  which  should  be  substituted  in 
equations  (1).  The  force  cz  will  be  evidently  equal  to  cypher ; 
the  third  equation  (1)  will  disappear,  and  the  two  first  will 
become 


■ICtO  KQt'lMnRICU  QT  •   FLKXIULK  TBKIAD. 

(foe  c 

Ah  the  point  M  belongs  to  tlw  drcamfervncr  of  the  pdif 
wc  have 

by  roean^ of  wtiicli  tfacIvopTecedingcqiatiaos  nar  htAm^ 

into  the  foUowing(ti) 


dr.     dx  ,  ilif  .     nfjr      u..  ,, 


But  )  (yd>  —  xi/ji)  is  the  differential  of  th«  i 
by  the  mdios  o»  rcckonin|;  front  a  fixed  line  (yia.  15S), » 
for  example.     Thi«  aector  being  drctdai'  and 
the  are  n,  it«  value  will  be  Je«;  hence  we  have 

yds  ~  xdjf  zL  edt. 

Moreover,  we  have  UkewiM 


"A- 


^J.?^^^ 


dP"^^""     dt"'dM 
thia  reduces  equations  (6)  to(x), 

T  =  cN,     rfr  r:  pd« 


+  ^."'•^.=  0; 


hence  we  obtain 


cdN  : 


Aa  the  pressure  at  the  point  H,  on  the  throkt  of  the  p^iWr. 
is  oqual  and  contrary  to  the  force  N,  if  the  fiietioa  be  P(«fM' 
tional  to  the  pressure  (No.  369)t  we  shall  hare 
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f  being  a  coefficient  which  will  depend  on  the  nature  of  the 
8ur&ces  in  contact.     Consequently,  we  shall  have 

and,  by  int^^ting, 

N  =  Aes 

A  being  a  constant  arbitrary,  and  e  the  base  of  the  Naperian 
system  of  logarithms.    We  shall  also  have  at  the  same  time, 

At  the  point  c,  «  =  0  and  t  =  f,  hence  we  have 

F 

and  denoting  the  leng^  of  the  arc  cub  by  /,  we  shall  have 
«  =  /  and  T  =  A,  at  its  other  extremity  b.  Therefore,  we 
shall  have  finally  at  m,  any  point  whatever, 

c  c 

and  moreover,  the  equation  of  equilibrium  will  be 

/I 
k  =  Fe«. 

Denoting  the  total  friction  through  the  entire  length  of 
cmb  by  F^,  we  shall  have 

CI  i} 

F'  =  J^fiA  =  F(ee-l), 

and  the  equation  of  equilibrium  may  be  written  thus, 

A  =  f4.f'. 
By  assuming 

6^'-l=A 
we  shall  have 

3q 
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from  nhich  it  a])pean,  that  llie  total  friclkm  r*  is  M 
least  of  the  twa  fDrcr»  A  nnd  V,  niulii|>[ie<ct  by  •  oMfldHl/. 
nliich  varit-s  not  only  with  tlic  quantity^  but  «laa  wkk  L  it 
rxtcnt  of  the  surfocr  in  rotitoct,  itii<l  c  tbp  nKliiu  of  the  p^p*- 
Tbc  differcnco  of  the  foreca  A  out)  r,  at  tb«^  tnstant  tW  (^ 
liVtrium  givc«  wny,  will  mxke  known  ttw  vitluc  of  r',  ud  Am 
ratio, dlmioHWl  by  unity,  vrillb«tltcTa)ii«joftWe(HAGiatf/> 
from  whicli  it  is  ea»y  to  deduce  that  of/".  Vrluai  w  \»m  *a^ 
as  well  OS  k,  we  ahould,  for  |^at«r  acrttrmcy,  incloileal^ 
lonu;ing  to  ihcso  weights,  tlwM  of  Ba  anil  cd,  tbe  v^tili 
parts  of  the  Htring. 

304.  It  ifteasy,  byneaDftofthvdimr  MiaatiiHia(I).  to^M 
that  the  six  genoral  equations  »r<K]iiilihritim  (No.  XI)  abM 
in  tlic  case  of  n  prriirctly  flpxihU  ituvml. 

For  thin  purpu«r,  let  K  and  k'  bo  the  two  exUcBUis  d 
the  tbraul,  BDd  /  its  limglhi  nl»<i  let  the  origin  of  ilwaroht 
li:ie<l  at  the  |M)[nt  K.  By  intcgiatinK  the  fint  ■■  ■!■■  rf 
equation*  (I)  fn'in  thv  point  k  tiitlie  point  it',  we  shall  h«* 

ibu  quantities  comprised  within  the  crotchets  refcf  to  tW 
point  K,  and  those  which  arc  contained  within  the  p«rrathcw% 
to  the  point  k'.  Besides  the  forces  x,  r,  z,  which  act  throac^ 
the  entire  length  of  the  thread,  particnlar  forces  ffin*>  i>>  **C- 
nitude  and  direction,  may  l>c  supposet)  to  be  applicsl  at  il«  i** 
extremities;  lot  A  be  that  which  acts  at  the  [mint  Kt  Mid*,  p.  >. 
the  angles  which  its  direction  makes  with  lines  drawn  thmvefc 
this  point,  parallel  to  the  axes  uf  r,  j/,  :;  and  let  k',  •',  fi  •  i 
be  the  corresponding  quantities  rvlalively  to  the  pdint  i- 
These  forces  k  and  k'  will  be  the  extreme  tciMaona,  u  wtf^ 
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tude  and  direction ;  and  as  their  directions  must  coincide  with 
parts  of  the  tangents  to  the  curve,  which  the  rod  assumes  at 
K  and  K^,  we  shall  have 


(7) 


(8) 


C''  di\  =-*«<»«,[Tf  ]  =  -Ac08/3,  [t  J]=-ftC0By, 

(Tg)  =  *'co8«',  (t^)  =  A'co9/3',  (T'^)=A'co8y ; 

consequently,  the  preceding  equations  will  become 
A  cos  a  +  A'  cos  a'  -4-  \  ^  xccfa  s  0, 

*C08/3  +  *' cos/3'  +  \o  YCC&  =  0, 

kco%y  +  k'  cos-y'  +  \    zecb  =  0  ; 

and  it  is  evident,  that  they  express  the  conditions  of  equilibrium 
contained  in  the  three  first  equations  (1)  of  No.  261.  As  the 
following  equations 

J      dy  J     dx        ,       (  dy         dx\ 

.      dx  .      dz        .       f  dx         dz\ 

zd. T-^z xd.T-p  zzd.TXz-s «-r)» 

ds  ds  \  ds         dsJ 

J      dz  J,      dy       J       f  dz         dy\ 

yd.T^   -zd.T^  =  d.T[p^-z^), 

are  evidently  identical;  by  equations  (1)  of  No.  298  we  shall 
have 

d .r(x £--y  ri^^  +  (XY  --yx)^  z:  0, 
rf.xfz— —  ar^J  +  (ziL  — a;z)fdf  =  0, 

d.T{y^^z^£)-^(t,z^zY)^z:0. 
Hence,  if  the  first  members  of  these  respective  equations  be 


484  EQl-tLtBRtUM  DP  A  rMXIILS  TUAKAO. 

integrated  from  Oic  point  k  to  ibv  point  k',  and  if  «,  At  r  ^ 
note  thu  values  of  x,  y, :,  R-lative  to  K,  and  a*.  A^,  e'.  t^ 
which  refer  tu  k',  wo  shall  obtua  by  f^f^tm  of  i  iiinljiwi  (7]^ 


it(reo9a— ao(»y)+t'(<:'co«a'— a'c<»y^+ \  (((sx — . 

*{tcosy-cc(»0)+*'(A'c<»7  '-^'coi^O+Jotr*  -  *T  M«=*. 

theso  cxprcM  the  conditioas  of  cquilibfiiUB  relatifw  •  4r 
moments  of  the  f^Ttm  forces,  which  biv  niDtaiiwd  in  tJw  <^mt 
lax  equations  (I)  of  No.  2G1. 

305.  Eqaatiaiu  (8)  and  (9)  mil,  in  ^nwnO,  enable  m  » 
tlotenniiie  the  coordinates  a,  fr,  c,  a',  l/,  c",  of  the  two  cnn^ 
point«K  and  k';  Devcrthelcas,  there  are  oum  in  whtd  a^m^ 
tbcac  (juantities  mast  tchuud  tDdeterminate.  It,  for  eamfK 
the  gWea  forcei  wUcfa  act  on  th«  tbrMd  are  tin  fccvv  af f»' 
vity  and  other  forces  that  are  inilepcmlFnlof  tbr 
of  their  points  of  iq^Ucadon,  it  is  evident  that  the 
position  of  the  thread  in  space  cannot  be  detenniiked, 
three  coordinates  of  one  of  the  points  x  and  k'  may  be  ■M' 
trarily  selected.  Equations  (9)  will  determine  the  three  emm- 
dinates  of  the  other  point ;  and,  in  order  that  the  e^uiliboi 
may  be  possible,  it  is  necessary  that  the  giren  faroes  ahoali 
satisfy  equations  (B).  If  one  of  the  points  b  and  k'  be  txcd. 
the  first,  for  instance,  equations  (8)  and  (9)  will  stiU  nbls«, 
provided  that  the  force  A  is  conudered  to  be  onknowv,  ta  wa^ 
nitude  and  direction,  and  as  representing  the  ptvaswe  vbkb 
the  point  K  will  hare  to  sustun.  In  this  cnae,  the  valacs  «f 
a,  6,  c  will  be  given ;  equations  (9)  will  detcrwne  thoar  <tf 
a*,  A',  c',  and  equations  (8)  will  make  known  the  thrM  ceaf*> 
nenu  of  the  force  k.  When  the  two  points  k  and  k'  art  txmi 
and  given  in  position,  their  coordinates  are  deterwaed.  mi 
equations  (B)  and  (9)  will  enable  us  to  determine  k  aad  i',  tW 
pressures  exerted  on  k  and  a',  in  magnitude  and  iBiactina 


\ 
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In  all  cases,  whether  the  coordinates  of  k  and  k'  are  ^ven, 
or  whether  they  have  been  deduced  from  equations  (8)  and 
(9),  the  curve  formed  by  the  thread  must  pass  through  these 
two  points ;  this  will  enable  us  to  determine  the  four  constant 
arbitraries  which  the  complete  integrals  of  these  two  diffe* 
rential  equations  of  the  second  order  contain.  With  respect 
to  the  constant  arbitrary  which  the  function  ^  of  No.  300 
contains,  its  value  can  be  obtained  from  the  given  length  of 
the  thread,  that  is  to  say,  from  the  equation 


ry 


in  which  y  and  z  are  r^;arded  as  fimctions  of  x.     By  this 
means,  the  problem  will  be  completely  solved. 

III.  Equilibrium  of  an  Elastic  Rod. 

306.  By  this  term  we  understand  a  straight  or  curved  rod, 
the  figure  of  which  cannot  be  changed,  without  applying  one  or 
more  forces  to  it,  while  at  the  same  time  it  resumes  its  natural 
form  when  these  forces  cease  to  act ;  on  the  contrary,  a  i^r^ 
(ectXy  flexible  thread  retains,  without  the  aid  of  any  force,  the 
curvature  which  it  has  been  made  to  assume,  and  b  elastic 
only  in  the  direction  of  its  length.  In  order  that  a  rod  may 
be  elastic  with  respect  to  its  flexion,  the  material  of  which  it 
is  composed  should  be  very  little  extensible  and  contractible ; 
but  this  is  not  solely  sufficient ;  it  b  likewise  necessary,  that 
the  dimensions  of  its  thickness,  although  very  small  relar 
tively  to  its  length,  should  nevertheless  be  of  a  determinate 
magnitude;  for,  of  whatever  material  the  rod  consists,  its 
thickness  may  be  always  so  diminished,  as  that  it  cannot  have 
any  sensible  tendency  to  resume  the  figure  firom  which  it  has 
been  deflected,  by  which  means  it  may  be  reduced  to  the  state 
of  a  perfectly  flexible  thread. 
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Wticn  an  clastic  riul  U  il^fii-eteil  tram  iu 
^vcn  forces,  imicIi  of  tlic  loflKiiadinal  fihmgMte  of  vtiAk 
GODsisttt  KUiy  cxpcri«ic«  thnw  diffctvnl  cffticU;  caeb  p«t|1i» 
lcn|;th  of  wtiicli  may  be  lu  imall  as  wv  plesse)  nar  W  ^ 
tnrtcil  or  dilntcd,  iU  lutlural  curraturtr  may  be  a«h«  » 
OT-aited  or  diminUht.'d,  and  tliis  put  may  har» 
ittutit.  The  U^ndency  of  isub  part  to  rcnnne  ii 
d«pcnd«  on  tb«  mutual  attnctiont  lutd  rcpuloMHM  wUdi  •!■• 
bcttreen  tlie  tnolcculea  of  nil  bodiM,  and  which  mxttmi  mij  b 
insensible  distaiicet.  It  i*  the  [intt-incr  rf  mithf —riiriffcr 
sics  to  compute  the  total  effect  of  nil  the  forcoa  which  t^d 
from  tbcin,  and  which  must  conslitau?  an  «]ulllbri«ai  viAdt 
given  forces.  Fur  information  un  tlds  salijeM,  the  nmim  a 
referred  to  a  memoir  by  tfa«  autliur  on  the  E^fmUArmm  art 
Motion  nfFJtulir  BoditM,  wUeb  It  bucrtad  in  the 
de  CJcadimit  des  Seienet*,  imim  nS.  In  the 
the  cquatiooa  of  the  eqiiilibliam  of  an  eUatic  nd  «tt  W 
formed,  by  setting  out  from  nicb  «e«on4lanr  principtw  as  ■> 
genfrally  luimittod. 

l)y  an  eltutie  ptate  U  uodentood  a  rectangular  paaU^ 
pi|>e(l  of  small  thickncM,  which  a  bent  in  the  ditectiaa  af  to 
Ji.'jjglJ),  so  llial  it  is  aJwaya  comprised  bctwwn  two  cj'Sa^s^ 
surfaces,  whose  heights  are  equal  to  its  breadth.  TUi  A- 
mension  may  be  of  any  magnitude  wbaterer ;  by  dtrifiar  ii 
by  planes  very  near  to  each  other,  and  perpeodicvlar  la  in 
direction,  the  plate  will  be  distributed  into  rectangular  ehiat 
rods.  James  Dcmouiti  was  the  fint  who  HrtmaifJ  iht 
figure  of  an  elastic  plate  in  equilibrio,  from  rnniiili  iHiiiai  lh« 
we  proceed  to  dcvelope,  and  by  means  of  which  we  shall  tha 
be  enabled  to  solve  the  problem  completely,  in  the  case  of  aa* 
clastic  ro<l  whatever. 

3U7.   Let  us  consider  an  ehistic  plate  made  hst  at  oa*  « 
itd  extremities,  that  \*  to  say,  fixed  in  such 
of  the  two  small  rectangles  which  terminate  it 
to  its  length,  cannot  be  moved  in  anydirectioa.  If  it 
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to  be  bent  in  the  direction  of  its  length  by  means  of  a  force 
applied  to  its  other  extremity,  and  which  is  the  only  one  that 
acts  on  the  plate,  in  order  that  the  plane  may  assume  a  cylin- 
drical form,  as  has  been  stated,  it  must  be  terminated  at  its 
free  extremity  by  an  inflexible  rectangle,  to  the  middle  of 
which  the  given  force  is  applied  in  a  plane  perpendicular  to 
the  breadth  of  the  plate.  All  the  longitudinal  sections,  that 
is,  those  which  are  perpendicular  to  this  breadth,  will  be 
equal ;  that  which  contains  the  direction  of  the  given  force  is 
represented  by  fig.  77  ;  and  the  curves  ahb  and  a^m'b^  are  sec* 
tions  of  the  two  cylindrical  surfaces  of  the  plate,  which  its  two 
fiices  form  in  its  natural  state.  All  the  points  which,  in  this 
state,  appertain  to  the  common  perpendicular  to  these  two 
fiaces,  are  still  supposed,  after  the  plate  has  been  bent,  to  exist 
on  the  common  normal  to  the  two  cylindrical  surfaces,  which, 
in  fiu^t,  agrees  with  what  has  been  observed  to  take  place  in 
its  change  of  figure.  Hence  it  follows,  that  if  mm'  is  normal 
to  the  curve  amb,  it  will  be  so  likewise  to  a'm'b',  and  will 
contain  all  those  points  of  the  plate,  which,  previously  to  the 
bending  of  the  plate,  existed  on  a  common  perpendicular  to 
its  two  faces ;  it  appears  also,  that  if  the  plate,  in  its  natural 
state,  is  divided  into  longitudinal  filaments,  and  if  the  curve 
CND  represents  what  one  of  those  filaments  becomes  after  the 
change  of  figure,  it  will  intersect  the  normal  mm'  at  right 
angles  in  n. 

If  m  be  a  point  of  the  curve  amb,  infinitely  near  to  m  ; 
and  if  mnm*  be  drawn  normal  to  the  three  lines  amb,  cnd, 
a'm'b',  and  intersecting  them  in  m,  h,  m\  respectively,  the 
productions  of  mnm'  and  mnm^  will  meet  in  a  point  o,  which 
will  be  the  common  centre  of  curvature  of  these  three  curves. 
Let  p  denote  the  radius  of  curvature  of  the  mean  filament,  that 
is,  of  the  filament  which  is  equally  distant  from  amb  and 
a^m'b',  a  the  part  of  this  filament  contained  between  the  two 
normals  mnm'  and  mnm' ;  u  the  distance  of  any  filament  what- 
ever, such  as  CND,  from  the  mean  filament,  and  a'  the  length 
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of  Nn ;  u  is  to  be  romidcrct)  lu  podtiTo  <w  nrgsdvr,  ..  . 
as  cvT>  exists,  rclucirdy  to  the  mean  filament,  n^ucr  w  a%  < 
the  cotivcxUy  of  the  jilate,  or  on  the  side  of  ib  m^k^' 
a'm'b',  n'o  the  niilius  af  carratiire  ofcjcD  *rUl  b*  tmtim 
p  -f  H,  and  the  infinitely  Hinall  Icn^ln  «'aod  «  wiO  fccMari 
other  la  p  +  u  U>  p,  K>  that  nc  &hiill  have 


In  consequence  of  the  bending  of  tli«  plate,  tlie 
filaments  nnder^  tiinftll  contmetiou  or  dilatations, 
destroy  the  equality  that  pfenoualy  rnstcd  bctwtva  «  md  w- 
If  tlieir  primitive  magnituile  be  denoted  by  -y.  w«  mtnH  W« 

in  which  S  and  S'  ate  ver}-  stsall  fractioiu,  poaitiTe  or  n^miK 
according  as  the  mean  filament  and  tha   filimnni  cs>  m 

len^l)ieni-d  or  contractt^l.     The  fnurtiun  -    ■«   likewiv   »^ 

P 
posed  to  be  very  snudl ;  hence  if  the  product  of  £  aad  -  W 
neglected,  we  shall  have 

«'  =  «+"; 

which  shews  that,  when  the  length  of  the  mean  filament  m  asl 
changed,  the  filaments  situated  on  the  side  of  its  i^rm^iirf 
are  all  lengthened,  and  the  filaments  situated  on  the  sidisfik 
concavity  are  all  contracted,  and  each  proporttoaaUy  to  tkv 
respective  distances  from  the  mean  filament  (a). 

This  being  established,  let  the  form  of  ^^^  of  ike  t«t 
parts  of  the  plate,  which  correspond  to  usm'a'  and  a^'a',  W 
rendered  invariable,  and,  for  the  sake  of  abridging,  trt  jWm  W 
denominated  by  m  and  k.  The  part  b  will  be  immonahk^ 
the  part  a  will  be  drawn  towards  b,  or  repcUcd  from  it,  by  ib* 
tendaoey  of  the  intermediate  part  kwb'm' to  iwoM  iM  HW^ 


i 
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State,  and  become  again  a  section  of  a  constant  thickness  such 
as  7.  The  filament  vn  of  this  slice  will  tend  to  contract  or 
dilate  itself  according  as  it  shall  have  been  lengthened  or  short- 
ened, that  is  to  say,  according  as  the  quantity  S'  will  be  posi- 
tive or  negative.  Consequently,  the  part  k  will  be  drawn  in 
the  first  case,  and  pushed  in  the  second  case,  by  a  force  applied 
to  the  point  n ;  but  as  this  force  arises  from  the  action  of  Nit, 
we  may  suppose  it  to  be  proportional  to  the  quantity  S'  and 
normal  to  mnm\  as  if  this  filament  Nit  was  detached.  By 
adopting  this  hypothesis,  the  force  in  question  referred  to 
the  unit  of  sur&ce,  may  be  represented  by  aS^,  and,  conse- 
quently, the  normal  force  exercised  on  the  transversal  element 
of  the  sur£Eu;e  k,  which  corresponds  to  the  point  it,  may  be 
represented  by  aB^du ;  a  being  a  constant  depending  on  the 
material  of  which  the  plate  consbts,  X  its  breadth,  and  \du 
the  area  of  this  element.  Hence  denoting  the  thickness  of 
the  plate  by  2  c,  and  representing  the  entire  force  which  draws 
or  pushes  k,  according  as  it  is  positive  or  negative,  by  t,  we 
shall  have 


T  =  aX  \  _|  S'rftt ; 


and,  by  substituting  for  S'  its  value, 

T  =  2aXcS. 

Moreover,  if  /lc  be  the  moment  of  the  forces  normal  to  the 
surfiice  of  k,  taken  with  respect  to  a  transversal  axis  equally 
distant  from  the  two  faces  of  the  plate,  we  shall  likewise  have 

fizz  aX\^*S'tirftt; 

and,  consequently  (6), 

2aX€^ 


3p 

Hence  it  appears,  1st,  that  the  force  T,  which  tends  to  con- 
tract or  dilate  any  slice  of  the  plate,  is  proportional  to  the 

3  R 
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poMtive  or  ncgati?o  oxtcniiidii  <if  Uic  mean  filMiaat,  ■■ 
peodunt  of  ite  curvature ;  2ntlly,  that  it*  nomnat  ^  h, 
controry,  independent  of  tlii*  exteonoo,  u»d  is  A*  i 
ratio  of  its  roditis  of  curvatuTc ;  llttUy,  that,  the  matm 
brvadth  of  tlw  i>Ule  Kinaining  the  aaioe,  thp  valw  dth 
pn»]>orlional  to  its  tliickn«6t,  and  that  of  p,  to  th«  caWtf  ife 
dimension. 

When  the  length  of  the 
change,  we  have  £  =  0,  T=.Oi  the  p>nil«I  fbcoca  wlaA^ 
or  putb  a  are  roduocd  to  two,  eqtial  and  ooatntfy,  ha  w 
directly  opposed,  the  nooMiil  of  which,  reUttve  In  the  H» 
venal  axis  perpoadicular  to  (besc  foren,  U  mlwaj9  «s*ri  v^ 
Thit  quantity  ;i  is  what  if  termed  tbo  mommmi  ^timHa^i^ 
each  point,  it  is  proportiooal  to  the  eumtare  of  thspli^* 
to  the  angle  of  contact  of  it«  mean  filaaMot  (c). 

308.  It  is  easy  now  to  obtain  the  cquaticMH  of  the  iq» 
librium  of  this  plate.  In  tJw  fint  pUw,  if  t'  ha  wte  # 
force  T  becomes  at  the  point  m,  it  is  evideot  that  the 
fimati  slice  which  corrv^ponila  (o  uimim'm',  will  bednwaa 
puftbed  oil  oiiu  Hide  by  this  force  t',  and  on  the  oths  If  i 
force  itjual  and  contrary  to  r :  and  since  by  faypothcan,  aofiss 
force  !■  »u])posed to  acton  this  slicv>  we  must  hara  T=^> 
Hence  it  appears  thitt  ihe  force  t  is  constant  thim^^hsM  it 
entire  length  of  the  phite,  and,  i-ODsnjui'/itl^-,  it  ia  fffaaliatW 
given  force  which  acts  at  its  free  extremity,  reaolwd  is  the  ^ 
rection  of  this  length.  In  like  manner,  the  itilitiiiiiH  i  «S 
be  constant,  proportional  to  this  force,  and  pontive  or  iwjtMiM 
according  as  this  force  tends  to  lengthen  or  cootrad  the  lsap> 
tudinal  fihunenu.  It  will  not  influence  the  figure  of  the  pltfr . 
but  by  measuring  it,  it  will  enable  us  to  detenuoc  the  vvat 
of  the  constant  a,  with  reference  to  the  material  of  whick  u« 
plate  consists.  If  we  suppose  that  w  denote*  a  weight  c^wn- 
lent  to  the  force  which  draws  the  plate  in  the  dircctiaa  ti  » 
length,  and  that  w  represents  the  area  of 
tion  of  the  plate,  we  shall  have 
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io  =  2X€,     T  zz  w  zz  aciiSy     a  =  — «:• 

In  order  to  determine  the  figure  of  the  plate,  let  there  be 
drawn  through  the  point  a,  in  the  plane  of  the  mean  filament, 
two  rectangular  axes  ax  and  Ay,  of  which  let  the  first  be  a 
tangent  to  the  curve  amb,  and  drawn  in  the  direction  of  the 
plate  in  its  natural  state,  and  let  the  second  be  directed  firom 
the  side  of  its  concavity.  Let  z  and  y  be  the  coordinates  of 
any  point  of  the  mean  filament,  referred  to  these  two  axes, 
a  and  b  those  of  its  free  extremity,  which  is  supposed  to  be 
the  point  of  application  of  the  given  force  that  retains  the 
plate  in  equilibrio ;  p  and  q  the  components  of  this  force  in 
the  direction  of  the  productions  of  a  and  b.  Let  there  be 
drawn  through  the  point  indicated  by  x  and  y,  an  axis  per- 
pendicular to  the  plane  of  the  figure  to  which  the  moment 
denoted  by  pi  refers,  and  let  there  be  made  a  section  perpen- 
dicular to  the  mean  filament.  In  order  that  the  part  of  the 
plate  contained  between  this  section  and  its  free  extremity 
may  be  in  equilibrio,  it  is  necessary  that  the  sum  of  the  mo- 
ment PL,  and  the  moments  of  p  and  q  with  respect  to  the  same 
axis,  should  be  equal  to  zero,  r^;ard  being  had  to  the  direction 
in  which  the  forces,  of  which  fi  is  the  moment,  and  the  forces 
p  and  Q,  tend  to  make  this  part  of  the  plate  to  turn ;  in  this 
manner  we  shall  have 

fi  +  p(6-y)  — Q(a-  z)  =  0. 

By  assuming  the  abscissa  x  for  the  independent  variable, 
and  observing  that  the  plate  is  convex  towards  the  axis  AXy  we 
shall  have 

in  which  the  radical  is  considered  to  be  positive.  If,  there- 
fore, this  value  be  substituted  in  that  of  fc,  and  the  resulting 
expression,  in  the  preceding  equation,  and  if,  in  order  to  abridge, 
we  make 


4Bt  KqtILIBIIItIN  or  At)   KtAVTlC   BOO. 

ira  Bh&ll  have 

/3g  =  [„(a-.)-,(*-y)](i  +  ^'. 

for  the  cquntion  of  tbo  corrc  formed  by  tb« 
cquililmo. 

lu  inU'gral  will  contaui  two 

uv  cUtermincd  by  tlto  coodiuons  p  =  •  and  ?-  =  1^  lis 
X  =  0,  or,  if  wc  prefer  it,   y  =  0  nod  -^  ^  0,  far  lUl  uto 

of  X,  in  consec^ueDce  of  the  extreme  noalineH  oft.  U  t^<W 
ma<1e  equal  to  a,  and  y  cquxl  (o  A  in  thb  bitegisl.  aa  ■!■■■ 
between  a  and  A  will  bo  obtained,  aad  tkb  rrTmhimj  wilkAifc 
wbieh  is  funinhed  by  the  ginm  leigth  of  the  pteai^  fliM  A> 
two  equations  tbat  aie 
coordinates  a  and  6 ;  and  the  d 
will  be  completely  detcmiDed. 

309.  Iftlte  plate,  iiisloai)  of  lieini^  fist-d,  E*  rntirWy  frw  ■ 
its  extremity  a,  then  in  otAvt  Io  maintain  it  in  cquilibfMt  it  * 
neces«ary  to  apply  to  this  extremity  a  force,  ibe  nMBpoa^ 
of  whieb  are  equal  and  coatrafy  tji  r  and  u ;  by  taldag  Ai 
corresponding  extremity  of  the  mean  filajnent  far  to  psM  ^ 
applicaticin,  it  i«,  moreover,  nceeaaary  that  the  iiiiilii  lit 
and  g  should  pass  through  tlus  point ;  in  order  ikai  this  tkmii 
take  place,  we  must  hare 

oa  =  p  (A  —  0- 
This  equation  will  be  sufficient,  when  the  plate  is  recaiaed  b< 
a  fixed  axis,  passbg;  through  this  extremit)-  of  the  bob  &!»• 
ment,  and  drawn  in  the  direction  of  iu  brawlth.  If  a  ■ 
merely  placed  on  a  pUne  perpendicular  to  iu  leni^tk,  mh»tk 
does  not  prevent  it  from  tunung  about  the  edge  of  one  ci  t» 
two  faces,  it  is  necessary  that  the  friction  of  tlus  edge  mv»< 
the  plane,  or  some  other  force,  should  prcnat  tha  pUl«  6«a 
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sliding.  When  the  plate  is  not  firmly  fixed,  the  direction  of  its 
plane  which  is  a  tangent  to  the  curve  at  the  point  a,  will  not 
be  known ;  if,  however,  the  origin  of  the  coordinates  x  and  y, 
be  placed  at  this  point,  we  shall  still  have  y  =  €9  or  y  s=  0, 
when  X  =  0,  but  we  can  no  longer  take  the  axis  of  x  on  the 
tangent  at  a,  since  its  direction  is  not  known  a  priori.  This 
axis  will  then  be  the  given  direction  of  the  force  p,  and  in  the 

determination  of  the  constant  arbitraries,  the  equation  ^r  =  ^> 

when  X  =  0,  must  be  replaced  by  the  preceding  equation  rela- 
tive to  the  moments  of  the  forces  p  and  q,  which  can  be  re- 
duced to  Qa  =1  p6. 

310.  If  p  be  supposed  equal  to  cypher,  the  plate  will  be 
bent  by  a  force  q  perpendicular  to  its  primitive  direction ; 
which  is,  for  example,  the  case  of  a  horizontal  plate,  one  end 
of  which  is  fixed,  a  given  weight  q  being  attached  to  the 
other. 

If  in  this  case  we  make 

^  =  c«Q ; 

c  being  a  line,  the  given  length  of  which  is  generally  very 
great,  unless  the  weight  Q  is  also  very  considerable,  equa- 
tion (1)  will  become 

dy 
and  by  integrating  it  so  that  we  may  ^  =  0  when  x  =  0,  we 

shall  have 
Hence  we  obtain 


,  (2ax^3p)dx 

dy  =  —  J 


dszz 


2c'dx 


4M 


■outLiBnirH  fir  AN  Rt..t.n-ic  moo. 


ds  bving  the  el«in«iit  of  the  euire.     TlM>«e  fioraob  awb 
exactly  intef^ted  by  meaiw  of  eiliptlo  functioiM;  baiiiiB 
soqiivncv  of  the  ma^ituilc  of  r,  we  bmra  m  ^  m  vor  i 
and  the  value  of  rfy  may  be  rvdocetl  to 

<^  =  IP  (2o«  -  »»)  <fa  ; 
bcDce  we  obtain 

for  the  eqaation  of  the  curve. 

If  the  j>latc  (ItivUtiA  v<>ry  Ultle  from  tbe  horiaoolil 
tion,  the  absciiMi  a  may  be  taken  for  its  length,  wm]  iW  «lfc 
nati-  ft  will  expresB  its  greatest  deviation. 


Sot's  MH*. 
if,  M  before,  we  make  2A=  w,  we  ihi 


il  bava 


when  1=0  and  y  =b.     Hence  it  follow*,  tfaal  tlw  naf 
the  pintc  remaining;  llie  «amo,  tlie  quantity  b,  by  wlucb  'n  «1 
bti  deflected,  will  be  proportional  to  tbe  wri^t  «  Mid  w  ^ 
ciil>c  of  (lie  length  a,  and  in  tbe  inverse  ratio  of  tb*  w^P 
of  ila  thickness  1  and  of  tbe  area  of  w  it*  traiuverwl  nrfJM 
If  for  nm,  its  value  ^,  given  in  No.  SDH*  b*  l^taa^i^ 

mill  if  Adeiiolo  the  total  len^titemngsSofllMa^Mh  Hlfari 
by  a  weight  xd,  we  shall  have 


If  u>  be  supposed  equal  to  q,  it  fellow*  froa  Uii*  tKat  «kn 
tbe  same  weight  g,  applied  to  tbe  free  extreatiy  of  u  rl»ar 
plate,  acU  succeswvely  in  the  diiectioQ  of  iu  lengtb  aad  f»- 
pendicularly  to  iu  length,  the  extenskm  A  uh]  AuiM  i,  «M 


\ 
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are  sapposed  to  be  very  small  in  respect  to  the  leng^  a,  will 
be  as  the  squares  of  the  thickness  and  of  this  length(6). 

311.  Whatever  be  the  nature  of  the  forces  p  and  q,  a  first 
integpral  of  equation  (1)  may  be  always  obtained,  by  reducing 
it  to  the  form  of  equation  (2),  by  the  transformation  of  co^ 
ordinates.  We  shall  restrict  ourselves  to  the  consideration  of 
the  case,  in  which  the  plate  being  pressed  against  a  plane,  and 
not  fixed  in  it,  deviates  little  from  its  natural  form.  This 
will  be,  for  example,  the  case  of  a  spring,  the  lower  extremity 
of  which  is  laid  on  a  horizontal  plane,  its  upper  extremity 
h&ng  at  the  same  time  loaded  with  a  given  weight.  Let  us 
suppose  that  in  bending  under  this  load,  the  spring  deviates 
very  little  from  the  vertical  ab,  and  that  throughout  its  entire 
length,  the  tangent  to  the  curve,  which  it  forms  in  its  state  of 
equilibrium,  makes  a  very  small  angle  with  this  right  line. 
Figure  78  represents  the  different  forms  which  it  can  assume 
in  this  state. 

Let  there  be  taken  for  the  axes  of  x  and  y,  the  vertical  ax 
drawn  in  a  direction  opposite  to  that  of  gpravity,  and  the  hori- 

xontal  line  Ay.  The  quantity  -^  being  very  small  by  hypo- 
thesis, its  square  may  be  n^lected  in  equation  (1) ;  we  shall 
likewise  have  q=  0,  since  the  force  which  acts  at  the  extremity 
B  is  vertical ;  in  virtue  of  the  equation  oa  =  p6  of  No.  309,  it 
follows  that  6  =  0;  and  as  the  weight  p  acts  in  the  direction 
from  B  towards  a,  the  sign  of  this  force  must  be  changed  in 
equation  (I)»  in  which  it  is  supposed  to  act  in  the  contrary  di- 
rection.    This  equation  will  thus  become  simply 

^g  =  -  .V, 

by  making,  in  order  to  abridge, 

/3  =  Jo«^=:pP. 
In  this  equation  m  denotes  the  area  of  the  section  of  the 
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spring  perpenitlciilor  to  iu  length,  t   iu 

the  direction  iii  whicJi  it  bi  bent,  aad  a  •  qaant 

on  tbi.-  taalfrial  of  wliich  it  u  compoaed.      Tlta 

tib«»  arc  tuppowd  to  t*e  constant,  aiul,  cotueqiMalfy.  ti 

litiv  of  a  ooBslant  and  given  lengtli. 

Since  y  =  0,  when  x  =  0,  we  obtain  trtm  tUi  • 

,   .   r>     c/y      s4        w*  I 

y  —  a  sin — ,    -^  —  —  coa  — :  ' 

'  e      IU       c  e 

k  being  a  constant  arbitraiyt  which  miut  be  eitber  Ljpfcii.  ■ 
very  «mall  relatively  to  r. 

Whi-it  A  =  0,  t]ie  spring  will  remain  niaiKlit,  a^  ■ 
length  All  will  be  a  tittle  diminished  by  th«  wei^l  r.  Wta 
this  coefficient  k  doos  not  ranisht  the  vptinif  will  h»t:  ■ 
the  point  R,  wc  sliall  have  x  ~a  and  jr  =  A  :r  0  i  thM^n^i 
ilenoting  any  whole  number,  it  is  necn^uy  we  slioold  kv^/) 


for  the  value  ofa  or  ab.     Samlng  /  tka  length  of  fW  ^ 
we  shall  likewise  have 

icb,  by  neglecdng  the  fi 
its  value  for  a,  beconie9(^) 


from  which  we  obtain 


(II 


Thus  then,  the  coefficient  k  wiU  either  Tasish,  er  he  a- 
presaed  by  this  fonnuht. 

312.  The  foUowin)^  renurkable  conscquencvt  fbUov  btm 
Oat  mult: 


\ 
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l8t.  As  long  as  /  is  less  than  c,  fonnula  (3)  will  be  ima- 
ginary for  every  value  of  the  whole  number  t ;  the  coefficient  k 
cannot  then  be  different  from  cypher,  and  the  ^ring  will  not 
be  bent  by  the  weight  p. 

2ndly.  When  by  increasing  the  length  of  the  spring,  or 
by  diminishing  the  quantity  c,  (which  last  is  effected  by  in- 
creasing the  weight  p,)  /  is  made  to  surpass  c ;  the  value  of 
A,  which  is  different  from  cypher,  and  which  corresponds  to 
t  =1 1,  will  be  real,  and  the  spring  can  be  bent  by  this  weight* 
If/ denotes  a  very  small  fraction,  and  if  we  make 

we  shall  have 

•  =1,    a  =  c,    ks:fa; 

and  the  equation  of  the  curve  of  the  spring  will  be  con- 
sequently 

y  =  fa  %in—^ 

from  which  it  is  evident,  that  it  does  not  intersect  the  curve 
between  the  two  points  a  and  b« 

3rdly.  The  ratio  —  still  continuing  to  increase,  if  it  sur- 
passes 2,  the  value  of  k  which  corresponds  to  t  =  2  will  be 
real,  and  the  spring  can  assume  a  figure  different  frt>m  the 
preceding.  For  iff  denotes  a  very  small  fraction,  and  if  we 
make 

we  shall  have 

t  =  2,     a  =  2c,    k  zzfa ; 


hence  there  will  result^ 


a    ' 


from  which  it  is  evident,  that  in  this  case,  the  curve  will  intersect 

3s 
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the  vertical  ol  thv  miiUKe  iM»uitur\a,  whkli 

4(hly.   Ity  cnntinuinit  in  this  msnoer.  If  HMy  W  fmmi 
(luit  if  /  •iurpnw4.'«  ir  by  n  umall  quantity,  and  H,  ^ 
rcrv  Hmall  fraction,  we  liave 


^•). 


/=iV^I 

we  ran  asvuinv 

a  =  ic,    A  =  fa ; 

l>y  tneoiM  of  which  we  ol>taio 

y=:faW)  — ; 

which  is  the  oqunUon  of  a  4:urvv  tlud  will  intnvKt  &a  Ut0 
number  t  +  1  of  oquidi»Uuit  inhhU,  a  umI  b  hciaf[  mtairi 
in  this  nuiatior(7i). 

When  /  surpaaw«  a  multijile  of  r,  bj  a  quanlilj  wiUki 
not  rery  mtall,  the  valttu  at  k,  liinu>beif  by  fiotwali  flW 
erauM  to  bv  very  «tnnll  rclativi-ly  to  r ;  and  aa  the  t«}m  « 

-^  u  then  no  longer  a  very  ntriM  fraction,  lite  fi|[Wf»«f  fc  i 

Mprinft  caiinni  be  ilelennineil  by  the  prrceilin)c  iiiialjMi  t 
NlumM  )h-  .>b-M-rv<s).  rl.iir  in  nil  i.i>..^^.  the  rri:tjliiH<«l  hf^i. 
which  corrt<A{uiii(U  to  A  =  0,  i^  (KMsiblc ;  but  it  is  not  um— n 
nnil  stnbli-  except  in  the  case  of  /  Z  r. 

313.  By  theyorreof  n  spring,  (which,  for  f^rewtrr  cImt- 
ness,  we  suppoM-  to  t»e  ver(ii.-nl,)  i*  untlentood  tbe  fnttoK 
weight  which  it  can  '^upjxirt  uiilioui  iK'ndinf;.  '11m  m%i^it 
p  is  dctermineii  by  tiie  c<|UHi!on  c  =  I,  which  (five*<i') 

n=~;,'  : 

from  which  it  np|>cars,  tlmi,  even'  thin^  cl^e  UAnz  lh<  m*' 
the  force  of  n  tiprint;  is  in  the  inverse  ratio  of  ihr  m^wt  » 
itit  length.  It  likewise  appear^,  that  when  the  «|mt  i*  ' 
rectangubr  pamllellopi|>e(l,  if  its  adjacent   (»vr%  W  bat.  in 
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force  will  be  proportional  to  the  square  of  the  thickness  which 
is  perpendicular  to  the  face  that  is  bent.  With  respect  to  the 
absolute  magnitude  of  p,  it  may  be  computed  by  substituting 
in  the  preceding  formula  the  value  of  a,  which  may  be  de- 
duced either  from  h  the  extension  of  this  spring,  or  from  its 
flexion  /,  produced  by  a  weight  w ;  now,  it  appears  from  Nos. 
308  and  310,  and  because  aS  =  A  and  azz  I,  that  these  values 
are 

consequently,  we  shall  have 

314.  The  results  of  No.  307  may  be  easily  extended  to  an 
elastic  rod,  when  it  is  supposed  to  be  straight,  or  of  a  single 
curvature  in  its  natural  state,  and  that,  when  it  is  bent,  it 
continues  to  be  of  single  curvature,  and  does  not  experience 
any  torsion. 

In  this  case,  the  mean  filament  will  be  assumed  to  be  that 
which  passes  through  the  centres  of  g^vity  of  all  sections 
perpendicular  to  its  length,  which  may  be  either  constant,  or 
variable,  provided  that  in  each  point  their  dimensions  are  very 
small,  with  respect  to  the  radius  of  curvature  of  the  rod.  Let 
w  be  the  area  of  one  of  these  sections,  made  through  any  point 
whatever  of  the  mean  filament ;  if  it  be  divided  into  elements 
perpendicular  to  the  plane  of  this  filament,  and  if  vdu  be  the 
area  of  the  element  that  is  at  the  distance  u  from  this  same  fila- 
ment ;  in  this  expression  the  variable  u  may  be  either  positive 
or  negative,  and  v  denotes  a  given  function  of  ti.  Likewise, 
if  k  and  —  k^  denote  the  extreme  values  of  ti,  we  shall  have 

\         vdu  =  01,    \         vudu  =  0 

the  second  equation  obtains  because  the  origin  of  the  variable  u 
is  at  the  centre  of  gpravity  of  w. 
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I^t  ff,  a,  S,  'S^  p  denoto  t)i«  sumo  qusotitirs  as  in  \*. 
and  let  7>7'ir,  he  what  «,  a', /»,  wrn-  lo  tlir 
Uie  elastic  rod ;  we  tball  ban:  for  tbe  two  ttMc*  of 


and,  for  the  passage  from  tbe  om*  to  the  otlicr. 

Hence  by  neglecting  tho  prodoeta  —  and  — ,«ci 
tuii(A) 

a  value  that  coincides  with  that  of  the  number  cslad,  ia  M 
c&H  in  which  the  rod  u  naturally  straight,  wb«n  «•  kai* 


Momver,  let  T  bo  tfa«  mm  Dftbtf  forc«> 
ft),  which  draw  or  pusli  one  nfthi;  two  porta  of  the  rtnl  tWai 
»if  parallel  by  ihi^  normal  serticin.  Namiag  fi  tbe  aHnafrf 
tht^SL' forces  vi'iUm.-spccl  tu  jJjj.' juJapawiBy  tfctpm;^  rtj  u^tfi 
of  gravity  of  u,  and  perpendicnlar  to  the  plane  of  the  aiM 
filament ;  we  shall  have  by  the  hypotbeais  of  Ntk  307, 


T  =  «  J^^, «'«/«,      ^  =  «  ^  *      ?', 


rmtim ; 


■  being  a  quantity  dependent  on  tbe  material  of  the  ro^ 
wUch  is  8uppos<.'d  to  be  constant  through  tbe  extent  o^  <wi 
section  w,  but  which  may  vary  from  one  point  to  aaotkro' 
the  mean  filament.  Bysubstitutingfor  £*ita  pre««dtiHr  vaiw. 
and  making,  in  order  to  abridge(/) 


there  will  result 
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When  the  elastic  rod  is  a  curve  of  double  curvature  in  its 
natural  state,  or  after  its  change  of  figure,  the  expression  for 
the  force  t  will  be  still  the  same ;  moreover,  the  mean  fila- 
ment being  always  that  which  passes  through  the  centres  of 
gravity  of  all  the  normal  sections,  and  r,  p,  denoting  the  radii 
of  curvature  in  the  same  point,  before  and  after  this  change, 
this  value  of  fi  may  be  taken  to  express  the  moment  of  elas- 
ticity with  respect  to  an  axis  passing  through  this  point,  and 
perpendicular  to  the  osculating  plane  of  the  mean  filament ; 
but  it  will  be  necessary,  besides,  to  take  into  account  the  tor- 
sion of  the  rod,  as  will  be  done  immediately. 

315.  It  appears  from  a  comparison  of  this  value  of  fi  with 
that  given  in  307,  that  the  second  differential  equation  of 
the  plane  curve  formed  by  the  mean  filament  of  an  elastic  rod 
which  does  not  experience  any  torsion,  differs  from  that  which 
refers  to  the  clastic  plate  properly  so  called,  only  in  this,  that 

it  will  contain in  place  of  -,  and  the  quantity  q  instead 

of  the  semi- thickness  c.  If  the  rod  is  homogeneous,  and  if,  in 
its  natural  state  it  is  cither  a  prism  or  a  cylinder  of  a  small  dia- 
meter, the  three  quantities  a,  cu,  </,  will  be  constant,  and  we 
shall  have  r  =  x.  Hence  it  appears,  that  the  flexion  of  a  rod 
which  is  naturally  straight,  produced  by  a  weight  q  perpen- 
dicular to  its  direction,  and  the  force  of  this  spring,  may  be 
deduced  from  the  values  ofb  and  p  found  in  Nos.  310  and  313, 
by  substituting  q  in  place  of  c.  By  means  of  this  substitution, 
we  shall  have,  (/  being  the  length  of  this  rod,) 

or,  what  comes  to  the  same  thing. 

In  the  case  of  two  different  rods,  having  the  same  length. 


iioa 


EtlniLiuiiii'M  or  ak  klastic  ko». 


thti  flexions  produced  by  the  nunc  weight  will  b«  is  I 
rate  niUo  of  the  funxs  uf  t]ic  H[irinf(,  vo  that  ■«  will  he  < 
ubk>d  u>  cdinjiniv  tojirctlicT  the  ougnitud^s  of  ihr»i  fanah 
the  diiFcrcnt  hypotbov*  nud«  n»pi9ctuig  Um  ea«taat«* 
Uiio  of  the  iiormul  M-clioji. 

Let,  far  example,  lli<r  Dortnol  Mctiaa  hm  ao  laowlaa Map 
and  let  it  bu  pro)XMc«l  tu  bii^nd  the  nti  so  that  tk*  fa>  N 
rctpondin^  to  (tie  Ikuc  uf  tfai*  trionglr  ntif^i  bcconskcjt 
dricol  surface,  cither  cooiriu  or  concave-      Lc<  «  aarf  «  ^a 


ihv  buso  and  height  of  thb  triangU>.    When  tbc 
uf  a  convex  cylinder,  towards  which  tb«  podtiT* 
(No.  307)  on  directed,  w«  aluill  haro 


a* 


and  there  will  reftult  from  t 


_«««kJ 


lit'^  +  'h 


^F    In  tbecsMof  tli«coiicai^ty,  wr  >bmU  have 

A^Jc.    A'-Jr.     t  =  ?(lc+«); 

hence  we  obtaiii(in) 

v'aac' 

which  §hew<),  that  in  this  second  case,  the  furcv  of  the  ura 
ia  triple  of  n  hat  it  !<(  in  the  first. 

If  the  Iiormul  section  is  a  square  represented  \>\\f,  mi 
it  is  prt>]>osed  to  bend  the  spring  in  such  ■  manner  th»l  |wo  i 
its  opposite  faces  may  become  cylindrical  sur&cv*,  «c  ihk 
have 


If  it  is  a  circle,  Uic  railiua  of  which 


ml,  \(  the  urea  uf  the  iittrinul  aectiuii  be  su|>)i(Metl  to  be  c 


P^  - 


\ 
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in  this  and  the  preceding  case,  so  that  we  may  havey^zzirA:*, 
it  is  evident  that  the  force  of  the  spring  in  the  first  case,  is  to 
the  force  of  the  spring  in  the  second,  in  the  ratio  of  tt  to  3(w). 
Let  the  cylindrical  spring  be  supposed  to  be  a  hollow  tube, 
of  which  the  radii  of  the  interior  and  exterior  concentrical  sur- 
faces are  g  and  g\  In  order  to  obtain  the  force  of  the  spring, 
g  and  g'  ought  to  be  successively  substituted  in  place  of  k  in 
the  last  value  of  p,  and  then  the  results  should  be  taken,  the 
one  from  the  other,  this  gives 

If  the  area  ir  {g"*—  g')  of  the  normal  section  is  equal  to 
irk\  we  shall  have(o) 

_  ff'gJt*  (*»  +  2g*) 
P-  473  » 

hence  it  follows,  that  the  volume,  the  length  and  the  material 
being  the  same,  the  force  of  a  hollow  spring  is  greater  than 

that  of  a  full  spring  in  the  ratio  of  l-f  -^  to  unity ;  2g  being 

the  interior  diameter,  and  vk^  the  area  of  the  normal  section. 

316.  Let  us  now  proceed  to  form  the  equations  of  equili- 
brium of  any  elastic  rod  whatosever,  all  whose  points  are  soli- 
cited by  given  forces. 

Let  A  and  b  be  the  two  extremities  of  the  mean  filament, 
Xy  y,  z  the  three  rectangular  coordinates  of  any  point  m  of  this 
curve,  8  the  arc  am,  (u  the  normal  section  of  the  rod  made 
through  the  point  m,  <y  its  density  at  this  point,  and  conse- 
quently, 7(t>c&  the  mass  of  the  infinitely  slender  slice  of  the 
rod.  If  X,  T,  z,  be  the  forces  referred  to  the  unit  of  mass, 
parallel  to  the  axes  of  x,  y,  z,  then  xyuxHsj  Yywdsj  Zywds,  will 
be  the  given  forces  which  act  on  this  mass.  The  sum  of  these 
forces  resolved  in  the  direction  of  the  tangent  to  the  mean  fila- 
ment at  the  point  m,  and  tending  to  increase  the  arc  «,  will  be 
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LikewiHe,  if  t  ileiMite*  tbc  dmv  orifling;  Imm  the  MtM  d 
oiH'  part  of  tlic  ro4  on  tbc  adjncrnt  part,  a[^U(»l  to  oo*  a'^ 
Eacva  of  the  nticc  ynuli,  [>er[>«!ii(licuiur  to  w,   and 
increase  or  (litniniHh  tbe  arc  t,  tuxotAinf  ■»  It  k 
Dcgutivc,   the  other  ^e  of  ytuth  will  bo  drmwD  or  | 
contrary  direction  by  a  forct-  lijuoI  to  t  -i-  <^ 
in  order  that  this  slice  may  be  in  oqalljbrio,  the  fan  *   ^ 
muU  l>c  eqiiiil  and  contrary  lo  tbc  giran  tanj^nttal  farce,  I^b 
H'c  must  harv{p) 

which  Hf^>ett  with  cqualioiit  (3)  of  Nn.300. 

As  the  mauriitl  of  nhich  th«  rod  cMt<^»tii  i*  Tciy  Mt^ 
t«iuiihltf,  y  ami  w  in  thi«  ■.•qualion  (>)  niay  b«  aaaBgiMlt' 
the  denuty,  «ud  ibu  nornuU  wctioa  of  the  rod  at  the  pM*ik 
in  its  natoml  BtsU>.  If  ihfise  two 
if  ihe  formula  cnm[iri*i-.l  lnlwivn  tho  pan-nrh 
dilTercntial,  the  value  of  t  will  be  had  by  an  i 
^fration,  and,  since  t  =  auiS  (No.  30"),  it  is  easr  to  infn  tk 
positive  or  nejrativc  dilatation  of  the  clement  tU,  wbidi  *fl 
bo  lengthened  in  the  ratio  of  I  -I-  £  to  oniiy  ;  but  ihb  villMt 
make  known  the  dilatation  of  (he  normal  section  w,  nor  tit 
change  of  dennty  of  the  rod  at  the  [mint  M.  Sow,  by  «baik» 
been  cstahlUhed  in  the  memoir  cited  at  the  eomnienccBMU  ^ 
this  paragraph,  it  np]M>ar8  that  the  lenj^hening  or  •ihortesiaf 
of  dg  is  always  accompanied  by  a  diminution  or  incrvaar  oi  *. 
but  such,  that  the  volume  bfJ!*  will  increase  and  diminnk  *<(i 
ds,  and  the  density  y  will  varj-  in  tbc  inverse  sen««.  li  feUMi 
Irom  (his  that  when  a  privmatic  or  cylindrical  boMoc***** 
rod  in  tixiit  nt  one  end,  and  dniwit  at  its  other  estrrautr  h%  > 
fonv  ueting  in  the  direction  of  (he  production  at  its  Icactb.  * 
will  fXjHTience  at  the  *ame  tim*'  on  extension  and  incfy^r  •« 
volume,  proportional  to  this  force,  which,  in  noint  at  fad  W 
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been  confirmed  by  experiment.  On  the  other  hand,  if  this 
rod  is  placed  vertically  on  a  horizontal  plane,  and  loaded  with 
a  weight  at  its  upper  part,  which  does  not  cause  it  to  bend,  it 
will  be  shortened,  and,  at  the  same  time,  its  volume  will  be  di« 
minished  in  proportion  to  the  magnitude  of  this  weight. 

317.  If  on  AM  the  arc  of  the  mean  filament,  a  point  m  in- 
finitely near  to  m  be  taken,  and  through  it  a  normal  section 
be  made,  and  if  the  part  of  the  rod  comprised  between  this 
section  and  the  extremity  a,  be  rendered  immoveable,  and  the 
form  of  the  part  comprised  between  the  other  end  b,  and  the 
section  made  through  m,  be  merely  rendered  invariable ;  the 
conditions  of  the  equilibrium  of  this  second  part,  which  we 
shall  denote  by  r,  may  be  determined  in  the  following  man- 
ner. 

In  virtue  of  the  torsion  of  the  rod,  the  points  of  the  slice 
comprised  between  the  two  normal  sections  made  through  m 
and  m,  will  be  solicited  by  forces  which  will  tend  to  untwist 
its  different  longitudinal  filaments,  and  will  act  in  planes  per- 
pendicular to  Mm,  that  is  to  say,  to  the  tangent  to  the  mean 
filament  at  m.  These  forces  will  tend  to  make  k  turn  about 
this  line,  in  a  direction  contrary  to  that  of  its  torsion.  Let  r  be 
their  moment  with  respect  to  this  line,  it  will  be  what  is  meant 
by  the  moment  of  torsion  of  the  rod,  corresponding  to  the  point 
M.  If  through  this  point  lines  be  drawn  parallel  to  the  axes 
of  Xy  y,  z,  then  since  the  axis  of  this  moment  makes  with 

these  lines,  angles  whose  cosines  are  •^,  •^,  •^,  we  shall  have 

(No.  281) 

dx  dy  dz 

"^di'  "■''a*  "''a* 

« 

for  the  moments  relatively  to  these  three  parallels,  of  the  forces 
which  act  on  k  in  the  direction  of  the  torsion. 

Let  fi  denote  the  moment  of  the  elasticity  with  respect  to 
the  point  m,  that  is  to  say,  the  moment  of  the  forces  of  which 
T  is  the  sum,  relatively  to  an  axis  drawn  through  this  point, 

3t 


Mtt 
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L 


and  pcrpciutlcuW  Ui  thu  mctiLnting   pUiK  of  d 
mont ;  we  tlial)  have  (No.  3U),  (r  and  ^  betng 
tb«  ruilii  of  curvature  at  thb  KUDe  pointf  ID  the 
tb«  plut«,  anil  aftrr  \ts  fonn  ha*  bren  changed,  and  0 
a  potitive  qoantity  depending  on  the  mateiiaJ  ami 
tion  at  the  point  M,) 

and  if/y,  A,  be  ihe  an^M  which  the  axis  of  li 
makm  with  parallels  to  the  ax«a  uf  >,  y,  2,  diawa 
point  Uf  tbe  moment  of  elacticily  Klative  to  thaam  ttMi  «S 

;ieoi/    fiOMf,     ficMA. 
Let  n'  be  any  point  nhaterer  of  the  arc  Ms,  x",  y",  7,  ta 
three  coordiDalm,  «'  the  arc  km',  and  7',  w*.  r*,  r*,  s",  ^tf 
7,  M,  X,  T,  z,  become  nlativeljr  to  the  point  tt,     Kwt  JaS 
the  entire  length  of  the  Beaa  filnoMBt  hj  I,  wm4  mak 

J^  [V  (x-  -  :r)  -  X'  (,'  -  »)]  y-'dr'  =  «,'. 
Jl  tx'  (*■  -«)-«'(«'-  «)]  tVA-  =>  T. 

J'  [«'{*'-y>  -  T'(z'-  *)]TVd»'  =  x„ 

these  thre^*  quantities  will  be  the  motnenta  of  thr  fivH 
tOTcea  ivhicb  Jict  uti  k,  with  luspcct  lo  ihc  xxt:a  draws  'h-'  ^' 
tbe  pobt  H,  in  the  direction*  of  the  axes  of  *,  y,  '■ 

Finally,  if  any  particular  forces  be  supposed  to  act  at  the 
free  extremity  of  x,  and  if  p,  q,  a,  denote  the  soma  of  ihor 
components  parallel  to  the  axes  of  v,  y,  £,  and  a",  ^',  r,iW 
coordinates  of  the  point  of  application  of  their  resuliaat ;  tW« 
moments  relatively  to  tbe  tame  axes  as  X|,  T|,  x,,  will  be 

«(«'-»)-'•(*'-»). 
'•(''-«)-■(«'-»). 
a(6'-y)-fl(e'-«): 
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,       dx  .         dy  .     ^  dz  . 

but  because  the  quantities  subjected  to  integration  in  the  ex- 
'  pressionsof  Xi,  Ti,  Zi,  vanish  at  the  limit  8*:=,8j  in  order  to 
obtain  the  values  ot  dxi,  dTi,  dz^  it  is  sufficient  (No.  14)  to 
differentiate  under  the  sigpis  J  with  respect  to  x^y^z;  hence  we 
have  simply 

rfX|=di  y  Y'y Wds'  -  rfyC'  z'yWds', 
rfy,=  drC'zVcuW  -  diC'xVVA', 

rfzi-  dy  C'  x'y'ioW  -  rfa?  C'  yY«'&'; 

and  if  these  values  be  substituted  in  the  preceding  equation, 
it  will  become  c/rrzO. 

Thus  it  appears,  that  the  moment  of  the  torsion  is  constant 
throughout  the  entire  length  of  an  elastic  rod  in  equilibrio ; 
consequently,  its  value  will  be  the  same  for  all  its  other  points 
as  at  the  two  extremities  of  the  rod ;  and  it  is  easy  to  show 
that  at  the  point  b,  we  have  r  =z  l,  as  has  been  stated  above. 
In  fiEict,  at  this  point,  we  have  xzia,  y=i,  zzzc;  the  inte- 
grals  Xi,  Ti,  z,,  vanish,  and  equations  (b)  hecome(q) 

r  cos  a  E2  /[*  cos/  +  p', 
r  cos/yzz/iACOS^  +  q', 
r  cos  y'=  /It  cos  A  +  b'. 

As  the  normal  to  the  osculating  plane  of  the  mean  filament, 
and  the  tangent  to  this  curve,  are  perpendicular  the  one  to  the 
other,  we  have  at  this  same  point  b, 

cosa'.  cos/-f  CO0/3^CO0^  +  cosy'.cosAzrO; 

hence,  if  the  preceding  equations  be  multiplied  by  cos  a ,  cos  /3^ 
cos  y'f  respectively,  and  then  added  together,  the  quantity  fi 
will  disappear,  and  we  shall  have 
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r.(co«^  a' +  c«i»  (3*  +  oo«»7')  =  * 
=  p' cos  a' +  u' cos  P' +  R'oo«y=u 

tt  is  only  the  moinoai  of  tbe  loraon  which  ve  an 
to  determine  by  the  etjtudona  of  eqnUibritim  ;  vith  n 
the  torsioD  itself,  it  varies  along  the  rod,  when  the 
which  it  consists  ur  the  numial  mc6ob  wies  froM  oatMBB 
another.  When  the  wA  a  homageocoiis,  and  iha  mmami^ 
tion  constant,  the  diflinencv  of  tht  anglis  of  loniaa  h  lli 
sane  at  the  extremities  of  aiiy  two  puK  of  the  nd  li^fl^ 
lengths,  and  proportional  to  their  leogtha,  when  ihnr  at  4^ 
firent.  Vox  greater  cleameso,  let  us  *uppo*v  chat  a  fou^k 
or  cylindrical  homogeiMoas  rod,  is  fiimly  fixed  at  oaa  ^ 
tremity,  and  that  at  tta  other  extremity,  two  eqoal  faaft 
pamllel  and  opposite  are  applied,  tht)  rod  will  reantB  mm^ti 
but  it  will  he  twisted  on  il*clf  pmporliooahly  ta  its  laaft^  wt 
to  the  moment  of  ibtse  two  forcei  with  reaped  lo  in  m^ 
fihunent,  which  moment  will  be  the  value  of  tbe  qoBBlky  i-  JL 
PoJMon  proveii  in  tbe  memoir  already  citrd  (  No.  3t""\,  :ki; 
if  tho  normal  seclioii  ol'  ihin  rod  be  a  cirvlf,  lb.  i^  _!.■;■ 
torsion  will  be  proportional  (every  thing  ebe  bong  the  «Bti 
lo  the  fourth  power  of  its  diameter,  which  accods  with  <s- 
periment. 

319-  Two  of  equations  (b),  or  any  two 
these  equations,  will  enable  us,  when  iti  ralue  is 
for  ft,  and  L  is  put  for  r,  to  detennioe  the  figtirc  of  the  raJ  ia 
equitibrio.  Kin  its  natural  state  it  is  stiaight,  and  if  oil  tk 
forces  which  are  applied  to  it,  exist  in  the  same  plaac.  tW 
three  equations  (b)  will  be  reduced  to  one  which  wiU  be  tte 
of  the  plane  curve  formed  by  the  mean  GlameDt. 

If  the  plane  of  these  forces  be  taken  for  that  of  the  axasM 
X  and  y ;  we  shall  have 

zz=0,     cos/=0,     coap  =  Ot 
<■  =  0,     f '  =  0,      a  :=  0,     coa  t'  ^  0  ; 
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hence  there  will  result 

XinO,     Yi=zO,     p'zzO,     q'  =  0,    TzzhzzO; 

and  the  two  first  equations  (b)  will  vanish.     Because  r  =:  x , 

the  value  of  u  will  be  ~  ;  in  like  manner  we  shall  have  cos  h  , 

P 

s  ±  1 ;  but  as  we  should  take  into  account  the  direction  of 
the  action  of  t  on  the  part  r  of  the  rod  (No.  314),  it  is  easy  to 
perceive  that  we  must  assume  cos  A  =-*  1  in  the  third  equa- 
tion (b),  which  will  consequently  become 


JJ  [Y'  (x' -  x)  -  X' Q,' -  y)]  yWds' 

+  B' +  <»(a -«)— p(4- jr)=^; 

P 


(c) 


and  we  may  remark^  that  if  we  retain  the  notations  of  No. 
314,  the  value  of  the  coefficient  /3  will  be 


^ =•$-**- 


tnfdu. 


When  the  forces  x  and  y  vanish,  this  equation  (c)  will  coin- 
cide with  equation  (1)  of  No.  308,  for  then  the  forces  p  and  q 
in  equation  (c)  act  at  the  very  extremity  of  the  rod,  which 
renders  their  moment  r^  equal  to  cypher.  In  all  cases,  the 
integrals  that  occur  in  this  equation  (c),  can  be  made  to  dis- 
appear by  successive  differentiations,  by  means  of  which  it 
will  become  a  differential  equation  of  the  fourth  order. 

The  figure  of  the  rod  being  determined  by  equation  (c), 
is  necessary  moreover  that  the  given  forces  which  are  applied 
to  it  should  satisfy  the  conditions  of  equilibrium  of  No.  261, 
which  are  reduced  to  three,  because  all  these  forces  are  com- 
prised in  the  same  plan.  Therefore,  if  we  denote  by  d  and  s 
the  sums  of  the  particular  forces  which  act  at  the  extremity  a 
of  the  rod,  parallel  to  the  axes  of  d?  and  y,  so  that  d,  b,  f^,  may 
be,  with  respect  to  this  point,  what  p,  q,  R^  are  relatively 
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to  the  olJier  extremity  B  ;   the  throe  equaCiaas  m 
will  be 

D  +  p  +  ^o  t'Y*/da'  =  0, 

«  +  a  +  S^  1'yW'U=  0, 

+  S'[''(''— )-x'<»'-»)hV*-=0: 


in  which  the  coordinates  of  the  point  a  ftboold  be  sok^^y 
for  X  and  y. 

When  the  two  cxtretnitiea  of  tbe  rod  u«  eatuvly  6m.  ^ 
extreme  forct^  and  thetr  moments  will  be  girm.  If  tkc  i^ 
is  finnly  fixed  at  the  extTaiuty  a,  tbe  kwem  tt  ^ti  t,  M 
bIso  their  moment  r*,  will  be  ttnd«t«nniiMd ;   bat  tfat  id^  ri 

du 
X,  y,  ^,  relative  to  thh  ftdat  a,  will  be  knowm.    V  fc 

rod  is  merely  retaitieit  by  the  fixed  point  a.  Uw  &mvm  »  ^ 
B  will  be  still  uniltti.-rmined ;  thnr  rrsultant  will  be  m^ 
and  contrary  to  the  pn-ssura  Rt  thii  potal  of  supiMV^  rf 
which  it  will  express  the  Ksisiancv,  and  wc  sImII  bw 
for  their  moment  f*  =  0 ;  the  valuen  of  x  and  y  will  ibai  h 

known,  but  not  thst  of  y-.  The  «ame  remailts  anapBl^db 
to  the  point  B. 

320.  Let  U3  suppose,  fur  example,  tbat  tb«  ni  m  ^^» 
^eneous,  and  in  its  natural  state  either  of  a  primatio  or  nfe- 
drical  form,  the  three  quantities  y,  •>,  ^  will  tben  b«  ciiwrM 
Moreover,  let  us  tuppose  that  it  is  only  subject  to  the  artM 
of  forces  perpendicular  to  its  length,  which  cause  it  to  6trm» 
very  little  from  its  primitive  position,  and  let  the  ——  il*- 
ment  in  this  position  be  taken  for  the  axis  of  x'  we  4^11  tk* 
have 

I>=0,      X  =  0,      P  =  0; 
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t    in  consequence  of  which  the  first  equation  (d)  will  disappear. 
If  the  square  of  -~  be  neglected,  we  shall  also  have 

and  equation  (c)  will  be  reduced  to 

0  ^  =  K'  +  Q  (a  -  «)  +  y«  JJ  Y'ix'-  xy,'.       (e) 
By  differentiating  this  we  obtain 

Likewise,  by  No.  14,  we  have 

therefore  by  differentiating  a  second  time,  and  substituting  dx 
for  dsy  we  shall  have 

^g  =  7«-.  (0 

The  four  constant  arbitraries  which  the  complete  integral 
of  this  last  equation  will  contain,  can  be  determined  by 
means  of  the  conditions  relative  to  the  two  extremities  of 
the  rod,  and  by  observing  that  the  value  ofy  deduced  from 
this  equation  must  satisfy  the  two  preceding  for  all  values  of 
jr.  Now,  as  equation  (f)  results  from  the  two  others  by  dif- 
ferentiation, it  will  be  suflScient  for  this  purpose,  that  this 
value  of  ^  should  satisfy  these  two  for  a  particular  value  of  x, 
hence  it  will  be  suflScient  if  we  have 

for  X  =  a ;  conditions  which  result  from  equation  (e)  and  its 
first  differential,  by  ascribing  to  x  this  particular  value.  If  we 

3  u 
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Bsrribeto  xtb«  mlDP  TvlaBw  di  tlie  ptint  a,  wv^D  !■*«.> 

coiiM-quetiw  orequatumH  (11)1 


but  tbeip  equation*  do  not  cxprew  dpw  i 
fn>m  th(iM>  L-oiKiiiiim)  in  (K|uali>in«  (H)  mtxl  (fp),  4e  dM  Aif 
may,  if  wtf  iik'aw,  bw  repUu-Ml  by  the  •jrvtem  of  cqaM^M  if' 
utit  (h). 

331.  Thtw  Tunnulw  inclwlr  th«  cMf>  of  a  hMVJ  N* 
TIm;  {Mint  A  in  llicn  fluppoiuNl  to  be  fixKl,  and  to  W  tki  m^ 
or  tlif  riMnlinuics  f  tind  y,  and  mIso  tbe  axis  nf  r,  ^niaA  » 
prvwnu  the  namnd  dinMHion  of  tbv  rod,  k  mppo— J  to  b 
borizonuil.  ir  the  dtriwtion  of  ttw  poritiw  |w  be  Umc  «f  p*- 
vitj-,  which  we  suppose  to  be  repivwated  by  gi,  «v  aWi  ta» 
T  =ir.  and  the  tntcgml  of  equation  (f)  wiU  be(f) 

P,  =  ^«*  +  cx'+e*»+c-»:  (l> 

c,  c',  c",  denoting  three  constant  arbitrarieK,  the  fourth  b«iac 
equal  to  cypher,  because  at  the  point  a  wc  hare  i  =  t>  »< 
jf  =:  0.     If  the  rod  be  firmly  fixed  at  this  extremity,  we  w»* 

dy 
also  have  -7-  =  0  when  x=  0,  hence  there  re«uhs  c  =0.   M 

ax 

moreover,  wc  supgwsc  that  the  weight  q  U  dirtxtlv  attw^M 
to  the  other  extremity  b,  so  that  its  moment  a'  may  be  crp^. 
then  in  connequence  of  equations  (g)  which  belong;  10  thk  p«u: 
or  to  j:  =  a,  we  >hall  have 

\  i/ywa*  +  6  CO  +  2  c'  =  0. 
i/ytia  +  6  t  =  —  Q. 

By  mean<i  of  tliew  equations  the  valuer  of  r  and  1 '  sit  V 
obtained;  uml  it  they  be  Bul>>(ituted  in  c«|ua(ion  I  .  tA  «t».'^ 
the  term  c"x  may  be  suppressed,  there  results  bv  namiM;  f  ^ 
weight  of  the  rod,  in  which  case  we  hare  g  =  «vwa.  (r) 


EQUILIBRIUM  OF  AN  ELASTIC  ROD.  515 

if  in  this  equation,  the  weight  of  the  rod  be  neglected,  and  if 
Qc*  be  substituted  in  place  of  /3,  it  will  coincide  with  that  of 
No.  310. 

In  the  two  cases  of  q  s  0,  9  :=  0|  we  have 

*  =  8F    *  =  33' 

for  the  expression  of  the  ordinate  of  the  point  B,  which  ex- 
presses the  entire  flexion  of  the  rod.  Hence  it  appears,  that 
if  we  suppose  0  =  ^9  the  flexions  produced  by  a  weight  q  sus- 
pended at  the  free  extremity  of  a  horizontal  rod  firmly  fixed 
at  its  other  extremity,  is  to  the  flexions  produced  by  the  same 
weight  distributed  uniformly  over  the  entire  length  of  this  rod, 
as  8  to  3. 

322.  If  the  point  b  is,  like  the  point  a,  fixed  and  situated 
on  the  same  horizontal  line,  we  must  have  y  =:  0  when  x  =:  a, 
in  consequence  of  which,  equation  (1)  is  changed  into  the 
following  {i) : 

fiy  =  ^(^-fl')  +  cj?(x»-aO  +c'a:(a:-a) ;       (2) 

q  denoting  as  above  the  weight  of  the  rod.  The  determination 

of  the  two  constants  c  and  c'  furnish  the  following  cases. 

1st.  When  the  rod  is  firmly  fixed  at  both  ends,  we  must 

dy 
have^  =  0,  for  x  =  0,  and  x  =  a,  hence  there  results  {t) 

c  =  ^j\jq,     &=zj^^aq; 
and  equation  (2)  becomes 

1^ = «"  ^' 

If  y  denotes  the  sagitta  of  the  curve  formed  by  this  rod. 
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that  IB  to  sa]^,  the  value  of  g  u  Ita  mitmr  p«iaC  ^ 
K  =  Qi  we  ■hall  have 

Sndly.  If  the  rod  in  nerrly  retained  by  lfa«  taeiwm^t 

and  B,  the  forces  k  and  Q  lalcro  In  an  oppoaiu* 

that  in  which  tliey  act,  will  «.xpn.<««  the 

a^^nst  tliesc  poinia  of  support,  and  their  momvntk  t'  ^t 

will  be  cypher,  (No.  319).     In  coQftniucncv  of  tho  finf  f^ 

tion«  (ir)  and  (h),  wc  tbaU  bare  ^  =  0  for  «  =  o  ^  «s«: 
hence  wc  iiifcr  that 

c=  — ,1,9,    c'  =  0[ 
and  aUo 

_qx(a~x)(tf  +  at  — 


p»= 


and  the  sagitta/will  be 

/= 


gyiT* 


■  16.24.0 ' 

that  Is  to  9VJ,  quintuple  of  what  it  is  in  tlw  6m  tmt.    If 
means  of  the  last  equations  {%)  and  (h>,  ne  khall  alao  ^mt      ' 

which  values  also  obtain  in  the  first  case,  as  is  endm  m 
itself. 

3rdly.  Finally,  when  the  rod  is  firmly  fixed  at  iticii!*- 
niity  A,  and  merely  retained  at  its  other  rxirvmitv.  >c  hi*( 

^  =  0  for  I  =  0,  and  ^,  =  0  for  *  =  a ;  and,  cooMqwati! 

&q        _  ya 

^~       48     *^"  16' 

by  means  of  which,  equation  (S) 
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The  second  equations  (g)  and  (h),  at  the  same  time,  give 

"which  shews  that  the  weight  of  the  rod  is  unequally  distributed 
between  the  two  points  of  support,  and  that  the  load  at  the 
extremity  which  is  firmly  fixed,  is  to  that  at  the  other  extre- 
mity, in  the  ratio  of  five  to  three. 

323.  The  points  a  and  b  being  always  assumed  to  be  fixed 
and  situated  on  the  same  horizontal  line,  and  the  rod  being 
also  homogeneous  and  prismatic,  let  us  consider  the  case  in 
"which  the  other  points  are  loaded  with  weights  unequally  dis- 
tributed throughout  its  entire  length. 

Let  therefore 

g  denoting  the  entire  weight,  and  ^x  being  a  given  function, 
that  vanishes  when  zziO  and  xziUy  which  implies  that 


5 


ifkxdx  zz  <i« 


This  function  t^x  may  be  either  continuous  or  discontinuous, 
that  is  to  say,  its  analytic  expression  may  change  once  or  se- 
veral times  between  the  extreme  values  x  zz  0  and  xzz  a;  or, 
in  other  words,  if  it  be  represented  by  the  ordinate  of  a  line  of 
which  X  is  the  abscissa,  this  line  may  consist  of  several  por- 
tions of  different  curves.  If  S  denotes  the  length  of  a  line  ever 
so  short,  we  may,  for  example,  suppose  that  i^xzz  0  from 
X  zzO  to  a?=^a  —  S,  and  from  x  zz^a  +  S  to  xzz  a,  so 
that  this  function  has  not  values  different  from  zero  except  in 
a  very  small  extent,  such  as  S,  on  each  side  oixz=.\a.  This 
case  will  be  that  of  9,  a  weight  acting  at  the  middle  of  the 
elastic  rod,  which  we  propose  to  examine  particularly  imme- 
diately. 


5IB 


BQl'ILIBNUM  or  AM  Bl.UTIC   ROB.    , 


Whatever  bo  Utu  nature  of  the  function  ^,  wbt^v  k 
condnuoun  or  ilisconlinuoui,  provitUid  thmt  {t  n  cqokl  to  ml 
for  a:  ;=  0  and  for  x  ^  a,  wo  fthall  have  front  x  ^  0  to  r 
indmively, 

M  denoting  any  entire  luttl  [Mtitira  aombCT-,  f^t»j  i^  ^td 
teristic  S  indicating  a  *ura  wlitch  exh-oda  lo  all  v^^m 
&om  n  =:  1  to  N  =  X.  Wi>  are  iuicblml  to  La^raMtb^ 
rormula,  he  fint  annoiinced  it  in  La  Awtciema  jM^h*** 
tAcadrmie  de  Tiirim,  tome  ili.  p.  361  ;  a  ill  IIIiiimIimIm  dl 
u  gircn  in  No.  325  of  this  veclioo.  SobaCita&y  thb  «4 
of  ^  equation  (f)  iM-come* 

and  by  inti^gnitinif  and  obacrrbg  that  y^o  frira^f  a 
x'=a,  we  shall  al>tain(«) 

+  a:(rt-x)  [c^  +  c'(a-j-)]  ; 

C  and  c'  being  the  constant  arbitmries  which  ran  h«  <^t^ 
mine<l  as  in  the  three  cases  of  rhe  prt-cwlini;  mimU-rv 

324.  Let  us  examine  in  detail  the  ea»e  iii  >  hich  thr  »fv^ 
g  is  suspended  at  the  middle  of  the  nxl,  (hat  i*  to  ^ar.  ihr  (•« 
in  which,  as  has  been  stated  above,  the  function  ^  n  ^j^ 
for  all  values  of  j;'  that  differ,  ever  so  tittle,  frvm  J«.    V* 

can  then  make  x'  —  J  a  in  the  factor  nin  ,  which  coaci^ 

the  intffinil  relative  to  i' ;  tlii*  will  give<  r) 

Ca    .     nws'      ,,  ,_    .    »Tf/i      ,  ,  ,  ■, 

\y  sin i,rar  —  sin  —  \    ^dx  s  a  sin  --> 

and  cau>c  uU  the  terms  of  the  sum  X,  in  which  ■  h  m  r*r 
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;t    number,  to  disappear.    Let  t  denote  any  number  odd  or  even, 
i    then  if  we  make  n=  2t—  1,  and  if  the  sum  2  includes  all  va- 
lues of  t  from  t  =  1  to  t  =  »,  since  sin s ^^  —  ( —  0*> 

equation  (b)  becomes  {x) 

/3y  =  ar  (a  —  ar)  [ex  +  C  (a— x)] 

~  "1^  ^(fcr^ "°  — ^ — 

But  by  a  known  formula  we  shall  have,  as  will  be  shewn  in 
No.  327, 

for  all  values  of  oi,  from  cii  =z  0  to  cii  =  ^.    If  therefore  ^  ^-r^ 
by  making  cu  =  — ,  we  shall  have  (y) 

2  Jul)!-  Bin  (Hinl^If  -  J[l_  rtx»-3a«xV 

if,  on  the  contrary,  x  >  J  a,  let  cu  =  — ^^ ;  and  as 

a 

.    (2t-l)ir(a-a;)         .    (2t-l)7rx 

sm  ^^ ^ — ^^ ^  =  sin  -^ — , 

a  a 

it  follows  that 
2(fe^^ ""  ^^i:^  =^  [4(a-x)3-  3a'(a-x)]. 

In  this  manner  we  shall  obtain  one  or  other  of  the  following 
equations : 

/3y  =  x{a-z)  [ex  +  c'(a-x)]  —±(4z'-3d'x) 


/3y=x(a-x)[cx+c'(a-x)]  -^[4(a  -x)'-3a»(a-x)]. 


0) 


It  only  remains  to  determine  the  constants  c  and  c'  in  the 
three  following  cases : 


KQUIUBKICM  or  1 


'  si^rric  nob. 


1st.  Tlio  condition T  —0,  for  x^O  whIxs*, 
obtiunti  when  the  rvd  is  firmly  fixed  at  It*  two  extai 
gives 

E<]aiition8  [1)  will  become 

WD  shall  have  —■=  0,  at  tbo  muUle  paint  of  the  roi,  m  wd 
08  at  the  fxtrvmitira ;  and  the  na^ttA/",  or  ihe  (wdinale  e«» 
poitdiiig  to  x:z  ia,  wQl  be 

that  i*  to  uy,  double  of  what  it  »io  the  fint  ewe  arSa.lft 
In  Ulte  nwiiner  we  tball  have,  in  conacqucncE  ct  th«  wad 

e<]uatioiis  (g)  and  (Ii), 

«  =  1  =  -  i  y, 
which  we  know  oU)j;bt  to  be  (be  atae. 

2nilly.   In  tho  cimo  of  a  rod  laerely  retaioed  u  its  i««  i^ 


/=i 


c  =  0,     c'=0, 


tremities,  in  which  case  ^  z;  0  for  4r=;0  jujd  fi>r  j 
results 


and,  coiisoquontly, 

(3»  =  /8p"'(<'-^)-<(«-0]. 

The  tangent  at  the  middle  point  of  the  curve  U  horitmU^ 
and  the  values  of  g  and  k  are  -  J  y,  ai  in  tbv  pr««Jin^  a 
but  the  exproMiun  for  the  safpttayia 


/= 


«/j' 
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SO  that  it  is  quadruple  of  the  preceding,  and  g^reater  in  the 
ratio  of  8  to  5,  than  that  of  the  second  case  of  No.  322.  If  a 
tangent  be  drawn  to  the  elastic  curve,  through  one  or  other  of 
the  points  a  and  b,  and  if  we  denote  its  inclination  by  a>  and 
hyf  the  vertical  ordinate  of  the  point  of  this  line,  which  cor- 
responds to  the  abscissa  equal  to  \  a,  we  shall  have(a^ 

tanga=^,    /'=:iatanga; 
hence  we  infer 

In  the  second  case  of  No.  322,  the  ratio  of  f  to  f  would 

bef. 

3.  Finally,  if  the  rod  is  firmly  fixed  at  the  extremity  a,  and 

merely  supported  at  the  other  extremity  b,  we  shall  have  ^  =  0 
for xzzOj  and  -r~  =  0  for xzz.a ;  from  which  there  results 

~       16'     ^"       32' 
and  equations  (1)  will  become 

^y=^(9aa:»-lU^, 

/3y=z^(5r'-.  1500?+ 12a»a:-2a^). 
They  give  when  x^  ^a,  the  same  value  for  y^  namely 

^"8.96./3' 

but  this  is  not  the  greatest  ordinate.     We  shall  likewise  have 

-llg  _  -69 

"-"16"'     "^-"IT' 

so  that  the  weight  q  will  be  distributed  between  the  points  of 
support  a  and  b  in  the  ratio  of  1 1  to  5. 

3  x 


S28  KOOILIBRIl'M  ur  AS  aLATTtC  KOD. 

325.  We  now  prncwd  to  ilpmonstrate  th«  fiw  miik  d 
^nuifi^  adverted  lo  in  No.  323. 

Fur  this  purpose,  U  rosy  be  remoriied,  lliat  if  tht  ^ 

i-A-  i 

I  — SAmwV  +  A' 

which  IN  a  rational  fmction  with  respect  to  A,  and  ta  «Ud 
a  real  angle,  be  developed  with  rcsfievt  lo  Uic  povo*  «f  1 
expression  will  be 

I  +2Ao««O•f.2A^>o4^Q  +  SA*eo830-(-3A*ca•4i.^l 
which  In  easily  verified ;  for  if  this  infinile  rrriw  W  BlH 
by  the  denominator  of  thi*  intction,  i.  c.  by  1  —  XA  tat  I ' 
the  result  will  be  its  nunu-roior,  m  will  be  evialou  aft  «■■ 
the  connderodon  that 


2CO8R0.OO90=COT<>I+1)0  +  CKM(«— 1>IL       \ 

whatever  br  the  number  n.  If,  ab«truLti'  ^  :■■■:  *  ■  ^| 
)>e  leu  than  unity,  thi*  M-ries  will  be  i-<>r  m 

tion  will  be  rigorously  equal  to  its  derelopment  caau 
ad  infinitum ;  hence  since 

l-2Acose+A»=:(l-A)*  +  4AMn'i0, 
we  shall  have,  on  this  hypothesis, 

.,   ~  ■■   -,10=  l+2S**c»«#: 

(I  —  A)'  +  4«s»r  J  9 

in  which,  under  the  sum  £,  aie  included  all  t^an  tt 
intend  number  n,  from  n^l  toM^z  .  Therefofv. « hM 
be  the  nature  of  the  function  JV  and  of  the  rval  coaoa: 
we  shall  have  also 

Cw  (l-AQ/ftffl 

JO  1  —  A* +  4  A.  sin*  J  (0  ~«) 

=  Jj/(Wfl  +  22A-Jj/fi.c«a(0-.^d». 

Let  y  be  an  infinitely  small  poaitive  quantitr,  ik»*  raa 


V 
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will  Still  subsist  if  we  make  Ac=  l—gj  since  it  subsists  for  all 
values  of  h  less  than  unity.  For  all  finite  values  of  n,  we  shall 
have 

for  infinite  values  of  this  exponent,  A**  may  differ  firom  unity, 
but  by  partially  integrating,  we  obtain 

J/ecos«(e-a)rfe  =  l/esinn(e-a)-  l^^^^<9-a)de; 

So  that  if  fO  does  not  become  infinite,  between  the  limits 
9  =  0  and  Ozuwi  nor  for  these  limits,  the  integral 

JJ/ecosn(e-a)rfe 

by  which  A"  is  multiplied ,  will  vanish,  when  n  =  x ;  hence  it  fol- 
lows that  we  can  always  replace  A"  by  unity  under  the  sign  2. 
In  the  numerator  of  the  fraction  comprised  under  the  sign  J,  we 
shall  have  1  —  A^  =  2^,  ^  being  neglected  with  respect  to 
2ff ;  in  the  second  term  of  the  denominator,  we  can  substitute 
unity  for  A  or  1  —  ^ ;  and,  by  this  means,  we  shall  have 


i  ^l/0de  +  2  Jj/e  cosn  (e  -  a)de 


0) 


>0/  +  4sin*i(e-ay 

The  coefficient  ofdO  in  this  last  integral  is  infinitely  small, 
except  for  values  of  0,  that  differ  from  a  by  infinitely  small 
quantities,  which  render  its  denominator  infinitely  small ;  con- 
sequently this  integpral  is  infinitely  small  or  cypher,  when  the 
difference  9 — o  is  a  finite  quantity ;  which  will  be  the  case 
throughout  the  entire  integration,  when  we  suppose  a  Z  0,  or 
a  >  ir  ;  hence  whenever  the  constant  o  fiedls  without  the  limits 
zero  and  ir,  the  following  equation  will  have  place  : 

ijjy9c/e+2jj/eco8it(e-a)de  =  o.  (2) 


fiM  kauainHiL'M  or  an  mljutic  koft- 

I^  ou  the  cnntrary,  w  biiv«  a  >  0  and  ^  w,  tW>t 
valuvs  of  0  which  lUOin-  infinitely  lUtle  froa  «; 
tnokiair 

tii9  ioUgnl  io  queuion  will  itiU  ruiish  Ibr  fiaote  Tslm** 
but  not  for  inBoitely  snuU  valoei  of  iHU  rumble,  wh^t 
pontire  or  o^ntive ;  with  rcapect  to  ibew,  we  tthail  Wr 

oonseqnently.  the  «c(roml  in«nber  of  equation  (I)  bcMsv 

wh«n  a  EalL«  between  scro  nnd  «-.  But,  as  tbM  lotcgnl  faifa 
for  every  value  of  «  which  is  not  infinitely  small,  it  airOT 
be  cxu-nded,  without  altering  the  irftlue,  to  any  valoes  «<*■ 
ever  of  m,  whether  potitivc  or  amative,  k>  that  we  aay  i^ 
it,  if  wc  pleaae,  from  m  =  —  xtoa  =  s;  in  wUcb  emt,  * 
shall  hare 

and,  finally.  1 

i'his  reasoning  wiii  also  suii  ihv  case  m  witicfi  «  etnanaa 
with  one  of  the  two  limits  zero  or  a-;  but  if  •  ~  0,  then  «p(M 
Assi^  none  but  positive  values  toji,  andonly  negative  niaa> 
when  a  =  r,  in  order  that  in  these  two  caseft.  tbe  wiaUc  t 
which  is  made  equal  to  a  +  "<  "^y  no'  P*^'<  ll>e  Lmhs  WtW 
inlogration.  In  thiii  manner,  the  intef^ral  relative  to  ■  aiS  ^ 
reduced  to  the  half  of  its  value  in  the  former  case,  or  to  ; 
M)  that  if  ii  and  y  be  the  values  ofyii  in  the  case  oi  ■  =  4  »* 
a=ir,  there  will  rtHuilt 

i  Jj/0</0  +  2^JyBcos«(W0      iw^. 
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Now  if  we  make 

^      jtx         ,a      ir(tx 

Ozz — ,     rfflzz ; 

a  a 

and  also 


/(v)=»^' 


and  if,  the  quantity  x  being  positive  and  less  than  the  constant 
Oj  there  be  substituted in  the  place  of  a>  in  equation  (2), 

and   —  for  a  in  equation  (3),  we  shall  obtidn  by  observing, 
that  the  limits  relative  to  x'  are  cypher  and  a, 


— \^  ibxdx'+  -  S  \^  6x'  cos  — ^— i — '  (Ix'zz  0, 
zr-\^  63fdaf+  -  S\^ 6x' cos  — ^ =  Ao: , 


(5) 


and,  by  subtracting  the  first  equation  from  the  second,  there 
results 

a  ^\  JO  ♦^^^^  '"T^^J  sin .  —  =  ^x ; 

which  was  to  be  demonstrated(6^. 

326.  This  formula  represents  the  values  of  the  function 
^x,  for  all  values  of  the  variable  x,  which  are  positixe^nd  less 
than  a,  and  even  for  x  =  0  and  x  =z  a,  when  ^x  vanishes  for 
these  extreme  values.  It  is  important  to  observe,  that  the 
series  indicated  by  2,  will  be  always  convergent,  when  con- 
tinued to  a  considerable  number  of  terms;  for  when  the 
values  of  n  are  very  great,  the  integral  relative  to  x'  will  be- 
come a  very  small  quantity,  which  will  diminish  more  and 
more  according  as  n  increases ;  and  when  n  =:  x,  it  will  be- 
come cypher,  as  was  already  shewn  by  means  of  partial  inte- 
gration. This  remark  is  necessary,  as  it  shews  that  we  are 
justified  in  the  application  which  we  propose  to  make  of  the 
preceding  formula. 
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The  diffi-rent  foTraule,  by  mennt  of  which 
funclinnft,  thither  contiauots  or<]hiconUnuoua, 
hibiU'd  in  u-rics  of  pcriodic&l  quantities  alway* 
be  deduced  from  equations  (5),  which  haw  beta 
above.     We  shall  restrict  ounelrn  in  thi»  chapter  t» 
of  lliese  formula,  which  wUI  be  vaefa\  bormfter ;  ihr 
referred  for  mure  rxtensirr  derclopm^nts  on  this  mats 
author'*  Atrmoirs  on  tke  iHtrftral  Cnlrttlua^   inserW  ia  * 
JovrnaltU  tEmln  PiAtiUcimiijMe,  wb«tT  wUI  be 
pletc  theory  of  this  kiiid  of  tntitafbniiatioas. 

If  equation))  (fl)  Im  aililiMl  lugetber,  and  alio  if  tW  fHb 
Kubtmctecl  from  the  second, and  If  3/ be  rabatitulcid  fara,  Aa 
x-ifl  and  x'  +  /  for  x  and  x',  and  oftenraMs  ^  aaA  fa  b 
pliicc  of  ^  (x  4-  /),  f  (x  -I-  0 :  ^  nmiu  of  thr  tntflgrab  i* 
tive  to  x'  btTeoiDC  ±  /,  and  ihcae  equations  will  he  rr^kad 
by  the  folluwiug : 

Let  each  sum  £  be  diviilei)  iiito  Iwo  otben.  of  wUci  Ife 
oiik-  may  contjun  even,  and  (lie  other  odd  nunib«t«.  F«  iIm 
j>urj)ose,  let  I  he  aiiy  integer  number  h haterer,  th«fl  bv aiAiv 
R  successively  =  2i,  and  2|  -  1,  we  shall  have 


/    ' 


0  _  /     , ,,  ■     *v 
-  =  (-l)'»in- 


.(2.-llw(j  +  /) 


.    (2.-l)vU  +  0  ^  , 


:i 
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^  and,  in  the  same  manner,  we  can  express  the  sines  and  cosines 
^  comprised  under  the  signs  J  ;  consequently,  we  shall  have 


tirx 


(6) 


in  which  the  sums  2  extend  to  all  values  of  t,  from  t  =  1  to 
t  =:  X.  These  equations  will  obtain  for  all  values  of  x  that 
are  comprised  between  the  limits  ±  /. 

This  being  established,  if  the  function  ^x  is  such  that 
^(— x)  =— ^x,  there  will  result 


S^/*^' 


cos(^-'"^^;-^cto-=0; 


and,  moreover, 

5/        .  .    iirx'  ,  ,       ft  f '  ,  ^  •    'v^'  j^ 
^x'  sm  —J—  ox  zr  2  V^ar  sm  — j-  or, 

S^l*^^^' 2/         ^  =  ^30*^"^         2/ ^  ^ 

by  means  of  which  the  second  equation  (6)  will  coincide  with 
formula  (a),  by  changing  in  it,  a  into  / ;  and  the  first  will  be  re- 
duced to 

2^/f  '       ,  .    (St-Oira/  ,  A  .    (2t-l)ira?  ,^. 
^=yS^5_^^'sm^ 27^ — dx'jsm^^ — 27^'^^^ 

If,  on  the  contrary,  the  function  ^  is  such,  that  ^  ( —  x) 
=  ^,  we  shall  have 

^.fr'sin^^ g^^ dic'=0,    ^^^fr'sm-y-cfe'z:  0; 
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and  the  otlwr  inlc^rnls  mny.  by  duuMinf^  the  iwiilli.  h  ■ 
tmid*^  frntn  x  =  0  to  x  =  i.    U I ~xhc  waimtiimai  tara,^ 

^  for  f  (/  —  z),  llic  i«o(inil  cf|iuilion  (6)  will 
equation  (T).     The  fint  eqaation  (6)  will 

These  fbnnuln{*)  uul  (8)  will  repraent  the  vsIdcb  of  ft,  ■• 
jr  =  0  to  z  =  / ;  tboM  wliJcli  can  be  ilodnoed  'froa  tfci^  ^ 
differcntiitliii^  with   rv«[>cct  to  x,  will  expras  the  ni»tf 

<~,  within  the  ume  intcfTiiL     FortBola  (T)  • 

^  =:  i>  for  X  =  0,  umI  -f^  =  0  whn  s  =  / ;  is  fixBuh  i^ 

»^  Oi 

-^  =  0  for  ;r  =  0  and  x  =  /.     \Vben  tbcae 

tatt*lied,  n«itIicT  th^o  fonnulv  nor  thur 
place  for  the  extreme  values  of  <(cO- 

327.  Conventely,  formulHi  of  this  kind  witi  !■■■■  J 

sums  of  numenius  jK'riinlical  writ?*,  which  haw  bt«n 

by  different  means.      'Hiua,   (or  vxaniple,   in   onlrr  M  a*> 

from  them  the  sum  of  the  »eri»i  maiil«  u>e  of  in  No.  3M.  hi 

—  a  be  Bubsliluttxl  in  place  of  n  in  equation  (2),  aaj  Am  U 
it  aiid  equation  (3)  be  added  lof^-lher ;  thnv  wiQ  naak 

JjyW/tf  +  2  2(5J/B  cm  aWtf)  coa  >.  s  ^. 

If  then  we  assumo/O  =  9,  wc  shall  have- 

which   is  equal   to    cypher   for  all   cr«n    nomben,  aa^  '-^ 
2 

—  ....__■  .1  for  ii  =  2i  —  I.     Hence  the  precnliBg  «qaiD* 

Itecomo 

o..(!i.-l)._, 
^-      (2.-1)'      -8  ('-»-); 
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^f  in  which  the  sum  2  extends  to  all  values  of  the  whole  num- 

Q  ber  t,  from  t  =  1  to  t  =  x. 

I  Multiplying  by  doj  and  integrating,  we  obtain 

s  ^8ln(2t  — l)a_ir^  . 

^      (2t-l)^     -g(ir-«)a. 

It  is  not  necessary  to  add  any  constant  arbitrary,  for 
the  two  members  of  this  equation  vanish  for  0  =  0,  and 
for  a  z:  ir ;  so  that  this  equation  obtains  for  all  values  of  a, 
from  a  =  0  to  a  =  TT  inclusively ;  if  we  make  a  =  ^rr  +  <«>>  ^^ 
shall  have 

sin  (2i  -  1)  a  =  -  (- ly  cos  (2i -- 1)  w, 

and,  consequently, 

^  (-  iy.cos(2t  -  l)o  ^  IT  ^  a     .^ 
^ (2i-l)-^ "  8  ^^  ""*'^^' 

from  01=—  ^irtoai=}ir.     If  this  be  multiplied  by  dw  and 
integrated  again,  there  results 

(-ly sin  (2t  - l)ai  _  ww^      w^w^ 
(2t-l/  ""24        32* 

which  was  required  to  be  obtained. 

328.  If  2  a  be  substituted  in  place  of  a,  and  then  a;  +  a, 
x*  +  ain  place  of  x  and  x'  in  the  second  equation  (5),  we  shall 
obtain,  by  making  ^  (a  +  ^)  =  f^» 


FX 


4aJ— a  2a    J-^a  2a 


for  all  values  of  x  comprised  between  ±  a. 
By  making 


TT  nx 


this  equation  may  be  written  as  follows, 

vxzz^^^   rx'dx'+-^[^^^Fx'c<Mu(x'^x)dx^9, 


3  Y 


080 
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in  which  we  aappoAc  that  ii  U  a  multiple  ol* «,  ami  liM  fr 
sum  £  extends  to  all  vulur«  of  k,  from  w  ^a  to  m=  x^.  h 
if  thp  cumttant  a  bvcomm  infiait^r,  t  the  (Iiffen;noe  af  tW  ^m- 
cutive  vatuee  of  u  will  bocotnc  iufinitaily  «n>U,  aad  iWim  1 
will  be  changed  into  tn  intern)  which  sboold  b»  t 
w  = «,  or  K  =  0,  to  w  =  -».  ConKquently, 
I  =  ■&,  and  lubntltuiiuf;  the  sign  J  for  £,  w« 
Bupprenbg  the  fint  ti-nn  of  the  preceding 

This  important  farmulii,  which  extetids  to  kU  r»ftl  vmlas  rfk 
viLfiable  z,  positive  or  negilivp,  and  a  applicabW  likcthi^ 
ceding,  from  which  it  has  been  deducrd,  to  any  fmetwik 
whether  coDlinuoim  or  diKVotinaoiH,  «m  fcnt  ci*«  bt 
Fourier. 


CHAPTER  IV. 

PKINCIPLE  OF  VIRTUAL  VELOCITIES. 

329.  In  the  simplest  cases  of  the  equilibrium  of  machines, 
the  power  and  resistance  are  reciprocally  proportional  to  the 
spaces  which  their  points  of  application  would  simultaneously 
describe,  if  the  equilibrium  was  destroyed.  But,  since  in 
consequence  of  the  connexion  between  the  points  of  applica- 
tion, the  spaces  which  these  points  would  describe,  if  they 
were  entirely  free,  is  different  from  the  spaces  that  tliey  ac- 
tually describe,  in  order  that  this  relation  may  always  obtain, 
the  infinitely  small  spaces  which  are  described  in  the  first 
instant,  should  be  replaced  by  their  projections  on  the  direc- 
tions of  the  forces.  This  relation  has  been  a  long  time  recog- 
nized in  the  case  of  simple  machines;  John  Bemouilli  afterwards 
extended  it  by  induction  to  any  system  whatever  of  material 
points  solicited  by  given  forces ;  and,  under  the  denomination 
of  the  principle  of  virtual  velocities^  it  is  now  become  the  ge- 
neral principle  of  equilibrium.  We  propose  to  demonstrate  it 
here  in  all  its  generality,  after  having  first  verified  it,  in  the 
following  examples : 

1st.  Let  (fig.  79)  A,  A^  a'\  ....  be  a  series  of  pulleys  con- 
tained in  the  same  block,  and  constituting  a  fixed  system,  and 
B,  b',  b'%  ....  another  series  of  pulleys  also  contained  in  one 
block,  and  constituting  a  moveable  system.  Let  us  suppose 
a  thread  attached  to  the  inferior  extremity  of  the  fixed  sjrstem, 
to  be  successively  rolled  round  all  the  pulleys  by  passing  alter- 
nately from  one  system  to  the  other.  To  the  free  extremity  of 
this  thread  let  a  weight  p  be  suspended,  which  may  constitute 


OSl  PBIKClFtC  or  vlnTLAL  VKtX>CtTIB*. 

an  equiUbrium  witli  a  weight  n  ■nspt-ndtfd  mt  ibr  i 
pulley  of  llie  movcublo  tystein.  The  t^nuoo  of  tW  tfti^  | 
will  bi'  thv  same  t]irou);h(tut  its  vntira  ttmKtli.  «im1  efti  > 
the  wnght  p;  monwrrr,  ifLbcdiunctpn  of  tbe  puUepWi^ 
flmall,  reUtivi-ly  U>  the  ilnUuice  which  wparatcs  Uw  twt  m 
tetas,  the  Mriiig^  which  pusa  alwntaU'ly  fruta  tW  ^m  kfe 
other  will  \te  senaihiy  jMirallel  and  wrlical ;  i  iiiniii[iwrli,fc 
force  which  outtalns  the  wetght  n  will  b«  equal  to  tW  tm  4 
their  tcii»ioiia,  or  to  n  tiroet  the  wtdght  p,  m  beiny  tk  bmA* 
uf  thcM  ftlriiigis  ;  hence,  in  the  cue  of  eqniUbrinm,  w«  M 
have 


Now,  if  the  equilibrium  U  ilcMnyeil,  aod 
nsceoda  or  detccntU  by  b  qiuuiliiy  ■,  sll  tb« 
minatc  in  tho  movcxlilc  synivin  will  be  •bortraed  or 
by  this  SARie  quantity.     As  the  entire  lengtb  wi  A» 
remaias  the  saioe,  the  part  to  wbieh  ibe  ««igb(  i 
will  be  lengthencil  or  shortened  by  ■  time*  tbt* 
hence  if  ^  denoCcs  llio  spiiec  thn>ut;ii  «liiili    tl 
ascends  or  descends,  we  shall  have  3  =  »■,  and, 

which  contains  the  principle  of  virtual  velocitiea  already  ai- 
verted  to. 

2ndly.  abc  (fig.  SO)  represents  the  wAecJ,  and  arc  ib 
intersection  of  the  vertical  plane  of  this  wbed  and  tt  ^ 
sur&ce  of  the  cylinder,  in  the  machine  called  the  axle  ia  ikt 
wheel ;  o  is  the  common  centre  of  these  two  csrcaafemMk 
and  Aoc,  a'oc'  are  their  hotiiontal  diameters.  A  tbrcai  emfi 
round  the  wheel  is  attached  to  one  of  its  pointa:  iMth* 
thread  attached  to  one  of  the  points  of  the  cyliadet,  m  la  ih> 
same  manner  coiled  round  its  tuiface.  A  wcigbt  r  b  •*- 
pended  from  the  first  thread,  and  a  weight  r  fran  the  ut.mi 
these  two  weighu  tend  to  turn  the  machine  in 
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lions,  and  are  supposed  to  be  in  equilibrio.  This  being  ag^ed 
on,  if  to  the  point  d  there  be  applied  two  vertical  forces  r' 
and  r'',  equal,  and  acting  in  opposite  directions,  the  equili- 
brium will  not  be  disturbed ;  if,  moreover,  these  forces  are 
respectively  equal  to  r,  the  force  r",  and  the  weight  r,  will 
constitute  an  equilibrium,  for  there  is  no  reason  why  their  si- 
multaneous action  should  cause  the  machine  to  turn  in  one 
direction  rather  than  in  the  opposite ;  there  must  therefore 
be  likewise  an  equilibrium  between  the  weight  P  and  the  force 
R%  which  act  perpendicularly  to  aoc^  at  the  extremity  of  this 
lever,  of  which  the  point  o  is  the  fulcrum.  Hence,  r  denoting 
AO  the  radius  of  wheel,  and  r'  oc^  the  radius  of  the  cylinder, 
the  equation  of  equilibrium  will  be  (because  r^=:  r) 

vr  zz  nr' ; 

Now,  if  the  equilibrium  is  destroyed,  and  if  the  weight  r 
rises  or  &lls  by  a  quantity  a,  while  the  weight  p  fidls  or  rises 
by  a  quantity  j3,  it  is  evident,  from  the  nature  of  the  machine, 
that  we  shall  have  j3r'  =  or ;  hence  we  infer 

p/3  =:  Ra; 

conformably  to  the  principle  which  it  was  proposed  to  verify. 

3rdly.  Let  a  vertical  screw  be  loaded  at  its  upper  extre- 
mity by  a  weight  R,  and  let  a  horizontal  wheel,  having  its  centre 
in  the  axis  of  this  screw,  be  adapted  to  its  inferior  extremity, 
let  then  a  thread  be  wrapped  on  this  wheel,  and  fixed  to  its 
circumference  by  one  extremity,  while  at  its  other  extremity 
a  horizontal  force  f  acting  in  the  direction  of  a  tangent  to  the 
wheel,  constitutes  an  equilibrium  with  the  weight  r.  By 
placing  a  fixed  vertical  pulley  in  the  direction  of  this  tangent, 
we  can  give  the  thread  a  vertical  direction,  and  thus  replace  f 
by  P  a  weight  equal  to  this  force,  and  attached  to  the  free  ex- 
tremity of  the  vertical  part  of  the  thread.  Denoting  the  in- 
terval between  the  threads  of  the  screw  by  A,  and  by  c  the  cir- 
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cuinferencc  of  iho  wheel,  we  atutll  bare,  by  tbv  knova  wm^ht 
of  equilibrium  in  tbi^  maehliK', 

re  =  iiA. 

The  two  wt»gbU  n  and  r  lend  to  make  tbc  tctn  m  ■■ 
in  opposite  directioiti ;  if  Uw  equiltbriuffl  is  ilfim^iiJ.  «i^ 
tbu  wnghts  will  rite  while  the  olber  &U>  ;  and  if  tW  w^^ 
R  ri$«»  nr  &lb  by  a  qiuuitlcy  equaJ  to  A,  the  inteml  hMa 
the  threadii  of  the  Hcrew,  thii  wri^bt  p  will  &1I  or  me  iWa^ 
a  space  equal  to  c  tlu!  drcumfueni^e  of  ilie  wfaed ;  ka«i  ii 
follows,  that,  ill  geuenU,  denoting  tbe  apacea  aiaalOMaa^ 
traveraed  by  the  two  weigbta  a  ami  p,  by  «  aad  ^  «*  )W 
have  nr  =  ^A,  aod,  coiucqaeDlly, 

I0=l>a. 

conformably  to  the  prinnplr  in  qu).-4tioii. 

4thly.  Let  u«  considtT  the  cane  of  two  vrigbls.  r  lirilt 
placed  on  two  mcUned  pbuiea,  ami  coniwctod  tugathv  1^ 
thread  pn<iAins;  ovit  a  fix^  pulley  «ilualnl  abo*«  Ac  tw 
plam-^,  which  are  siippost-d  lo  nrit  A^n>i  racb  other.  P^w^ 
61  represents  a  vertical  secrion  ot  this  system  :  \c  »  iM 
length  of  tht>  plane  on  which  the  weight  a  ia  plM«^  >.- 
that  of  the  plane  which  supports  the  weight  P,  *b  b  «  hmy 
xontal  line,  and  cd  a  vertical  line,  equal  to  the  c«b^m 
height  of  the  two  planes.     Let 

AC  =  n,     Bc  =  ft,     CO  =  A  ; 


bcanrquilibrium,  these  two  components  aboutd  be<qaal,<«*- 
quently,  we  must  hare 

po  =  aft. 

If  the  equilibrium  is  destroyed,  and  the  weurbi  a  iUam 
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the  plane  cb  by  a  quantity  equal  to  y,  the  weight  p  will  slide 
by  the  same  quantity,  but  in  a  contrary  direction,  on  the  plane 
AC ;  denoting  by  a  the  vertical  height  by  which  the  weight  r 
is  elevated  or  depressed,  and  by  j3,  that  by  which  the  weight 
p  is  depressed  or  elevated,  it  is  easy  to  perceive,  that  we 
shall  have 

and,  consequently, 

pj3  =  Ro, 

as  in  the  preceding  examples ;  but  in  this  case  a  and  )3  are  the 
vertical  projections  of  the  spaces  simultaneously  described  by 
the  weights  r  and  p,  while,  in  the  preceding  case,  a  and  /3 
were  those  spaces  themselves. 

330.  It  appears  from  No.  49,  that  two  forces  which  con- 
stitute an  equilibrium,  through  the  intervention  of  any  lever 
whatever,  are  in  the  inverse  ratio  of  the  infinitely  small  spaces, 
described  in  the  same  time  by  their  points  of  application,  pro- 
jected on  the  respective  directions  of  these  forces. 

This  relation,  which  exists  in  the  case  of  the  lever  between 
two  forces  in  equilibrio,  is  true  also  when  two  forces,  applied 
to  any  other  machine,  are  in  equilibrio.  Thus,  if  we  denote 
the  power  and  resistance  which  are  in  equilibrio,  by  the  in- 
tervention of  any  machine  whatever,  by  p  and  R,  when  an 
infinitely  small  motion  is  impressed  on  this  machine,  we  shall 
always  have 

p/3  =  Ra, 

/3  and  a  being  the  projections  on  the  directions  of  these  forces, 
of  the  spaces  which  would  be  simultaneously  described  by 
their  points  of  application ;  it  is  necessary  besides  to  take 
notice  that  one  of  these  projections  must  be  taken  in  the  di- 
rection of  the  corresponding  force,  and  the  other  on  its  pro- 
duction, as  is  the  case  in  the  lever. 

It  is  only  requisite  in  practice,  that  the  motion  impressed 


¥mi 
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oatlie  im^''"  1>e  very  inuU. 

A*  [iiijiilinM  0  and  «,  tbe  nlio  of  tbe 

■w*  n«T  be  kiiawiaiHy  obuined,  witlwai  kaowi^  "7^ 

of  Um  patticalu  cooMraeticu  of  ibe  naeluae. 

331.  Tki*  mode  off  ipiiwiiig;  tho  wlatjoM  WCwi^  fc 
powvr  and  mSsOmcc  vheo  tlwy  are  in  equillbrio,  «  aata^ 
trae  in  the  ca*e  of  evprr  ntachine,  bat  it  may  b«  aW  txk^kt 
•o  aoy  DomlM!!  of  fiircs  wbaienf  in  «M]uilibrio,  TWriM 
ktM^H-.K",  &e^(fif.SS),beai7<rtaBur 


tk  fsKcs  r.  r*,  r*.  Jkc^  act  on  tlkcae  pointa  ia  Aa 

Ma,  x**',  m'a*.  &c^  if  these  poinli  be  made  to 

nilcly  «aiaU  dispUccmenti  eoMpadUe  with    tbe  eo^iamd 

tbe  sy«te«i,  aad  if  ia  tba  way  ibey  are  tmwlerred  to  y.^,^i 

&€-,  and  if  finally  s,  v",  w*,  kc^  be  prajectwd  on  tb  te 

Ma,  k'a',  x'a*.  &c^  lo  o,  «*,  a*,  &o^  •»  Ibat 

>»=ft     "Vs^,     ■•a'c  ;/•,*•.: 

then  these  pn-jcctions  p,p\p',  kc,  bring  cvosii^nd  m  f^ 
iiuxe  or  ne^iive,  ai-ct>nliDg  ta  tlvey  Ul  on  the  ilim  riwi  ^ 

bare,  wfa^n  the  e<)uilibriuni  obtains, 

P/>  +  f'p'+  v"p"  +  4c.  =  0, 

and  conversely,  there  will  be  an  equilibrium,  when  ibi*  ela- 
tion subsi^sts  for  all  displacements  compatible  with  the  «•- 
ditions  of  the  system. 

The  infinitely  small  lines  MV,  m'n',  m  n  ',  &c.,  are  tet^ 
the  nrraa/ peiortttW  of  the  points  si,  h',  m',  &c..  becKMr  tW« 
are  the  space*  that  would  be  simultaneously  described  br  iW 
points  of  the  system,  in  the  very  fim  instant  in  «kick  tk 
equilibrium  is  destroyeti. 

it  should  be  observed,  that  the  principle  of  rirtwil  «i^ 
cities  contained  in  the  formula  stated  abavr,  furnishes  ■«t«h 
the  comditi<m*  of  equilibrium  which    May   be  expRHtd  Vt 
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squations,  but  not  those  which  are  relative  to  the  directions 
>f  certain  forces,  and  to  the  extent  vHithin  which  they  should 
meet  a  fixed  plane  (No.  266).  The  motions  compatible  with  the 
x>nditions  of  the  system,  which  furnish  the  equations  of  equi- 
ibrium,  are  such,  that  motions  directly  contrary  are  equally 
xwsible.  For  example,  if  a  material  point  is  placed  on  a 
ixed  plane,  the  motion  will  be  possible  in  every  direction 
aken  in  this  plane^  and  also  in  the  corresponding  opposite  di- 
ection ;  but  perpendicularly  to  this  plane,  it  can  only  have 
ilace  in  one  sole  direction.  Now,  the  consideration  of  the 
notions  performed  in  the  plane,  will  furnish  us  with  conditions 
»f  equilibrium  which  may  be  expressed  by  equations,  and  the 
onsideration  of  the  perpendicular  motion  will  only  determine 
he  direction  of  the  normal  force,  which  ought  to  be  contrary 

0  that  of  the  possible  motion.  In  the  general  statement  of  the 
•rindple  of  virtual  velocities,  it  is  implicitly  supposed,  that 
ach  of  the  motions  compatible  with  the  conditions  of  the  sys- 
sm,  and  the  directly  contrary  motion,  are  equally  possible ; 
nd  if  the  preceding  equation  be  successively  applied  to  these 
wo  motions,  all  the  quantities  PfP^p^'y  &c.,  will  change  their 
gns,  and  there  will  only  result  but  one  equation  of  equilibrium. 

If  the  force  p  is  the  resultant  of  several  g^ven  forces 
,  Q^  Q^^  &c.,  and  if  9,  q'j  ^^,  &c.,  denote  the  projections  of 
N  on  their  directions,  we  shall  have  (No.  34), 

pp  zi  Q^  +  Q'q'  +  Q V'  +  &c- ; 

1  that  we  can  replace  in  the  preceding  equation,  the  term  vp 
(lative  to  the  force  p,  by  this  sum  of  terms  of  the  same  nature, 
hich  refer  to  its  components ;  and  we  may  make  the  same 
ibstitution  in  case  of  the  forces  p,  p^  p*\  &c.,  if  they  are  also 
le  resultants  of  several  other  forces. 

It  appears  from  No.  39,  that  in  the  case  of  an  isolated 
»int,  the  principle  of  virtual  velocities  is  a  consequence  of 
is  last  equation,  whether  the  point  in  question  be  entirely 
*e,  or  whether  it  be  constrained  to  remain  on  a  given  curve 

3z 
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or  mttoM.  W«  ptftcwd  now  lo  fWmMwtmis  tkm  gmM 
dple  in  th«  eaw  of  uijr  <iy«t«B  wfc«ftmr  nf  aalnl 

M,  M',  W",  &C. 

332.  L<rt  m  (tupjMMM  Unt  Iheae  point*  . 
^ethrr,  pilhiT  by  inflexible  mtls  or  br  fl^xiUe 
which  the  lirot  must  be  firmly  alfcfaaj  to  iWh  jmlk 
while  the  wconil  trnvrrw  ihctn  tilw  loovaable  finpu  bi^ 
latl  case,  thme  point*  or  riiijp  ue  lnn»  is  tU»  iMl^ 
thrauls  that  iravrrM*  ifarai,  whii-Ji,  thwefaga,  aart  W  f» 
fc«tly  flexible.  Ii  i*  ev\iieat,  that,  >A«r  «Im  |^n»  k« 
p,  r',  p',  &c^  are  appUeil  to  the  pointa  Jt,ii',  ^,te,^ 
the  pquilibrium  ia  ntablishvil.  th«  tkre*d»  wUdb  amM 
thvM  poinu  twn  hjr  two,  »«l  neb  of  tWa  oyaMMk 
porticniar  (c-mnon,  that  it  to  my,  cad)  of  thii  tkpn^d 
btr  tlrairn  nt  its  two  rxin-mitin  by  eqtia]  and  mpfrntttm^ 
aetiiiK  in  the  direction*  of  it>  pnxjuctioas,  ■■  haa  kM»l^ 
ready  stahNl  in  the  caaa  of  tba  fiinicalar  polyg—  <)ia.  M^ 
Tbe  tnlmrity  of  this  force  will  iDMaur«  th*  aahaow  mm* 
which  thi«  thrt-iici  >>t{MTit'u<^-^.  Any  thn^  that  b  ■• 
titretchi>d,  will  c<>iitril>i:itv  notliing  to  iba  MjuUhn^fc  ^ 
thvnrtun',  ntW  not  Iw  taken  into  account. 

'I'hf  Icnsion  may  vary  from  o«ic  ihrvad  u>  aalhar  ;  k«  ■ 
ihv  csAcof  (wo  ihTcacK  that  arr  the  prodocboo,  ikr  •■•  ' 
ihe  other,  thrnMi;h  n  rinn;,  the  t«luon  ia  tikc-  mtm,  m  A^ 
two  [mr(4  uf  (he  ftitinf  thivad,  which  rauat  Dcea^Blfly  M^ 
riffnci:  tilt'  aamv  [iMuicm  thn)u^hnut  i(«  cittiiv  lanflfc  ()i«iWV 
Thus,  for  example,  if  h  is  a  nag  trarerwd  by  tW  itoai 
h'mm",  the  tension  of  mm'  is  the  same  as  that  ot  km'. 

When  several  threads  cross  each  other  in  [»wii^  i^**^ 
the  same  ni}f[,  the  tension  is  the  same  in  Uw  two  p>*  ' 
each  thrcutl,  hut  it  may  vary  from  one  thrvail  to  amiihrt  b> 
therefore,  beside  the  tbreud  m'siu",  the  thivMi  m  mh"  K^ 
wUe  pa<ise«  ihrou^^h  the  rii)^  M,  tbe  tttn&iun  wiU  be  tW  ■■* 
in  iIk'  tuu  piirlH  mm'"  sihI  mm"  of  this  U»t  thir««.  W^  ■ 
((enerul,  it  uilt  Ik- different  from  that  of  tb«  two  Mnt  aa  "* 
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£m"  of  the  first  thread.  And,  if  another  thread,  such  as  mm^ 
ihould  terminate  at  the  same  ring  m,  to  which  it  is  firmly  at- 
ached,  its  particular  tension  will,  generally  speaking,  be  dif- 
erent  from  the  tensions  of  the  other  threads  that  terminate  at 
he  same  point  m. 

It  is  likewise  to  be  observed,  that  if  m'  is  a  ring  as  well  as 
I9  and  if  the  thread  m'^mm^  after  having  traversed  the  ring 
ly  passes  likewise  through  the  ring  m',  and  terminates  at  the 
Nuiiit  u''\  the  tension  will  be  the  same  in  the  three  threads 
f^M,  MM^  m'm'^^;  for  then  these  three  threads  constitute  only 
•He  u"ui/tH''\  In  general,  when  a  thread  is  distributed  into 
eT«ral  parts  by  moveable  rings,  the  tension  is  the  same  in  all 
M  parts. 

With  respect  to  inflexible  rods,  when  the  equilibrium  ob- 
lins,  they  are  drawn  or  pushed  in  the  direction  of  their  length, 
y  equal  and  contrary  forces,  acting  at  their  extremities.  The 
ommon  intensity  of  these  two  forces,  in  the  case  of  each  rod, 
\  the  measure  of  the  tension  or  contraction  that  it  under- 
oes.  If  there  be  any  rods  in  the  system  which  are  neither 
tretched  or  contracted,  they  do  not  contribute  to  the  equi- 
brium,  and,  being  useless,  they  may  be  suppressed.    Hence, 

I  what  follows  it  is  assumed;  that  the  rods  or  threads  which 
>nnect  the  different  points  of  the  system,  are  stretched  or 
Nitracted  in  the  direction  of  their  length  by  unknown  forces. 

The  advantage  of  the  principle  of  virtual  velocities,  con- 
sts  in  this,  that  it  furnishes  the  equation  of  equilibrium  in 
ich  particular  case,  without  requiring  us  to  compute  these 
iterior  forces ;  but  as  the  demonstration  which  we  propose  to 
iVe  of  this  principle,  is  founded  on  the  consideration  of  these 
roes  whose  magnitude  is  unknown,  the  following  notation 
ay  be  advantageously  employed  to  represent  them. 

The  tension  or  contraction  of  the  flexible  or  inflexible 
read  which  connects  any  two  points  m  and  M^  of  the  system, 

II  be  denoted  by  [w,  wi'].    In  this  manner  [w,  m"],  [m',  m*], 


r«l!(CtrLt  or  *lKTt-AL  VKS-ACims. 


JSte^  will  rrpmeni  Uw 

wUdi  «ina«ct  u  uni  m",  m'  am)  ■*,  ttc. 

333.  We  nust  lUiewiw  eoMidw  tbe  infiiriirif  ^rf  «• 
atioBS  wfatdi  tfac  disuaca  «f  the  pobita  m^  m*,  m",  At.  lAi 
two  by  iwo,  undergo,  when  only  one  of 
its  pouiion,  «h1  ako  wbea  ibey  ant  both  tfivpt^gerf  ^a^ 
lancoosly.  Denoting  Uw  distaace  betwi 
M  «ad  x*.  M  aad  it",  m^mbA  m',  tte^  by  (m,  m'X  (a,  «^ 
(■1*  ■1*%  &c^  if  n  oBploy  tba  ebcnteWfalic  2;  ^  4^ 
tke  twiaiiou  oT ibew  fittaneci  icbdrdy  to  tWdafh^rt 
ofiba  point  h,  ibr  dMiacteriatk  t,' to  4eiio«e  thav^ii 
obt^  wboi  it  Bi  Uw  point  W  tlMt  b  ifaphi  i  il.  d»  <li^ 
Icmtic  j,"  to  iftdJeatf  tbe  Tariittms  mnuag  burnt  (he  Jifta^ 
BMBiflfa".  aiulfOflB,  anJ  finally,  if  tbe  chMseia^lh 
delate  the  nntian  af  the  AooMi  aT  ^  » 


£,'{m,m')=  Hit'—  im'; 

ti>r  M  ha<<  bcvn  »iipf>o««>l  tu  hare  Ikcb  tmiuferred  firMRW 
and  m'  from  m'  to  k'. 

It  is  of  consequence  to  obserre,  that  the  entire  i»iMM 
indicated  by  S,  is  equal  to  the  sum  of  the  partial  *«rtMM« 
indicated  by  ^i  and  S/;  so  that  for  any  two  poinu  wfaaivte. 
we  bare 

S  (m,  ■')  z=  S,  («,  m')  +  ^,'  (■,  >i  1  ; 

this  equation  obtain%  because  the  displaceinetiti  of  u  mi* 
are  supposed  to  be  infinitely  small,  and  il  b  oalr  trve  oa  tks 
bypotheus.  In  hct,  (mm')  is  a  function  of  the  coordiaatf*  ' 
these  two  pmnts  ;  and  when  M  and  W  are  transtmtrd  i»  «  «< 
k',  these  variables  experience  infinitely  unall  iaov^MA 
poeitire  or  ne^tive ;  now,  if  the  powers  of  thaar  iactv^n* 
higher  than  thv  dnt,  beneffledrd,  it  t«  erident  thattWfatcr 
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c  increment  of  any  function  whatever  of  these  coordinates,  is 
eqaal  to  the  sum  of  the  partial  increments  arising  from  the 
f2  variation  of  each  coordinate  separately;  consequently,  the 
]•  wtire  variation  of  (m,  m%  indicated  by  the  characteristic  S, 
,f  must  be  equal  to  the  sum  of  its  partial  variations  which  refer 
^   to  Si  and  S/(a). 

p  334.  What  precedes  being  admitted,  let  any  point  m,  to 

^  which  the  g^ven  force  p  is  applied,  be  considered.  This  point 
is  connected  with  the  others  by  the  threads  mm^,  mm^^,  &c.  ; 
it  is,  therefore,  drawn  or  pushed  in  the  direction  of  each  of 
these  threads  by  a  force  equal  to  the  contraction  or  tension 
which  this  thread  experiences ;  so  that  besides  the  given  force 
Py  the  point  m  is  likewise  subject  to  the  action  of  as  many  other 
forces  as  there  are  threads  terminating  at  this  point*  These 
interior  forces  being  thus  taken  into  account,  we  may  abstract 
altogether  from  the  consideration  of  the  threads  which  connect 
Bf  with  the  other  points  of  the  system,  and  regard  it  as  an 
isolated  point,  which  is  in  equilibrio,  in  consequence  of  the 
action  of  the  force  p,  and  of  the  forces  [nt,  m^,  [m,  nt^^,  &c. 
If  M  is  a  fixed  point,  no  equation  of  condition  will  result  from 
them,  but  if  it  is  entirely  free,  or  if  it  is  only  constrained  to 
remain  on  a  given  curve  or  surfisu^e,  we  shall  have  between 
these  forces,  the  equation  of  virtual  velocities,  which  has  been 
already  demonstrated  to  obtain  in  the  case  of  a  material  point 
in  equilibrio. 

In  order  to  form  this  equation,  let  a  point  be  taken  in- 
finitely near  to  m,  and  appertaining  to  the  curve  or  surface  on 
which  M  is  constrained  to  exist,  if  it  is  not  entirely  free.  If 
p,  ^,  tj  t'\  &c.,  be  the  projections  of  mn  on  the  directions  of 
the  forces  p,  [m,  w'],  [w,  m"],  [m,  m'"],  &c. ;  by  No.  39  we 
shall  have 

vp  +  [m,  nr\.t  +  [m,  m"].^+  [w,  m"'].ir+  &c.  =  0. 

But,  as  the  line  mn  is  by  hypothesis  infinitely  small,  it  is 
easy  to  perceive  that  its  projection  on  mm^  is  q.  p.  the  dif- 


MS 
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ttrme*  at  tbe  two  Ammmm  mm'  sad  km';  itt  tf  fcw*' 
paiaia(fif.  83)  the  pctpeniUcuIsr  xa  b«  lc«  Ul  oa  mt.  * 
fine  MH  wUl  W  tlu»  prajccboo.  and  we  sball  have 

MB  =  mm'-  HM*. 

We  hAvt  b]*o,  by  Delecting  infinifaely  email  ^fmaom* 
the  HDOod  Bnd  tiigber  onlcti. 

UM'=  v''()'m')*— (sfa)*  3s  mt'. 


MH  =  MM'  —  MM'. 
AoBonliiic  to  iIk  ootaliini  expLiincd  Mbova,  tUa  aqaitiM  b 

I  =  «,{•,«'); 

and  in  tbe  aae  ■aoMT  wc  •ball  fa*w 

eooMqocntljr,  tbeaqutkaofiqiiGbfiBBwin  haa^ 

+  [«,  m']  S,  (»,  «■-)  +  Ste.  =  0. 

In  the  case  of  oach  of  the  other  points  m',  m',  m".  fa-  ^ 
the  sj'stem,  Ntnilar  equacion.^  may  be  obtained,  tb<«e  r^w- 
tions  will  be 

r'p'  +  ["•'.  ■«]■£.'  ("'.  M)  +  [■«'.  m"l.i^■^m■.  m-) 

r'p-  +  [M-,  «]  «,-  («",  M)  +  [«i',  ■i']  ?,-  («-.  « ■( 
+  [-I-,  «"]  S,'  (--,  -.■■)  +  4c.  =  0, 

f  ";>"  +  [m".  ■]  i|"  (m"   «)  +  [m-i  «■]  it"  («'.  ■" 

+  [«•-.  -I"]  Sr  ("-,•»•)  &c.  =  0  ; 

p".  p".  /»"'.  Ac,  bein^  the  rwpecUre  virtual  Trloeib**  •< 
M'.  M",  H  ",  itc,  projected  on  the  dirvctioiw  of  tW  f[tTM 
forcea  r',  p ",  r"\  kc,  which  act  on  theae  ■ 
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I  We  shall  obtain,  by  adding  these  equations  together,  and 

I   by  observing,  that  [m,  m']  and  (w,  wi')  are  the  same  thing'',  as 
I    [m%  m]  and  {m\  m),  and  that  the  same  is  likewise  true  for  the 
other  points  w", «'",  &c., 

+  [m,  m'] .  8  («, !«')  +  [m,  W] .  8  («•,  w") 
+  [m, !«"'] .  8  (wa,  m''')  +  &c., 

+  [m',  m"] .  8  (»•',  w'O  +  [wf  m'"] .  8  (m\  m"0    [  ^^^ 

+  [w",  m"'] .  8  (w",  W")  +  &c., 

+  &c.  =  0. 

in  which  the  total  variation  of  each  distance  is  substituted  in 
place  of  the  sum  of  its  partial  variations. 

335.  In  what  precedes  the  displacements  mn,  m'n%  m''n'% 
fcc.,-  (fig.  82),  are  supposed  to  be  independent  of  each  other ; 
and  in  equation  (a)  it  is  only  implied  that  these  points  have 
remained  on  the  given  sur&ces  or  curves,  on  which  they  are 
obliged  to  exist;  but,  if  we  suppose,  in  addition,  that,  in 
consequence  of  these  displacements,  the  points  of  the  system 
which  are  connected  by  a  rod,  or  stretched  thread,  have  pre- 
served the  same  respective  distances,  we  shall  have 

8  (m,  mO  =:  0,    8  (w,  w")  =0,    8  (W,  m")  =  0,  &c., 
and  equation  (a)  will  be  reduced  to  the  following : 

pp  +  py  +  p"p"  +  p"y"  +  &c.  =  0,  (b) 

which  is  precisely  that  of  the  princij^  of  virtual  velocities 
(No.  331). 

If  in  the  displacements  of  the  points  m,  m%  m'^,  &c.,  those 
which  are  rings  slide  along  the  threads  which  traverse  them, 
equation  (b)  will  still  obtain,  provided  that  the  total  length 
of  these  threads  does  not  vary.  Let  us,  for  example,  suppose 
that  M  is  a  ring  which  slides  along  the  thread  m'mm^^,  then  we 
shall  have  no  longer  separately  8  (m,  m')  and  8  (m,  m^^  =  0, 
bat  we  thall  always  have 
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^w  tW  aRve  Icf^^  vf  ifae  tk«*d  oondsoes  coom 

h  Om  ^,  m  tbc  tcHioM  [m,  m']  asid  [as  ai^  «f  da  M 

partB  «f  lUk  l^fcni  ««  aqval ;  die 

tEBriaaa  ia  cc|«atioa  (a)  Bay  be  wrincD  ilia. 


la  gtHnl,  wka  a  Smhim  tkiaad  paaes  tkrM|4  m 
aaaber  whatew  af  nafh  Ac  aqaal  Icniaaa  af  ik  4C^  ' 
|iait>  win  feapptair  fiaa  cqaatioo  (a),  aa  often  a>  tkt  ^m  1 
lra|rUioftlwiltTC«IANSH(TarT.   Wcoaa.tbcflatfM.fci* 
iafcT.  I 

IM.  Tt^  iW  Li|alaia  waatriiig  fioai  the  pcimipli  rfw- 
taal  wiadtiw  obcnc  ia  the  oaeofall  btttdtaij  mmaMm' 
Ibnt  wUek  aa  W  IcihiimJ  oa  a  mIU  body,  wfcathu  fc»« 
ecMttabcA  by  facJ  ihartrlra  i  far  ia  aU  ifaoe  -  -  -_  ^  ' 
mpvctiredktaBMaof  t)M|iaiauof  tl»  body  aiv  iaiabih 

'2n<[]y  That  t!ii*  it|UaUi>ii  i-!>l.ii[i»  al«.  1:1  (he  c««*-  »*  »^ 
tbe  infinitely  smftll  modoQS  which  a  ftntem  of  poino  or  iwft 
cooDecteil  to^dtet  by  flexible  thread*  can  acqiutv,  pronax 
that  these  threads  renuun  straight  or  stretched.  Wbcn  thn  na- 
(lition  is  not  satisfied,  all  the  tensions  would  not  disappnr  ■ 
equation  (a),  ami.  eonsequenily.  equation (b)  no  lon^crf  obcva». 
336.  Il  is  necessan*  likewise  to  deraonotrale  ifaal.  coa- 
rersely.  when  equation  (b)  obtain*  for  all  tbe  infinitely  ^n* 
motions  which  can  be  imprewed  oa  a  system  of  puioia  m.  a  .  ■  . 
&c.,  (he  ^ven  forces  i\  i>',  r",  &c..  are  io  cquilibrio,  a*  baa  W«a 
alrvady  suted.  (No. 331). 

If  for  oneinslani  i(  be  supposed  that  the  equilibriuniionM* 
obtain,  the  point*  m,  m',  M  ',  AiC,  or  at  least  aonw  of  tbeau  >i>> 
bei^iii  (u  move,  and  in  the  fir»t  instant  tbey  will  desctibe aaMi- 
taneously  ri^ht  lines  ^uch  as  ms,h'n',m"k",&c.;  tbMvfc««.iii 
thew  pointfl  may  W  TediuW  to  a  slate  of  real  by  itopmaaf  •• 
them  suitable  fortx-*.  aclinj;  alonK  (he  productioaa  of  tWt  !■*«■ 
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in  a  direction  opposite  to  that  of  the  motions  produced ;  conse- 
quently, ifwe  denote  these  unknown  forces  by  r,  r',  r'^  fcc,  there 
will  be  an  equilibrium  between  the  forces  p,  p',  p'',  &c.,  and 
B,  r',  r'',  &c.  ;  so  that  if  r,  r',  r"^  &c.,  denote  the  virtual  velo- 
cities projected  on  the  directions  of  these  new  forces  r,  r',  yJ\ 
&c.,  we  shall  have,  by  the  principle  of  virtual  velocities  that 
has  been  demonstrated, 

vp  +  v'p'  +  v"p"  +  &c.  +  Rr  +  rV  +  rV  +  &c.  =  0, 

or  simply 

Rr  4-  R V  +  r'V  -h  &c.  =  0,  (c) 

in  virtue  of  equation  (b),  which  is  supposed  to  have  place. 

As  equation  (c)  obtains  for  all  infinitely  small  motions 
compatible  with  the  conditions  of  the  system  of  points  m,  m^  m'', 
&€.,  we  may  select  for  their  virtual  velocities,  mn,  m'n',  m"n", 
&c.,  the  spaces  actually  described  in  the  same  instant ;  but  as 
these  lines  are  laid  off  on  the  productions  of  the  directions  of 
R,  r',  r'',  &c.,  it  follows  that  all  the  projections  r,  r',  r'',  &c. 
will  be  negative,  (No.  331),  and,  abstracting  from  the  sign, 
equal  to  these  very  lines  mn,  mV,  m^'n",  &c.  In  this  case, 
then,  all  the  terms  of  equation  (c)  have  the  same  sign,  and 
consequently,  their  sum  cannot  vanish,  unless  that  each  term 
in  particular  is  equal  to  cypher ;  hence  we  shall  have 

R  .  MN  =  0,     r'.  m  V  =1  0,     r".  m"n"  =  0,  &c. 

Now,  if  the  product  r.mn  =  0,  we  must  have  either  r  =:  0, 
or  MN  =:  0 ;  in  both  which  cases,  it  follows  that  the  point  m 
cannot  move;  it  is  the  same  with  respect  to  all  the  other 
points ;  consequently  the  entire  system  is  in  equilibrio ;  which 
it  was  proposed  to  demonstrate. 

337.  In  the  case  of  fluids,  it  will  be  shewn  hereafter,  by 
means  of  their  fundamental  property,  that  the  principle  of 
virtual  velocities  obtains  likewise  in  the  equilibrium  of  a  sys- 
tem of  forces,  the  actions  of  which  are  transmitted  by  the  in- 
tervention of  a  fluid  contained  in  a  canal  or  vessel  of  any  form 

4  A 
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wkatevor.     Kothat  Otb  prindpl«ef  «(|tulibriiiai,  ka^il^ 

cable  in  cvury  case,  will  have  nil  die  rrquinxl  grmamHf,  % 

nWn  material  |>obits  aie  dctadied  ftoM  «adi  Mho;  ib«% 

way  in  which  the  neUoo  of  Uhw  totem  eta  b» 

(rom  one  point  to  anotfaer,  i»  eitbcr  by 

of  Rtrctched  threads,  or  of  taU»  pontahwd  la 

mareoret,  if  Mmw  oftfaeie  pointoBM  JMinwMii,  alt^y*- 

bctly  fmt,  zoA  othm*  eoaMmiiml  to  cxbt  on  grra 

sur&tcc^  the  syslcm  of  nuterbl  iraints  that  coastitBtcrf  v3  W 

the  mott  ircncntl  wbich  there  mil  be  may 

NevorthelcMi,    it  will  be  pHtsp4   aot 

mtother  (fenutiuAntioo  of  the  Rune  principle,   flr  mUAm 

are  indebted  to  LaKranfi^c,  and  which  i*  g^imiiNbil 

■hat  are  mon-  a-lvmenUtry  ifaao  the  pn>«vdiiig;  m 

fuundt-d  oti  iIk'  potHitiilily  of  oar  beini^  able  m  nplw*  dlft 

fnrcn  applied  to  unj  fyuun  wfaaterer  oi  bmevbI  ftml^  ^ 

one  weight  aeting  in  a  naaner  wUak  w*  nam  pn 

explnin. 

33H.  lift  iiolul  »  (fig.  b4;  is  eolicittMl  by  a  func  r  i^i| 
in  the  direction  of  the  liiui  HA,  we  nay,  m  iW  im  |kM 
suppose  that  tlii«  force  is  applied  to  the  point  a,  aaid  ihrtk^V 
by  means  of  a  cord  ma  attached  to  this  point  m.  We  af 
then  Nubiiititute  fur  this  cord,  a  thread  whkh  b  tlt^ma^ 
rolled  round  a  iixedand  moveable  sj-^tcmof  poUcym,  laJ ii •- 
Uichtil  tiy  one  «f  i(>  two  extremtiit's  to  one  or  nthii  ml  Aa* 
two  flmcms:  that  which  rs  lised  bcinf  ■tppoaaJ  ••  n^* 
the  point  \,  and  that  which  is  morei^fe  to  tbe  ponil  m.  Bu 
the  free  extremity  of  the  thread,  a  we%ht  k  k  iiiijiiaJid  *■*> 
tically,  iu  tension  throughout  its  entire  length  wfll  be  «^ 
to  K.  If  the  dimensions  of  the  pulleys  be  mppnuJ  •»  hr  » 
finitely  small,  the  tensions  ofalllbepwta  of  this  thtmA.  wtsi^ 
terminate  at  the  moTeable  system,  will  hare  tbe  wmt  ^mm- 
tion ;  and,  denoting  th«r  number  by  ■«  ihctr  m^^ai  «IW 
equal  to  i'k,  which  will  act  at  the  point  m  in  tW  X-iili*  ^ 
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MA ;  consequently,  if  t  k  =:  p,  the  action  of  the  force  p  may  be 
replaced  by  that  of  the  weight  k« 

The  same  will  be  the  case  with  respect  to  the  other  forces 
V\  ^\  &c.,  applied  to  the  points  m^,  m^^,  &c.,  and  acting  in 
,  the  directions  m^a^,  m"a'',  &c.  ;  each  of  them  can  be  replaced 
by  a  weight  equal  to  a  submultiple  of  its  intensityi  and  acting 
in  the  manner  that  has  been  explained  with  respect  to  the 
force  p.  Moreover,  it  is  easy  to  perceive  that,  as  is  repre- 
•ented  in  figure  85,  we  can  always  make  the  same  thread  to 
pass  successively  over  all  the  fixed  systems  at  a,  a^  h!\  &c., 
and  over  all  the  moveable  systems  attached  to  the  points 
M,  M^  M^^  &c.     Hence  if  we  make 

t'K  =  p,     t'K  =  p^     Tk  =  p^  &c.  (d) 

I,  t',  r,  &c«,  being  whole  numbers,  we  can,  by  suspending  the 
weight  K  at  the  free  extremity  of  this  thread,  replace  the  system 
of  given  forces  p,  p\  v'\  &c.,  by  this  weight,  the  action  of 
which  will  be  transmitted  to  the  points  m,  m^  m'^&c,  through 
the  intervention  of  this  thread,  and  of  the  fixed  and  moveable 
systems.  Indeed,  it  is  implied  in  equations  (d),  that  the  forces 
p,  p',  p^,  &c.  are  commensurable ;  but  this  hypothesis  is  always 
admissible,  because  their  common  measure  k  may  be  a  weight 
as  small  as  we  please,  and  even,  if  necessary,  infinitely  sinall(c). 

339.  Let  us  now  conceive  that  there  is  impressed  on  the 
points  M,  M^  vl'\  &c.,  a  motion  which,  as  also  the  directly 
'  oontrary  motion,  may  be  consistent  with  the  conditions  of  the 
system ;  after  an  infinitely  small  portion  of  time,  let  n,  n^  n'', 
&c.,  be  their  positions,  and  let,  as  before,  />,  //,  p"^  &c.,  denote 
the  projections  of  mn,  m'n^,  m^^n^^  &c.  on  the  directions  of 
p*,  p',  v'\  &c.,  or  on  their  productions.  The  point  n  being 
projected  at  a  on  the  right  line  ma,  each  of  the  cords  which 
issue  from  a  to  m  will  be  shortened  by  a  quantity  am  —  an, 
which,  if  infinitely  small  increments  of  the  second  order  be 
neglected,  may  be  considered  as  equal  to  Ma ;  on  the  other 
hand,  this  cord  will  be  lengthened  by  a  quantity  equal  to  Ma, 
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if  tbi)  point  a  &IU  on  ihc  production  of  am  :  benec  ll  Ui« 
that  in  consequence  of  the  HMpUcvtnnit  of  m,  the  Wgll  ■ 
wit)  <le4c«nd  in  iIm-  firat  nw,  unit  aacvnd  in  ihe  iiruMJ.  ^* 
<)iiantity  equal  to  the  {inxluct  of  Mu  and  « ;  «h^  i"^* 
ajrreeftbly  to  wliat  wiu  sUiUhI  rvUtiTe  tci  tlie  •!((&  ol  ^  '^ 
331),  tliiit,  in  ronoetpii^nce  of  thiii  mle  lUsplaonBtM,  thrf^ 
tjve  ur  negative  variatiun  of  it*  rarrlicKl  hci^l  wB  W*- 
premcd  by  ip.  The  same  will  b«  the  cbsb  wilb  napia«A 
the  other  points  M',  m",  kc;  amtw<\aently,  if  ^bcisi^ 
nitely  small  quantity  that  n-preMmtt^  acer>r«liap  ■»!(  b{ 
or  negalirc,  the  entire  qtisntity  by  which  the  «^fkc  slt- 
Bcends  or  a»L-en(ls  tn  coaadgatatcc  of  Um  mmi 
placements  of  all  thd  points  of  the  s)'smn,  wv  al 

:  =  .>  +  .>  +  .->•'+ 4c. 
Now,  when  the  weight  K  tend*  to  dcMcnd.  as  it  is  tW  mti 
force  which  acta  on  the  ■yvlcn,  it  i>  cTidtnti  thai 
prorent  it  from  pro«ludn|f  the  motion  in  quMtioa.  if  tldii 
of  J  is  positive  ;  fiii.l  tliat.  if  it  i«  in-ipiivr,  n--tlii(i^  ».!;•*' 
vent  the  weight  k  from  producing  the  direct  ronlfmry  HM^ 
which  is  supposed  to  be  equally  pouible,  and  for  ahici  tk 
sign  of  ^  must  he  changed.  It  is  therefore  n<  i  *  wii  i .  ta  «■ 
der  that  the  e<]uilibrium  may  obtain,  that  Z  should  be  «{«:  ■ 
zero.  Convereoly,  as  the  weight  k  cannot  prodoor  ant  »^ 
Uon  whatever,  without  descending  by  an  infinitely  «^ull4fH»- 
tity  in  the  first  instant,  it  follows  that  it  will  not  prodocr  act. 
and  that  if  ^  =  0,  the  equilibrium  will  obtain  for  ail  the  iii- 
nitely  small  displacements  of  the  points  m.  m',  m'  ,  ^^  ahtt 
arc  compatible  with  the  conditions  of  the  system. 
Now,  if  K  be  multiplied  by  the  equation 
I/'  +  •>'  +  i"p"  +  &C.  =  0. 
which  is  necessary,  and  suffices  to  insure  the  equilihrisa.  < 
will  be  changed,  by  having  regard  to  ei^uatioiM  <di.  iM» 
equation  (b),  which  is  that  of  the  principle  ot  virtual  *tW 
cities,  it  was  proposed  to  obtain. 
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340.  In  this  demonstration  it  is  not  assumed,  as  in  the 
former,  that  the  principle  has  been  previously  demonstrated  in 
the  case  of  an  isolated  material  point.  If  the  system  be  re- 
duced to  one  sole  point  m,  to  which  the  forces  p,  p',  v"^  &c., 
given  in  magnitude  and  position,  are  supposed  to  be  applied, 
we  thould  substitute  for  their  simultaneous  action  that  of  one 
sole  weight  k,  as  in  No.  338 ;  and,  in  the  case  of  the  equilibrium 
of  these  forces,  the  principle  of  virtual  velocities  may  be  de- 
duced from  this  substitution  by  the  same  mode  of  reasoning 
as  in  the  case  just  considered.  Now,  this  principle  will  at 
once  furnish  the  equations  of  equilibrium  of  the  point  m,  con- 
strained to  remain  on  a  curve  or  a  surface,  or  which  may  be 
entirely  free,  (No.  39).  In  this  last  case,  if  one  of  the  forces 
be  considered  as  being  equal  and  contrary  to  the  resultant  of 
all  the  others,  the  rules  of  their  composition  and  resolution, 
and  also  the  theorem  of  the  parallelogram  of  forces  may  be  de- 
duced from  it.  By  applying  this  principle  to  the  equilibrium  of 
three  parallel  forces,  one  of  which  is  consequently  equal  and 
contrary  to  the  resultant  of  the  two  others,  the  rules  of  the 
composition  and  resolution  of  parallel  forces  may,  in  like  man- 
ner, be  deduced. 

We  may  also,  without  difficulty,  infer  from  the  general 
principle  of  virtual  velocities,  the  equations  of  equilibrium  of 
a  solid  body  entirely  free,  which  have  been  already  obtained 
in  another  manner  in  No.  260. 

In  fact,  we  can,  in  the  first  place,  suppose  that  all  the 
points  of  this  body  describe  right  lines  mutually  equal  to  each 
other,  and  parallel  to  one  of  the  axes  of  the  coordinates.  De- 
noting the  length  of  these  lines  by  A,  and  by  a,  a*y  a'\  &&, 
the  angles  which  their  common  direction  makes  with  the  di- 
rections of  the  given  forces,  we  shall  have 

pzz  h  cosa,     p^  =  h  cosa',     />"  =  h  cosa'',  &c., 

for  the  virtual  velocities  of  m,  m^  m^^  &c.,  the  points  of  the 
solid  body,  projected  on  the  directions  of  the  forces  p,  p^  p'^ 
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ftc  wbich  are  applied  to  these  poutt*  \  thutfii^  if  ll— 
lues  be  lubttitutod  tn  «)0«tion  (b),  wc  UiaU  «te^  lg« 
pnsButg  Uie  fkctot  A,  «Uck  k  commoa  to  bD  ik  Mai^l 
equaUoD  of  pqiiilibriun 

pcotta  +  p'coio'  +  P"eo««"  +  &r.  =  •. 

If  the  motions  of  the  body  pofmllel  to  tbe  two  «tW  ■* 
of  ooordinnUM  bo  raspcctivi.'ty  eotwdcred,  two  otber  mf^^ 
of  equilibrium  liLRuliir  Ui  iLiit  may  be  obtsinvd  in  At  wm 
maoner. 

Wc  mny  «l«ocau<«  tlie  body  to  turn  about  one  of  Arts 
of  the  coordinate*.  In  ortWr  tn  obtain  the  eyiiM  «!■■ 
cormponds  to  tliis  moticmt  let  lh«  coordiiuU«B  o/  tW  fa* 
H,u',  M",  &e.,  and  tbc  anglo  wkicb  tb«  JirtBtMM  afi* 
forcea  f,  p',  p",  &c,  make  with  ihoae  of  fhet  i  iiiwilh— w,  b 
denoted  by  tKc  aame  lotber*  to.  in  No.  360.  U  tbc  lai^ 
takes  place  about  the  axii  of  £,  each  of  tbeae  potMa  «B  ^ 
scribe  on  arc  of  a  circle  panlld  to  tbc  plane  of  tbc  ana  Wt 
and  y,  (hr  milhi*  iif  wliicli  will  W  t!»c  jH'rjK-ndioular  k^  h^ 
from  (hi«  point  on  t)ii>)  nxU.  Mon-uvcr,  aa  tbc  budj  ■*  f^ 
pusLil  tu  L>L-  suliil,  mill  ibiTLJim-  all  JM  fxwnta  lo  br  timh  e^ 
nected  together,  by  the  nature  of  the  (olid  body,  ibc  H^b 
described  by  this  perpendicular  will  be  tbc  itawr  far  al  * 
points.  If,  therefore,  it  be  supposed  to  be  infinitely  s^J. 
and  denoted  by  u,  and  if  r,  r",  r",  &e,  denote  tbe 
the  points  m,  m',  u",  8iC.,  from  the  axis  of  z,  tbeir 
virtual  velocities  will  be  rw,  r***',  r"«#",  Scc^  and  if  l.t.f- 
&c.t  denote  the  angles,  cither  acute  or  obtuse,  whicb  tfct  ^ 
rcctions  of  these  velocities  make  with  tboae  of  tbr  tmm» 
r,  p',  !•",  &c.,  there  will  result 

p  =:  ruicoi?:,     p  =  r'wcos?',     p"  =  r^»>co»f .  ft*.; 


for  the  cxprostiiuiis  of  the  projections  of  tbeae  ■ 
on  the  directiouH  of  these  forces,  or  on  tbcir  pnxiiii 

Moreover,  if  a,  &,  c  be  tbe  angles  ooMpciaed  (maaa  ^ 
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?  direction  of  the  yelocity  rcj  and  the  parallels  to  the  axes  of 
ar,  y,  z^  drawn  through  the  point  M  ;  the  same  angles  relative 
,:  to  the  direction  of  the  force  p  being  a^  /S^  y^  we  shall  have 

cosS  =  cosacosa  +  cos&co8/3  +  cose  cosy; 

but  because  rcj  is  in  the  direction  of  a  tangent  at  the  point  m 
'  to  the  circle,  the  centre  of  which  is  in  the  axis  of  z,  it  is  easy 
:   to  perceive  that 

,         .    a:  y 

cos6  z=  ±  — ,   cosa  =  iz  -,    cose  z:  0, 

and,  consequently, 

p  =  r(iicosS=  ±  (a:cos/3— ycosa)ai. 
In  like  manner  we  shall  have 

p' zz  ±  (a:'cos/3'— y'cosaOw, 
p"z:±  («"co8/3"-y"cosa")«, 
-h&c. 

The  signs  will  depend  on  the  direction  of  the  rotation ;  wc 
should  take  the  superior  or  the  inferior  signs  in  all  these 
values  at  the  same  time ;  therefore,  if  they  be  substituted  in 
equation  (1),  we  shall  obtain,  by  suppressing  the  factor  ±  en, 
which  is  common  to  all  the  terms, 

p  (x  C08/3  —  y  cosa)  +  //(x'cos  /3'  —  y'  cosa^)  +  &c.  =  0. 

This  equation  of  equilibrium  is  that  of  the  moments  with 
respect  to  the  axis  of  z,  about  which  the  motion  has  place  ;  the 
equations  of  the  moments,  with  respect  to  the  axes  of  the  co- 
ordinates of  X  and  y,  may  be  obtained  in  the  same  manner,  by 
making  the  solid  body  to  turn  successively  about  these  two 
right  lines. 

341.  Equation  (b)  may  be  made  to  assume  another  form, 
which  will  render  it  of  easier  application  in  particular  cases. 

For  this  purpose,  let  x,  y,  ^  be  the  coordinates  of  the  point 
M  in  its  position  of  equilibrium ;  a;  +  Sx,  y  +  Sy^  z  +  Sr, 
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wb&t  these  become,  whon  ihU  nmlcrial  point  i» 

a  point  infinitely  nmr;  x,  r,  x,  thp  compoo«titi>  of  ik 

in  the  ilirectious  of  iW  prtKluctions  of  ^,  y,  j, 

tivety  ;  tbew  inBiiiuly  unall  qtuuitities  &c,  ^  £:  «A  W* 

projections  of  tlie  virtual   Tcludly  mm  on   the 

x,\,z;  and  iff/  ileoou*,  b>  before,  its  prnJK  (lu«  «■  At^ 

recliuii  of  p,  we  tdiall  have  (No.  331) 

If  the  cfim»ponding  i)uajitittes  whicli  rtfrr  u»  tW  ^a 
m',  u*,  &c.t  be  denoted  by  the  umv  Ictten  with  ^nMh* 

shol)  ulvo  have 

By  adding  these  equation!  to  (bo  preceding,  we  tma  nib 

the  sum  S  being  supposed  to  extend  to  m,  m',  m'.  kt^  aSl  ^ 
points  of  the  system,  and  it,  consequenilv,  consiMs  of  a>^ 
berof  similar  pJirLt,  equal  to  that  of  these  point*.  Bt  ib 
means,  equation  (b)  will  assume  the  form 

2(xgx  +  YSy  +  zS.-)  =  0,  ,, 

wbicli  it  was  ])ropo«e(i  to  give  it. 

Now,  whatever  be  the  connexion  between  the  pauit»  •(£» 
system,  it  may  be  always  expressed  by  one  or  mon  rifnt^ 
between  their  coordinates.  Therefore  if  i.,  l',  i.',  &»■..  br  r«* 
functions  of  t,  y,  :.  i',  y',  j',  x',  &e..  or  of  a  pan  o(  Arm  «- 
ordinates ;  and  if  we  suppose  that  these  equations  are 

I.  =  0,      i/  =  0,      I."  =  0,  &c., 
then  as  the  simultaneous  displaeementa  of  all  the  pcuit*  M  <W 
system  must  k-  com[>atible  with  the  conditions  to  wkk4  i:  ■ 
subjected,  it  is  iiecvKsary  that  the  coonlinatr«  x,  ■,  r  j'r-^^ 


EC 


PRINCIPLE  OF  VIRTUAL  VELOCITIES.  553 


j^  of  M,  m',  bi",  &c.,  and  x  +  Sa:,  y  -h  Sy,  z  +  fo,  oi  +  &r',  &c.,  the 
^  coordinates  of  n,  n',  n^',  &c.,  should  successively  satisfy  these 
^.equations;  consequently,  if  infinitely  small  quantities  of  the 
,  second  order  be  neglected,  we  shall  have 


rfL"^  dL'\  dL'\  dL'\ 

&c. 


(g) 


If  the  direction  of  the  displacements  of  all  the  points  of 
the  system  be  changed  simultaneously,  the  signs  of  &r,  Sy,  Sz, 
&/,  &c.,  will  be  all  changed  at  the  same  time,  and  these  equa^ 
tions  will  be  still  satisfied ;  so  that  the  infinitely  small  motions 
to  which  they  refer,  and  the  motions  directly  contrary,  are 
equally  compatible  with  the  g^ven  conditions,  as  is  implicitly 
supposed  in  the  general  statement  of  the  principle  of  virtual 
velocities,  (No.  331). 

This  being  established,  by  means  of  these  equations  (g), 
there  can,  in  each  case,  be  eliminated  from  equation  (e)  a  num- 
ber of  the  quantities  Sx,  Sy,  Sz,  Sx\  &c.,  equal  to  that  of  equa^ 
dons  (f)  ;  those  of  these  quantities  which  will  afterwards  remain 
in  the  first  member  of  equation  (e),  will  be  independent  of  each 
other ;  consequently  their  coefficients  may  be  put  separately 
equal  to  cipher ;  this  will  furnish  all  the  equations  of  equili- 
brium of  the  system,  the  number  of  which  will  be  equal  to 
three  times  that  of  the  material  points  m,  m^  m^^  &c.,  minus 
the  number  of  equations  (f).  When  the  positions  of  these 
points,  that  is  to  say,  the  values  of  their  coordinates  x,  y,  :r,x^, 
&c.,  are  given,  it  is  necessary  that  the  components  of  the 
forces  P,  p^  p^^  &c.,  should  satisfy  these  equations  of  equili- 
brium ;  when,  on  the  contrary,  these  forces  being  g^ven  in 
magnitude  and  direction,  the  positions  of  the  points  of  the 

4b 
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■)-st«in  ore  unknown,  tliew  nunc  MjuatiatM^  eaailMli 
^aslionn  (Oi  will  enahlc  <m  to  dctvrmine  all  ihdr  t»m^m 

342.  .\%  equalions  (e)  «n<l  (f^)  mre  liooBr  vHh  imh 
ix,  Sy,  S=,  &r ,  &c.,  the  clintimtioD  of  ■  pan  of  t^f  f| 
titir*  may  b«  ctTt-cteil  by  the  mual  metlKNl,  i.  e.  by  d 
these  equations  to;^<lber,  after  baring  innltip5fldt^«ri^ 
by  imletvnniimtc  I'ucton,  and  then,  makioi;  in  tU»  i^^ 
cotrfBoionts  of  the  quantities  Sx.  2y,  <£e,  £^,  &b^  vhiA  I 
]>n>po»C(l  til  climiiinir,  i>(|ual  to  ri)<her.  At  tlw  ciaABrt 
the  remaining  qunniitir*  rouft  be  likewise  hjimI  isabhM 
fdllow-i  (bat  ttie  coefficii>nU  uf  all  ib«  quandticvb,  ^bJ 
&c.,  dtioultl  be  indiscriminaUlv  put  equal  to  rifi^rr.  ■ 
Hum  ill  quetition ;  btrnce  then  will  rvtult  a  nomfxT  ^  t^ 
lionscqual  to  tbol  uf  ibr  cnonrmatet,  k«lW(!«n  wlridt  ifaavi 
rcmuii,  in  rarh  ai*c,  inilrti-rminatp  laclon  to  be  efiMiiM4 
onliT  tu  itlttaiii  Ihc  p<)inittonit  of  MjiiiiiHriiun  of  th»  an^A 

If  wi>  ilmiitL'  tb«  factor*  hy  whid)  njuatiaaa  (g)  ^M 
mnlttpliwl,  bv  A,  A',  A',  tec,  \re  «ha]l  hare,  br  wbl  H^ 


.    rfl.        .    f/b'       ,     rfL" 
,     (/L        ,      rfl/        ,      rfl." 

for  the  equations  ari-ting  from  the  coeffiaents  oiia,  if.  h  . 
like  manner  we  shull  have 


dr 

,  rft  .  ,  rfL*        ,  „  rfL" 

v'  +  A-,-+A'-j-:  +  A"-j  ,    +«ic.  =  0. 
rfy  rfy  */y 

,         ,  rfL  ..rfl.'         ...rfL"  , 

"^    "*"      rf^  "*"      rf"'  '*"      rf-'  "*"     "^^  =  °- 
fur  those  wbidi  arise  from  the  coefficients  of  e^  ,, 
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^  Instead  of  simply  eliminating  A^  X^  X^^  &c.,  their  values 

^,  may  be  obtained  by  means  of  these  equations ;  and  we  now 
proceed  to  shew  how  we  may  deduce  from  them,  in  mag- 
nitude and  direction,  the  forces  arising  from  the  connexion  of 
the  points  of  the  system,  which  act  on  all  these  points,  and 
constitute  an  equilibrium  with  the  given  forces  p,  p',  v"y  &c. 
The  determination  of  these  unknown  forces  is  an  important 
part  of  the  problem  of  equilibrium,  the  general  and  complete 
solution  of  which  will  be  found  thus  comprised  in  equations  (f ), 
(h),  (h'),  &c.,  taken  together. 

343.  If  all  the  points  of  the  system,  minus  the  point  m, 
be  rendered  fixed,  the  equilibrium  will  not  be  disturbed.  In 
virtue  of  equation  l  =  0,  the  point  m  will  be  then  con- 
strained to  move  on  the  surface  of  which  l  8  0  is  the  equa- 
tion, and  in  which  the  coordinates  or,  y,  Zy  are  the  sole  vari- 
ables. Now,  if  the  resistance  of  this  surface  be  denoted  by  /i, 
it  will  act  in  the  direction  of  one  of  the  two  parts  of  the  nor- 
mal at  M,  and  we  can  substitute  for  this  surface,  or  the  equa- 
tion of  condition  l  =  0,  this  unknown  force.  In  like  man- 
ner, we  can  replace  l'  =0,  by  a  force  /ti,  acting  perpendicu- 
larly to  the  surface  which  belongs  to  this  equation  ;  l"  =  0 
by  a  force  fi„  normal  to  the  correspomliiig  surface,  and  so  on ; 
therefore,  if  these  normal  forces  /ti,  fi„  /ti^^,  &c.,  be  joined 
with  the  gfiven  force  p,  or  its  components  x,  y,  z,  the  point  m 
may  be  regarded  as  altogether  free  and  isolated.  Conse- 
quently, if  a,  6,  c,  denote  the  angles  which  the  direction  of 
the  force  /i  makes  with  lines  parallel  to  the  axes  of  a:,  y,  z, 
drawn  through  the  point  m  ;  and  if  ai ,  6i ,  C| ,  be  the  same  angles 
relative  to  the  force  fi^  and  so  on  ;  we  shall  have 

X  4-  ^  cos  a  4-  /ti,  cos  a^  4-  /i„  cos  a„  +  &c.  =  0, 
Y  +  /I  cos  6  -f-  ^,  cos  ^^  -f-  /M„  cos  6,,  4-  &c.  =:  0, 
z  4-  /Li  cos  c  4-  fi,  cos  c,  4-  f*//  co«  ^//  +  &c.  =  0, 

for  the  three  equations  of  equilibrium  of  the  point  m.     More- 
over, if,  in  order  to  abridge,  we  make 


r 

rniNCifti  or  «irti:aL  rmi.ocmsft. 

'=V(S)VQV(^y.     \ 

■ 

^=V(S)VQ' 

-(sr- 

■ 

'»=^(^T+(i?r 

+&•)•• 

+  &C. 

oeiball  have  alio,  bykiuwi  i<>miil»(No.>l). 

KOia 

I  rfL                1        1  rfl 

-is- 

tma 

1  rfi.'      ,1  rff 

SS--T-,      COSe,  =  --r-,      00 

— i^- 

ma.. 
ftc: 

1, 

by  meitu  ofvhich,  thi-   thnw  cs]Utition»  of  mninini^ 
be  changed  into  the  following : 


v.,  Jy 


+  &C.  =  0, 

+  &c.  =  0. 


„«.        ^.^       „„rfL  ^^^^ 


Now  Irom  a  compariiion  of  ihvse  equations  wiib  c^^A 
(h),  with  which  they  are  identical,  Ji  appean  that 

fi  —  v\,     ^,  =;  »-^',     ^__  =  v^".  &c. 

That,  relatively  to  the  point  m,  the  forces  wluch  arW  e 
its  connexion  with  the  other  points  of  the  *>-«tera.  atreifw^ 
by  the  products  vX,  v>',  i-,^",  &c. ;  as  thor  fortv*  mme. 
positive  quantities,  (he  radicals  ■>  >-.,  y,.,  &c.,  mi»t  Wn 
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same  signs  as  the  quantities  X,  X^,  X^^,  &c.,  and  their  directions 
will  be  completely  determined  by  equations  (i). 

If,  in  the  same  manner,  /u',  fi/,  /u^/^,  &c.,  denote  the  forces 
arising  from  the  connexion  of  the  system,  which  act  on  the 
point  m',  and  are  normal  to  the  different  surfaces  on  which  it 
is  constrained  to  exist,  when  all  the  other  points  m,  m^',  m''*, 
&c.,  are  fixed,  we  shall  find 

/ti'  =  v'X,     /ti/  =  v/X',    fi,,  =  v,/X"f  &c. ; 
in  which,  in  order  to  abridge,  we  suppose 

&c. 

Similar  expressions  may  be  obtained  for  the  forces  relative 
to  the  points  m'\  m%  &c. 

344.  It  appears  firom  a  comparison  of  the  values  of /u  an 
fi\  that 

so  that  they  are  as  the  quantities  v  and  v^.  When,  therefore, 
two  material  points  m  and  m'  are  connected  together,  and  also, 
if  we  please,  with  any  number  whatever  of  other  points,  by 
an  equation  l  =i  0,  there  results  in  the  state  of  equilibrium, 
the  forces  /u  and  fi^  applied  to  m  and  m',  the  mag^tudes  of 
which  are  as  v  and  i/,  and  these  forces  make  with  the  axes  of 
the  coordinates,  angles  whose  cosines  are 

Idh     IdL     Idh 
vdx     vdy     vdz 
for  the  force  /ti,  and 

1   6fL         1   6fL         1  £/L 

l/W'    l^dy''    v'5?' 


5^8 


l-aiKCIl*!.!  or  VIRTUAL  VKLOCtrtK*. 


fortfac  (vTvvft'.     'Vim  direction  and  na|putttdr  of  ihaK am« 
de^iend  on  the  <i^  »m1  ma^itudp  of  A,  whidi  ia  Mcka 
be  deduced  frrnn  tlio  rqiialioiM  iif  uqutlibrtunu 

Thi!  oontuderalioo  of  the  mriaucs  on  wlucfa  ^mk  rft* 
potnbt  Iff  a  ByMTO)  arc  at  lilKTty  to  mov*.  w^m  ak^ 
othera  are  suppoM>d  fUcd,  liiriernuiica  thm  sofiBal  Awii 
the  rorctit  arising  from  thi!  connexion  of  tbaa*  ^tmntMk^tt 
each  f>r  ihc  i-quatioiifi  hy  which  tliu  eoaiMxiMi  is  en 
(No.  290)  ;  lint  vrc  cannot  di-darc  ftnm  them  saj  fdM* 
betwvrn  the  fctreM  nrlAlivi^  to  twn  matnial  poiala  ^^Morf 
together  hy  the  eamc  cquatifni ;  and  it  i*  the  princi|4t  «f  i» 
tiud  vclodtin,  or  eqimtiraa  (A),  (k'),  ftc^  that  have  ht^  ^ 
duced  from  it,  which  enahica  us  tu  drtiumiiK  thta  tmbo  «frw*. 
iu  the  case  of  equilibrium. 

345.  For  an  apfdication  ofihMc  fomtuW.  1m  «  c^im' 
the  ca»c  of  the  funicular  polygon,  which  ha*  bevn  alnmif  ^    ' 
cusMd  in  the  lir«t  itectuin  of  (bo  preceding  chapter;  aal  ka  J 
vuppOMT  ihnf  thr*  mati-rial  poinu  M,  w',  m",  tcc~,  nv  Ar  ■»  1 
cessive  summits  of  this  polygon. 

If/,  r,  r.  Sec,  be  the  Sfiven  lengths  of  thenUc*  mm'.  ■'■'. 
.m"h"',  &c.,  equations  (f)  will  in  this  case  be 


L   = 

•  (x- 

iV  +  (y 

-j?  +  ( 

i~: 

)■-(  =  » 

L'  = 

•(71 

!■)■  +  (» 

-y)  +  (--- 

"??-|-  = 

r  0. 

L-  = 

•(?^ 

-!"-)'  + 

»"-»■") 

'+( 

="-z-  ',•- 

f  =  0 

&C. 

K  there  will 

raulft) 

rfL_ 

~    t 

»r. 

rfi. 

■Is' 

//I. 

rfv' 

_»-■» 

.  if- 

rfi._ 
d2~ 

_  ;  — y 

it- 

"  ~7^ 

it. 
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and  all  the  other  partial  differences  of  l,  l',  l'%  &c.,  which 
occur  in  the  preceding  formulae,  will  be  equal  to  cipher. 
In  the  case  of  the  two  points  m  and  m',  we  shall  have 

in  which  the  superior  or  inferior  signs  should  be  taken,  accord- 
ing as  the  value  of  A  is  positive  or  negative.  From  this  and 
the  preceding  equations,  we  may  infer  that  the  points  m  and 
M%  will  be  solicited  by  equal  and  opposite  forces,  acting  either 
in  the  direction  of  the  line  mm'  or  of  its  productions,  and  the 
quantity  X  will,  abstracting  from  the  sign,  express  the  com- 
mon intensity  of  these  forces.  The  same  will  be  the  case 
relatively  to  the  points  m'  and  m'^  m''  and  m%  &c.  ;  so  that 
in  the  state  of  equilibrium,  the  quantities  X,  X',  X'S  &c.,  will 
express  the  contractions  or  tensions  of  the  successive  sides 
mm%  m'm",  m"m'",  &c.    Since,  by  equations  (i),  we  have 

cos  a  =  ±  — - — ,    cos6  =  ±      J     y     cos  c  =  ±  — — , 

in  which  the  superior  or  inferior  signs  should  be  taken,  accord- 
ing as  the  value  of  X  is  positive  or  negative,  it  follows,  for 
example,  that  the  force  applied  to  the  point  m  will  be  directed 
from  M  towards  m',  and  will  express  a  contraction  of  the  side 
mm'  when  this  value  is  negative,  and,  when  this  value  is  posi- 
tive, this  force  will  act  in  the  opposite  direction,  and  express  a 
tension,  and  will  indicate  that  the  string  is  stretched.  One 
or  other  of  these  cases  is  possible,  if  the  sides  of  the  polygon 
are  inflexible  rods,  joined  by  hinges;  and  the  second  case  can 
alone  obtain,  if  the  sides  are  flexible  threads. 

Equations  (h),  (h'),  (h''),  &c.  may  be  written  as  follows  : 


.  =  X  (£=i). 


FKIXCIPLI  or   VIKTL'AL  VBLOCtTIK*. 

It  *ppew»  frotB  ■  eDoaderation  of  the  threw-  ta(.  ^c  ^ 
IIMJM  X  Mlhe  rwalmt  irftbn  fbrvM  x,  r,  s(c).  BrkAbv 
<h— HAt  thrM  fnllwriag,  we  thaU  obtain 

vkich  shews  that  the  tension  \'  a  the  resultaot  of  i ,  i ,  i , 
whI  oi  tfa«  lorces  s,  r,  z.  lnn»ferT«d  to  ib^  poial  m,  jwnr- 
to  (bemselrev.  By  proc«edintf  in  this  muiner.  wc  ->""  a^ 
lain,  lof  the  tension  ol'any  «4iie  whatever,  the  -imr  n^«> 
in  No.  2>:. 

Tbe  number  of  ^ummils  x.  »',  m'  ,  Jtc.  beini;  .InhitK  v 
m.  that  of  the  pre«^lin^  equations  will  be  3  a,  and  ihal  at  tW 
tensions  A.  \\  X".  Ike.,  will  be  equal  to  ■  —  Kif .  Thenfcn  I 
ihew  quantities  be  eliminated,  ibetr  will  rv«ult  ia  +  I  <«» 
tii>R*  of  equilibrium,  which  ronbined  with  l,t,l  .  ke-  i^ 
m  -  I  pren  len(flhs  of  ibe  tides  of  the  polygxm,  will  W  «^ 
eieiit   to  determine  tbe   3m   roorilinate*   of  ita  ««nKi(k  **- 
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consequently,  its  figure  of  equilibrium.  But  this  mode  of  de- 
termining the  figure,  &c.,  is  attended  with  no  practical  advan- 
tage ;  it  is  therefore  preferable,  as  has  been  done  in  No.  286, 
to  trace  the  sides  of  the  funicular  polygon  successively,  by 
means  of  the  g^ven  magnitudes  and  directions  of  the  forces  that 
act  at  its  diflferent  summits. 

346.  In  the  case  of  m,  m^  m^',  &c.,  any  system  whatever  of 
material  points,  if  the  given  forces  which  are  applied  to  these 
points,  arise  from  their  mutual  attractions  or  repulsions,  or 
from  similar  forces  which  emanate  firom  one  or  more  centres, 
we  shall  have 

S  (xdx  +  Ydy  +  zdz)  =z  rf. ^  (t,  y,  z,  x',  y',  2/,  &c.)  ; 

in  which  ^  denotes  a  given  function  of  the  coordinates  of 
M,  M',  M^%  &c.,  dependent  on  the  law  of  these  forces  in  a 
function  of  the  distances. 

In  fact,  with  respect  to  forces  emanating  from  fixed  cen- 
tres, this  follows  from  what  has  been  established  in  No.  158. 
Moreover,  let  u  express  the  mutual  action  of  m  and  m%  which 
we  will  suppose  to  be  attractive ;  let  also  u  be  their  mutual 
distance,  so  that  u  may  be  a  given  function  of  k  ;  it  will  be 
expressed  by  the  equation 

The  cosines  of  the  angles  which  mm^  makes  with  lines  drawn 
through  the  point  m,  in  the  directions  of  the  positive  axes  of 
Xy  y,  Zj  will  be 

oif—x    yf—y     fj^f . 

u  u  u 

if  these  be  respectively  multiplied  by  u,  we  shall  obtain  the 
components  of  this  force  applied  to  the  point  m,  and  acting  in 
the  direction  mm^  Those  of  the  same  force  u,  applied  to  the 
point  m'  in  the  direction  m'm,  will  be  equal  and  contrary ; 
hence  it  follows  that  the  part  of  the  sum  2  which  arises  from 
the  action  and  reaction  of  m  and  m',  will  be  equal  to 

4  c 


£3  riiNCirLB  or  vietl'al  vKLocfxiBB. 


Bal(  by  dUTercnliBling  die  ralne  of  i^,  there 

i«/«=(y-x)(dr'-.ii)  +  (/-*)<fly-dif)  +  C='-S)(*'-^ 

frum  tvhUrl)  it  m  ovMimiI  that  thr  prrcvtUng  qaoni^  •■V^ 

to  -  r</u,  that  U  (o  wiy,  t»  thi!  ililFrrvntiAl  of  • 

SimUar  cxprtMHioM  may  bfe  obtainvil  &>r  tiw 

Z,  which  uiM  froto  the  [Dutwl  ncliom 

th«  syMnn;  consequently,  ita  entire  ralu«  wi 

all  uf  nhicli  will  W  exact  diffvrvnluU,  and  tbu 

iiIm>  tl)i>  diffcraiitial  ofa  given  functkm  of  tlie 

all  tlicM  paintH. 

In  tirlw  of  liquation  (e),  tbU  function,  whid  *•  «fl^ 
nuttt  by  ^,  will  ite  a  iiiarJMinH  or  a  mimimmm,  r^alinly  w  Ai 
iriilucs  of  the  coordinates  that  belong  toapoaitMn  ct^fmUt^ 
of  Ibo  syUem ;  ami.  coDTeracly,  If  tlic  atarimmm  or  awMi^i^ 
the  ftiDetion  f  be  determEnml,  regard  bdng  lud  to  iIm  c^iMM 
(f)  which  may  cxi-t  hctwot'ii  ih.-  rt.nr.Iiiiai.-.,  th*-  t»1(^  c^ 
will  be  obtained  for  these  vanables,  will  refier  to  poatiHi  d 
equilibrium.  Hence  it  followa,  that  when  tl»e  «y«tc*t  af  pMB 
M,  m',  m",  &c.  is  in  motion,  in  which  case  (beii 
and  consequently,  the  quantity  f  are  functiona  of  tlw 
this  function  ^  will  attain  its  utaximum  or  mimimmm^ 
the  system  passes  through  a  poaition  in  wbicfa  it  woaU  iimm 
ill  equilibrio,  if  the  points  of  which  it  it  compoacd  had  tf 
any  acquired  velocity. 

'Ml.  There  is  an  essential  difference  belwcm  the  ^u^ 
mum  and  minimum  of  the  function  f,  which,  aa  it  i*  «<  ew 
quence  to  take  into  account,  we  now  proceed  to  explata- 

Thc  state  of  equilibrium  of  a  body  or  a  B%-M«a  is  mid  » 
be  Klnble,  when,  if  the  moveables  be  taade  to  deriale,  r«*r  » 
little,  from  their  position*,  (bey  tend  to  revert  to  tbea.  V 
making  small  oscillations  which  eventually,  the  fiitti— .  w' 
the  resistances  of  the  media  in  which    tbcv   wove,  itain 
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insensible^  or  finally  extinguish.  The  equilibrium  is  instable 
or  instantaneous^  when  the  body,  or  system  of  bodies,  beuig 
made  to  deviate  a  little  from  it,  recedes  more  and  more  firom 
this  position,  until  it  finally  terminates  by  being  turned  upside 
down.  If  we  assume  that  there  is  no  friction,  which  does  to 
a  certain  extent  retain  the  bodies  in  their  positions,  this  second 
state  of  equilibrium  is  a  case  purely  mathematical,  that  can 
never  be  observed,  since  the  least  disturbing  force  is  sufficient 
ta  destroy  it. 

Thb  being  established,  the  equations  furnished  by  the 
principle  of  virtual  velocities,  or,  what  is  the  same  thing,  by 
the  condition  of  the  maximum  or  minimum  of  the  function  ^, 
are  common  to  these  two  states ;  but  the  maximum  refers  to 
the  case  of  stable,  and  the  minimum  to  the  case  of  instan- 
taneous equilibrium ;  and  this  is,  in  fact,  what  will  be  shewn  in 
a  subsequent  chapter,  when  the  nature  of  the  motion  that  has 
place  when  a  system  of  material  points  is  made  to  deviate  from 
any  state  of  equilibrium  will  be  considered.  At  present,  we  shall 
content  ourselves  with  furnishing  examples  of  these  two  states 
of  equilibrium  in  the  case  of  a  system  of  heavy  bodies,  and 
with  pointing  out  a  remarkable  property  of  its  centre  of 
gravity. 

348.  Let  gravity  be  supposed  to  be  the  sole  force  applied 
to  the  points  m,  m^  m'^,  &c.,  which  are  the  centres  of  gravity 
of  bodies,  whose  weights  are  denoted  by  w,  w\  iJ\  &c.,  then 
as  this  force  is  vertical,  and  acts  in  the  direction  of  the  weight, 
we  shall  have 

z  =:  w,     z'  =  oi',     z"  =  w",  &c. ; 

the  other  components  will  all  vanish,  and  there  will  result 

d^  =  uidz  -f  fa'd£  -f  ia"dz"  +  &c. 

But  if  n  denotes  the  sum  of  the  weights  a;,  ia\  w"y  &c., 
and  Zx  the  vertical  ordinate  of  their  centre  of  gravity,  drawn  in 
the  direction  of  the  gravity,  we  have  likewise  (No.  64), 


564  miMciFLR  or  virtcai.  vmLociTlCK. 

nil  = -s  +  •/i' +  **"s"  +  fcc.  : 
cQMeqoeotly,  there  rcuilta 

I «  brii^  an  ubitnuy  coostiuit. 

From  ihu  it  foUowa — Itt,  tkit  the  onfini 
qnanttl}'  vrhidi  »hould  bo  eiiher  i  miaximirm  •» 
when  the  sy«teni  U  iii  «iuilibrio,  ami  conttmt^j ;  9»Sj.  t^ 
the  miUimum  o(  Xi  cormpanih  la  tbe  caa«  of  MkUe  i^^ 
Uhrium,  and  iu  mimamiam  to  Um  CMe  of  ImCs* 
fibrium. 

Thiu,  the  eoodidmi  orcquillbriiUB  ot  m»f 
ever  of  b«iTy  bo£ai,  comuU  in  tkfas  that  the  nab*  of] 
of  the  enlira  tyMetu  ia  llie  IokmI  ur  higbe«  poaAIr;  4 
iMTMt,  wImo  the  equilibrian  u  stable,  and  tbe  Ufhot 
it  b  onljr  inctaniaDMiu. 

849.  It  fbllowa  from  thi*  ibeoreiB,  tkatirs^BTf 
attached  by  in  extienutieft  to  fixed  potntH,  h  U  c^aAk 
centre  of  ^raniy  will  be  the  lowest  povnblc- ;  tKt»  a^im 
the  rcsuh  of  No.  2^t>. 

If  a  heavy  material  point  i*  placed  on  a  cam,  lad  S** 
several  points  of  this  eurrc,  the  tangent  is  boriaoatal.  the  «t^ 
tical  ordinate  of  tbe  material  point,  estimated  in  the  dwcM* 
of  gravity,  will  be  a  majn'Mvai  for  thoee  of  ita  points,  in  «U(k 
the  concavity  is  Ittmed  upwards,  and  a  mimimmm  in  the  cot 
of  those  points  for  which  (be  concavity  is  directly  ofpMk: 
consequently,  the  first  will  be  positions  of  stnUe,  mod  the  h« 
positions  of  instantaneous  equilibrium. 

If  a  homogeneous  heavy  elUpMMd  reata  on  a  fix«d  h«>- 
Eootal  plane,  its  centre  of  gravity  or  of  figure  will  be  thr 
lowest  [XMslbli-,  nlu-n  the  ellipsoid  touches  tbe  fi^ed  pUv  a 
one  of  the  two  esiii-mities  of  (he  least  of  its  thrw  axrt .  t*! 
in  this  case  the  *Hiiiil!brium  will  be  stable.  When  it  i«ic^ 
it  in  one  of  the  (wo  extrcmitin  of  (he  grraiest  of  rts  tkn* 
axes,  its  centre  of  gravity  will  bo  tbe  higbe»t  puasible,  aai  u« 
equilibrium  will  be  only  ins(»n(aneou« 
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Finally,  if  the  point  of  contact  is  an  extremity  of  its  mean 
axis,  the  elevation  of  the  centre  of  gravity  will  be  a  minimum 
for  one  part  of  the  sections  of  the  body,  and  a  maximum  for 
the  other  sections;  consequently,  the  equilibrium  will  be 
stable  or  instable  according  as  the  displacements  have  place  in 
the  direction  of  the  first  or  last  sections.  As  what  has  been 
now  stated  is  evident  d  priori^  it  will  enable  us  to  verify  the 
theorem  of  the  preceding  number. 

Let  us  now  suppose  that  two  homogeneous  heavy  liquids 
are  poured  into  a  vessel ;  if  the  surfieure  of  separation  and  that 
which  terminates  the  upper  liquid  are  respectively  hori- 
lontal,  and  if  this  liquid  be  the  one  which  has  the  least  den- 
lity,  the  centre  of  gravity  of  these  two  liquids  will  be  the 
lowest  possible ;  for  it  is  easy  to  perceive,  that  if  one  or  other 
of  these  two  surfaces  be  inclined  or  curved,  the  centre  of 
gravity  of  the  system  will  be  always  elevated.  These  two 
sur&ces  being  always  horizontal,  if  the  less  dense  liquid  be 
below  the  other,  in  the  same  manner,  it  will  appear  that  the 
centre  of  gravity  of  the  system  will  be  the  highest  possible. 
Consequently,  in  order  that  these  fluids  may  be  in  equilibrio, 
it  is  necessary  and  sufficient  that  each  of  them  be  terminated 
by  a  horizontal  plane ;  but  in  order  that  the  equilibrium  may 
be  stable,  it  is  moreover  necessary  that  the  densest  liquid 
should  occupy  the  inferior  part  of  the  vessel.  When  the  dif- 
ference of  the  two  densities  is  inconsiderable,  it  is  possible, 
by  taking  proper  precaution,  to  make  the  denser  liquid  float 
on  the  other,  but  this  instable  equilibrium  can  only  maintain 
itself  sufficiently  long  to  be  observed,  in  consequence  of  the 
friction  of  the  two  liquids  against  the  sides  of  the  vessel. 


im 
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NOTES. 


INTRODUCTION. 

(a)  As  there  are  ninety  degrees  in  the  quadrant  of  the  circum- 
ference, there  must  be  90,  60,  or  5400  minutes,  and  5400.60,  or 
32400  seconds  in  it. 

(b)  By  stating  this  proporition  we  have 

on./wv,,         V              32400''.2n      ^^'     f  ^  ^'  '    " ] 
a;:82400"::n:--.-ai  = j ,  {^    ,,... 

and  by  substituting  the  value  of  ir  given  in  the  text,  we  shall  obtain 
the  expression  for  «;. 

(c)  In  fact,  if  X,  X',  X'^  be  the  projections  of  a  given  area  /  or 
these  planes,  and  if  t,  t^  t^',  be  the  respective  inclinations  of/  on  thes< 
planes,  by  what    as  been  just  established,  we  shall  have 

X  =  /cost,     V=/cost',     A"=/cost";  -.-X' +  A'^^- X"*  = 
^  (cos*  •  +  cos*  t'  -f-  cos*  i")  =  /•,   since  cos*  •  +  cos*  H  +  cos*  •''  =  1. 
See  No.  281. 

{d)  See  on  this  point  Le  Journal  de  PEcoU  Poli^techniquu 
18th  number,  page  820. 

(e)  By  substituting  in  the  expression  for  r6  —  ra,  the  valuts 
which  have  been  deduced  for  its  second  and  third  terms,  we  obtain  ts 
^,  S\  &C.  are  neglected. 

which  is  evidently  equal  to  the  value  of  rb^va  given  in  text ;  and  if 
y*(a  4.  t^)  be  expressed  in  a  series,  there  results  by  obliterating  thu 

term   ^a^  the  expression  for  X-^jtdjt  given  in  the  text. 


566  NOTEf. 

if)  Wbco  OM  of  tbaM  M{iuiii)(u  m  ulns  &■■■  A*  Ak Ar 
■UffcraBct,  «kich  b  e<|ual  to  dpber,  become* 

but  dr*,  it/,  ^,  btiitg  infiniuly  «nwU  qOMatitM  of  tb*  aaMidate 

OUT  b«  i>egt«cteil. 

[jl'i  B;r  Taj^lor'i  tb«or«ai,  if  «  :=  rx,  wfa«n  '  i«ijm»m  sks 
mrni  i£j-,  uid  «  become*  h',  tlio  Tmlo*  of  w" 


=  -  +  -i 


.   ^^   . 


if  M  =  cof  g^  «li«B  B  rvceirn  u  incrrairat  sdJ  ttt—w  ^,  Ab 
,  tl.cass  ,  i^ca•«   ,  ^  c«a«  .   , 

■"•="••+ -r-+-i:«-+T53- +*•■ 

Now  if  in  Um  ralnc  of  md*  i  f>*ea  in  tbc  test,  ««  labMaMB  to 
cms',  cM^.coay',  Ibeu  nlna,  ud  omt  all  t«f^  b  ih«  >«dl^ 
My»WBiM  aAar  tbe  third,  n  tDrohing  ialuivly  aaal  ^■■Mb*  V* 
WgW  Ofdar  tkaa  tb«  bocoimI,  ««  ol 


Now  »Dc«co**a  +  co*'^  +  <^o**r  =  I-  ■■^l  thitriwi  cmW^ 
a+  co>/3<fnM/3+  'Ti  j  ''•TT' j  —  "^  ■'--  T~rTrninabiiBiia  tiwtn 
becomei  rqual  to 

-[l-(-icolal^co■a^-ica•^CM^  +  ^ca•y^cM7*, 


-~  1  —  cos  areata  —  cot^if'coi  j3  —  coay^eaay, 
u  infinitely  troall  quantities  of  a  higher  onlcr  U>a«  tW  meumk  *■ 
■•glected ;  hence  it  ii  endent,  that  the  valuat  of  mtfd  ■  (bat  |n*« 
ii  (be  Int. 

(A)  By  subftitating  in  the  exprenioa  for  d.cammt  tbe  tak«  ^ 
df  and  iftrf**  we  obuin 

d.CO..-  5; 

which  ii  equal  to  the  Tdue  nfJeota,  ai  will  be  niifai  b)  eM* 
rating  diftg,  and  concioiiating  ibe  eibcr  Iiimi 
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(i)  If  the  squares  of  //cos  a>  d  cos  /3,  d  cos  y,  be  taken,  and  then 
added  together,  we  obtain 

(d.  cos  ay+(d.  cos  3)*+  (rf.cos  y)«=  — ^-^  (dt/d*a:'-da;d^t/y+ 

^       {dzd^x^dxd^zf  +  ^^^  (dzd^y^dyd^zy  +  -^ .  ;^ . 

{dyd^x^d^d^i/).{dzd^x^dxd^z)  +  2—  •  —  .  (dxd^y—'dyd^x) . 

(dzd'y^dyd'z)  +  2'£^-^  (dxd*Z'-dzd'x)(dyd*z-'dzd'y). 

i  Now  if  the  factors  in  the  three  last  terms  be  respectively  multi- 

plied together,  they  will  be  equal  (by  concinnating  and  obliterating 
the  quantities  which  mutually  destroy  each  other)  to 

d:^  du*  €Lx* 

2f.(dyd'X'-dxd*yy+-^.(dzd*x--'dxd'zy+'-j-.(dz€t^y''dyd^zyy 

hence  then  we  obtain 

{d  cos  ay  +  {d  cos  /3)«  +  (rf  cos  yV  = 

which  is  evidently  the  same  as  the  expression  for  $*  given  in  text. 

(k)  By  substituting  these  expressions  of  a,  b,  c,  it  is  easy  to  per- 
ceive that  the  resulting  expressions  will  be  identical. 

(/)  When  the  equation 

(JT'-  x)dx  +  (y'-y^dy  +  (^'-  z)dz  =  0, 

it  differenced  with  respect  to  or,  y,  z^  there  results 

(4:^-.  x)  d*x  +  (y'-  y)  d*y  +  (^'-  z)  d'z^dx^-  dy*-  dz'  = 
(x'^  x)  rf»jr  +  (j^'-  y)  d\j  +  (5r'-  z)  d'z  -  </*«  =  0. 

Now  if  the  equation 

(y-x)  da:  +  Cy'- y)  i(y  +  (z^-z)dz  =  0 

be  multiplied  by  d^y^  and  if  from  the  product,  the  value  of 

(ar'-4r)rf»ar  +  (y'-y)d'y  +  (z'^z)d'z  =  rf*% 

multiplied  by  dyy  be  subtracted,  there  will  result  by  concinnating 

4  D 


smI  if  the  Mne  cqualian  b*  nullipBril  hf  ^^  smI  d*  m 

•od  tben  the  MHtouil  be  Ukm  rrutn  ihe  find,  w«  obcM  ia  O*  i» 

Nnw  ir«()ni(inn  (I)  )>«  multiplisi)  hj  <l|r^»  — rfj^y.  aad 

and  if  ih«  M!r«iMl  b*  lakmt  from  tlw  ln«,  w«  obsia 

I  Int  fnn  tb»  •qwU«ii  of  tb*  «K«bti^|  pbaa  gi«M  ik 
f  >*i«Jml  thai 

llienifm  l>j  iulMiilaling  ihi*  Imi  ijuantitj  for  iKu  i*  vfc^  •  • 
ei|ual,  ««  nblHR 

■ml,  f-aii>pijunilU, 

•nJ  if  for  ibp  dcnnrainalar  nf  ihi*  eipreninn  its  t«W  ~-  W  ^^ 
Ininl.  Ibe  laluo  nf  j'  —  i  inkRfi  iu  lb#  lest  will  (no  «Mv— J  '^  r* 
I'fi-uii-iii  I'm  J-  ~  J-.  y  —  j(,  ui4t  Ik- ufif*ir>oJ  IU  ihr  (jicr  ■*=*" 

rnirolhpr  ihrro  tc^uIk,  sflor  ,ill  r*slurli.m..    a    factor  <•/  '*    <-)" 
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BOOK  I. 

CHAPTER  I. 

(a)  This  is,  in  fact,  a  particular  case  of  that  axiom  which  was  used 
>T  Archimedes  in  demonstrating  some  of  the  fundamental  propo- 
rtions of  mechanics ;  it  was  Leibnitz  however  who  first  announced 
t  as  a  general  principle  of  philosophy  in  the  following  manner: 
*  Nothing  exists  in  any  state  that  is  not  determined  by  tome  reason 
o  be  in  that  state  rather  than  in  another.^  Hence  if,  as  in  the  pre- 
lent  case,  there  are  two  conditions,  and  no  reason  to  determine  a 
subject  to  be  in  one  of  them  rather  in  the  other,  we  are  to  conclude 
liat  it  is  in  neither.  It  has  been  denominated  the  principle  of  eufi- 
^ient  reason. — See  King  de  Origxne  Mali  Bishop  Law*s  Notes^  and 
Jso  TTieorie  Analytique  des  Probabilities^  Introduction^  page  2.  This 
mnciple  is  frequently  assumed  in  the  following  treatise. 
{h)  A8cos^  =  cos«ii3-sin«i/3=:2coi*i|3- 1, 

(4>^/3)«  z=  2COS/3  +  2  =  4cos«i/3. 
(c)  For  by  performing  the  multiplication  we  have 
B.  eossMO  =:  r  cos  a  co$g  +  R  cos  b  cos  A  +  it  cos  c  cos  A;  = 

X  co8^  4-  Y  cos  A  4-  z  cos  A; ; 
ind  if  equations  (c)  be  multiplied  by  cos^,  cos^  cosAp,  and  then 
xlded  together,  there  results 

X  cos^  -)-  Y  cos  A  +  z  cos  Ar  =: 
P  (eos^  cos  a  4-  cos  hcosfi  +  cos  Ar  cos  y  •)-  &c.)  -{- 
p'  (cos^  cos  a'  +  cos  h  cos  |3'  +  cos  k  cos  y'  +  &c.)  + 

p"  (cos^  cos  a"  +  cos  A  cos  |3"  +  cos  Af  cosy''  +  &c.) ; 
hat  isy 

R. COSRMO  =  P  cos  PMO  •)-  P'  COS  P'MO  -f*  ^* 

(</)  By  means  of  these  formuba  (b)  we  have 

dh  dh        dh         dh 

X  -4-  —  ^T  Y  -j-  -y-  ',•  Y  —  s:  X  — — , 
dx  dy  *     dx  dy 

CHAPTER  11. 

(a)  Since  q,  q',  the  components  of  s'  are  less  than  8  or  s^  and  as 
le  effect  of  q'  is  destroyed,  because  it  is  supposed  to  pass  through 
le  prop,  the  only  forces  that  remain  will  be  s  and  q,  and  since  they 
;t  in  opposite  directions,  their  resultant  will  be  s  —  q. 


Norgs.                   ^^^^^^1 

CIlArTER  III.                     ^^ 

(.)  B,  ad.  imq^l-  ..  b...                                   4 

M0;M'nt:HN:HM';:r':r^.K-.'(F4.p')xa  =  «k^T 

cliUiii 

(p  +  p)  (no  +  o.)  =  pji«  +  r^n  +  mat  = 

(M  M  +  OE)  =  ML  Ud  m  =  a,  M-H  .(.  NQ- =  K-tt- =  ^^ 

(1)  It  k  M  hailM  >o  <l»  jmtlUL  ll»i.  rl~a  a>a  l)^ 

l«aii>_liihd<ilkn<|»a  <•  n;  m  fhaa  r«>d  a  te  O' 

■M«  dnoioaa  <(  lba>  fcna,  it  nil  to  «>  >ilk  mfal  a' 

«W». 

1                                          CHAPTER  IV                          ^ 

^^^^■i(M.(>>^  +  «r  +  &C.>^  +  M-(«l  +  >t'  +  i«"-flu^l'''^ 

m" (■!  +  «'  +  w"  +  ice.) t" ice.  =  am'  (j*  +  .r«  -  ix^-l  + 

thit  U, 

(«  +  «'  +  "'■  +  4ce,)(iw'  +  «-^  +  w  \f'-'|  = 
M.{»T"  +  m'j^  +  «i"jr"'  +  4,c.)  = 

CHAPTEK  V. 

tbe  6ru  of  «<]aatio«  v  t  >  ' 


(n)  Dy  [Qaking  this  lubstiti 


indb< 


ograling  bclveen  the 


-rfj.    and  \^^  =  a'uB  ■ 
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obtain  the  value  of  U^  given  in  the  text ;  and  as  the  chord  of  an  arc 
is  equal  to  twice  the  sine  of  half  the  arc,  c  =  2a  sin  — ,  /Xi  ^ac.  When  / 

Off  /—  2*o 

18  a  quadrant,  and '.'equal  to -3-,  then  e=:av  2,  '.'jr^  =  — ;  when /is 

equal  to  aie^  then  jr,  =  — and  a  =  — ^,  i.e.  in  this  case  a  =  quadrant 

of  the  circle  whose  radius  is  x^ ;  and  when  /  =  a,  j*,  =  c. 

(c)  In  all  conic  sections,  the  two  last  equations  (2)  may  be  inte*- 
grated  in  a  finite  form,  as  is  immediately  evident  by  substituting  for 

^/  1  +  -^  its  value  in  function  of  *,  for  example,  the  two  |ast 
equations  become,  in  the  case  of  the  parabola,  in  which  ^  =  px. 

which  equations  can  be  integrated  in  a  finite  form ;  consequently,  if 
the  value  of  /  was  also  given  in  a  finite  form,  x^  and  y^  will  be  ob- 
tained in  functions  of  a,  and  j3 ;  in  the  case  of  an  ellipse,  of  which 

the  equation  is  y*  =— . (a*— ar'),cf-f  = ,  ,     which 

dx  \/ 1  —  c*;r* 
by  makinff  o  =  1,  a*  —  6*  =  cS  can  be  reduced  to  ,  — ; 

and  in  the  hyperbola  of  which  the  equation  is  ^  =  —  (**  —  a*), 

d$  = ^^ —  ,  which  by  makmg  a'  =  1,  a*  +  6*  = 

Cdx^e'x'—  1 
!  +  &*  =  «•,  can  bo  reduced  to  V ,         —  5  now  these  values  of 

i/«,  in  the  case  of  the  ellipse,  cannot  be  obtained  in  a  finite  form, 
though  when  they  are  respectively  multiplied  by  x  and  y,  the  inte- 
grals of  the  resulting  expressions  can  be  obtained  in  a  finite  form,  and 
therefore  the  values  of^i  and  x^, 

(d)  See  the  Journal  of  the  Polytechnic  School,  18th  Number, 
page  431. 


(r)  B;  (lUhtenliaiii^  ihu  oqutiMi  we  oktaim 

•.*  =  - 


■I.+  I'-"'  i,=    "^ 


(/)  D;  wbalilittfaig  the  Tiinc  af  dy  intha  ri|iMlini 
Jj*,  lli«re  malls 

tlttl    tt, 

(f )  In  the  eqnaiion  3j',  /^  =  J  vTr  J^r,  iKmc  ii  i"!  h  ki 
gnting,  S',V^S= '^^  •.■«,=  ^  uut  m  lb*  -|-iTim  ty,  ^ 
V-^^  bj  pvtialljr  intaigrating  mm  otuia 

aod  by  whttiimiiit  for  4^  *"  obuin  4| 

the  integral  of  this  tut  quintily,  \tken  liptvr«n  the  liaiit  a  •»: 
isj((a  — jr)"  —  a',)consci]ucntly  the  value  of  »,  will  1>*  thai  r"^ 
tlic  ten. 

(h)  When  a  semi-circle  revolre« ibout  it*  divnetor  Min  tk»  ra 

*,  =  ■^—  (see  note  (fc)  ■.■  2./y,  =  4xii',  i.  e.  the  wrUe*  of  it«  ^7*. 
is  four  limes  a  great  circle  of  a  tphetc. 

(i)  In  lhi-c(iuation  io'c=  }cA'+  i(a'-f*i-»..  if  f^f  <•  «»: 
their  respective  value*  Satin  —  and  n  rut  -  be  tntviitainl.  ri  ^ 
rome* 

i^ tin  —  =  ia' i\a  —  eos'  —  +  i(nl  -  S^t^aLt^l    , 

anil  ai  c-»>'^  =  1  -  mm'—,   I'.in— .co»—  =  tia  -.  ilM-t«  renki 


i"' 


+  *(•/- 


^ 
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*.'  by  obliterating  tlio  quantities  which  are  common  to  both  sides  of 
the  equation,  and  dividing  by  a,  there  results 


§«««n»-  =  |(/-a8in-)*.. 


when  /  =:  aiCy  the  first  member  of  this  equation  becomes  §  a*,  and 

the  second  \irax^. 

ffi  ^  jp\ 
(k)  By  equation  (a)  of  No.  73,  we  have  dy  =  -  ^  -#/jr,  and 

yax  —  jfl 

JT^^  =  ~/         ^^^  =  V  or — j^, djc\  and  •.•  ^i^dy ^z^yax^x'dx 

and  because  $  ^ax^j^dx  =  y,  we  obtain 

(/)  Since  ^xydtf  zz.  ^y^ax  —  x'dx,  by  substituting  for^  its  va- 
lue, there  results 


2 


jr*   .   a 


2         3^2^ 
V    ,  • ,         «'         dx  (  o  —  *  I 

hence  as  y  =  J /a;r  -  x«  <ir,  ;r  =  \     .  «  there  results  by 

substituting  y  and  z  for  these  values,  and  concinnatlng 

2y  =  ^z  -  Q  -  ^)/ax-ar«; 

•.*  as  c^  =    y  5,  if  the  first  member  of  this  equation  be  mul- 

tiplicd  by  dz^  and  the  first  term  of  second  member  by  dz^  and  the 
second  tern,  b,  Us  equivalent    ,^_.  there  results  l.y  dividing 


a* 


by  two,  and  integrating  ^ydz^Y^z'  —  J  (ojr  —  x*) 


10 


(h)  Nh«  irihiiM;  value*  of  yds  and  y  b«  ■iiIijiibI  m  m 
(C),  ili«ro  retulu 

fmoi  «liii:b  il  H  Bujr  tii  obuiti  eqiMik/n  (7^ 

(u)  Id  (liu  CMC  ai  ((y  =  ^=^^,   rfy  +  rf»*=— Z_* 

(i*)  %  peibrauiig  th«  imtgmjaa,  m  ebuio  ■• « 

Now  M  ■  =  0  wbea  x  =  0,  c  unu  b«  r^oal  l«  - 
tbt  «aln*  o(  ■  »  tliU  (inta  in  the  mc  In  Ukm  m 
ban 

-.■(isSj-V^a-x.tirrr  -  lJ-(«-x)t  + j-;,,  _,rf• 
SJ■,=}«■/o.JfJ^  +  4.1*'/a('«-xl'+    J!  »v'-,•-*J- 
■.■  when  .r  =  0,   c'=  -  j;}  wa",  •nd  the  v«li,*  ,,f  vr    „  tii- -■ 
in  tho  Icit. 

(y)  Id  tliii  case,  llie  arc  of  iho  generating  rune  ab  »«  >i.i' 
given  in  tlie  dnl  of  c<iualii>ns  (9),  )<ocunm  (ai  y  it  cKar^riJ  .^'.^ 
equal  to  the  enjiressiuri  for  B  given  in  the  lett. 

(r)  The  thiril  ct)ualion  of  No.  7.>  i>  Ay,  =  i  \  t  r"  —  »■"  ^ 
wo  have  2x>.y  =»  V  Cy'-,v'=)(/j- =  v.     Thi,  n  callrJ  ih^C.v 

baric  mclhoil  of  determiniiii;  ccnirut  of  »;'«>  iit ,  H  »a>  .'.i--^  >*rf t 
Pappui,  but  frijin  llie  freqiu-dl  api'liralinrii  ma.lr  of  it  1 1  C.  i' 

il,  that  if  several  »i>liil*  sri>  ccnoratrit  l>v  a  rci.^lul.i  n  ,/  «.-j 
about  a  fomniiiii  axi-,  tin-  ^.urn  of  them  all  i,  e,jojJ  |„  tHc  -^ 
r.-r.-nie  .k-.<ril.L-,l  bj  thnr  o.mm.,n  r,-,.tf,.  ,.f  ura.,.,.  „^',  .:-,.  ■ 
llu-  E.uni  of  Ihe  ^■i-niraliKt!  •orfjr.-,. 
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(t)  In  thus  case  we  have  the  following  proportion : 

L :  2«-Xyi : :  / :  2?ry,  •/  l  =  /A. 

(r)  If  the  area  of  the  base  of  the  cone  \'  be  denoted  by  b  and 

hb    .  wd^ 

he  height  by  A,  we  shall  have  V  =:  -—,  in  this  case  5  =  -— ,  and 

k  =  o-/-.- v'=— TC«(a-/). 

(s)  As  s  is  equal  to  2va(j3— a),  (see  No.  81),  in  the  case  of 
I  sphere,  j3  —  a  =  the  difference  between  the  radius  and  cosine 
>f  the  spherical  segment,  and  therefore  equal  to^  the  sagitta  of  this 
legment.  It  appears  from  this  expression  2«-a/)  that  the  entire  sur- 
face of  the  sphere  is  equal  to  four  times  the  area  of  a  great  circle  of 
;he  sphere,  as  we  know  from  other  considerations  should  be  the 
:ase. 

(/)  It  appears  from  No.  81,  that  the  distance  of  the  centre  of 
^vity  of  the  surface,  generated  by  the  revolution  of  the  arc  a^d^b^ 
!rom  the  centre, is  equal  toi(cD'+CE')  =  f  cd  — iD'B'=}(a— ^/), 

For  D'B'  =  }/ 

(r)  If  in  the  equation  |^«-a*/=  y»,  «-c*  (a  — /)  +  v,,  their  values 
>e  substituted  for  c  and^  there  will  result 

§ira^ri-co8— ^  =  TJjT4a»8in«  — .acos— +  v,, 

•.•§^a^(l-cos--i.sin«-.cos-)  =  v., 
md  if  these  values  be  substituted  in  the  equation 


fe  shall  have 


(asa-{=^.(l  +  cosl).) 


frt\ri-cos— j.ia^^l+cos— j==yy^4a«sin«— .a^co8«— +v,^^ 


hat  is 


i»a*.sin« ^  =  i  •  «•«'•  ^8»n'  gj;  -  *»"*2J )  +  ^i^i'^ 


nd,  if  the  terms  which  are  common  to  the  two  sides  of  this  equation 
e  obliterated,  there  will  result  by  substituting  for  v,  its  value,  the 
xpresston  for  J'^  which  is  given  in  the  text. 

4  E 


■iiiii  nil  !'-■-"■-  an  th«  onGnalM  of  tb»  rilipaoid  ■■  !■!  ^ 
to  x^dM  aiUaw  of  tK«  pUM  froBi  th«  r«Bir*  of  the  mJi^  «teft 
eaukf  plHM  ■  famkl  la  Un  plan*  of  ib*  um  ft  Md  ^  ^  «■' 


ibe  elEi|Me  nade  by  lb*  iW 

itwy  arc  oidtntlj  Ute  --«=-——  at  ilw  cUqvoid  ctirr«ifaa4iy  to  A 

akactei«.ai^«iM«cMaiW:r  =  «ie.^^-l^.  iW  ■iv'' 

«Uc^  (■km  batwan  Ika  CtBii*  «  ami  0,  b  wic.(fi~~m~--^^ 
=rfc.(4-.)(l-^±^t^.  b— ^-^=t.-«»*i« 
.^  +  ^).     I«ttew«.»M,=  -fcJ(*rfr-i^  =  (afc«to 

Mttpil  ■  tak-i  balMra  Um  BwU  ■  and  0)  .4e  ^^^-^V 
andaodj  aqval  la  iha  nlaa  ofv^,  pran  ia  iba  tm.  Ira«  «hi^% 


be  snbitittit«d,  »«  katc 

*  ^  ■jy'—  £r  ^(04-— ''li^  —  «a-  j s  ^ iLT  ~  J-  . 

i.e..  tiy  intfgritiiig  and  lubsiituting  for  ihU  last  ifUuititT,  it>  tu-* 
gi^cn  in  No.SO, 

'"'■"-^'iT-sj—nr+Tt' *"-"»•" -'♦••• — 

fCjUil  when  r  =  «   anil   w=  — , 

»«— 2«  L  —  —       I j-r.   'he   tsluc    of    \    «k(«  1^  »-    » 

a  *fmiryi luiil.  With  te»pect  lo  the  talue  of  \j-.  ib««  \>  *  - 
V^rj  -j^-  +  i<..-,  we  oltaiti  VJ-,  =  ^^y  — .jj^"  -x"--; 
n.-j-v'""-  —  J-i/r,  ill  iliit  ca»c  we  muti  make  "/  ^  i'  -  V  *J  -  '"*' 
=  s  \/a^'  —  j^iU,  mil  ihr  value  uf  y  inaj  he  anllra  a*  full<»«> 
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y  =  -r  \  —  \  ^  — ;  the  second  term  can  be 

treated  as  the  corresponding  term   in  Number  80,   and  the   first 

•"4    J 


XCLX  CL 

,  and  if  we  make  ^^  —  or  =  jr  we  obtain  ax^a^zz 


\/ax-x'  2 

€t^  a 

2 —  «*  and  xdxzzi  -^dz  —  zdz,  by  means  of  which  the  value  of  vx^ 

may  be  obtained. 

{z)  M  =  S^S^»^sin9</rrfdrf\{;  =  ASS</4;£/dsin9  =  A(a'-a).S8inGrfd= 
A  {pL^—  ol)  (cos  u;  — cos  a;0>  >"  like  manner  as  ^  sin  d. cos  d(/d :=  ^cos'  d, 
=  (between  the  limits  0  =  a;,  and  fl  =  a;')i(cos*a;  —  cos*a;')>  it  fol- 
lows that  the  value  of  Mor^  is  that  given  in  the  text ;  likewise,  as 
5tin*ficf$=  —  ^ sin  0. cos  9  +  ^9  =  —  :^  sin  29 +  ^9,  =  (between  the 
limits  oufu/.)  —  J  sin  2a;'+  J  sin  2  a;  +  i  c*''—  ^w*  it  is  evident  that 
the  value  of  m^,  is  also  that  given  in  the  text. 

(a^)  When  M  is  a  complete  ring,  that  is,  when  a'=  a  4-  27,  it  is 
evident  that  the  factor  sin  a'—  sin  a  in  the  value  of  m^^,  and  cos  a-^ 
cos  a'  in  the  value  of  Mz^  are  respectively  cipher,  consequently,  in 

this  case,  y,  and  z^  are  cipher,  and  jr,  =  —  (a'—  a)  (cos"  w  —  cos*  w') 

becomes  by  substituting  for  m  its  value  =  —(coso;  +  cosu/). 

(J/)  When  a;  =  0  and  a  =  0,  then  b  =r  ^c>a^\  A  =  ^p^^y  conse- 
quently,  x^  =  -^(1  +  cos  w'). 

o 

(&)  The  base  of  the  parallellopided=r(/\{;X*'sin9£/9=r'sin9'/9</vI/, 
and  when  r  =  1,  the  integral  of  this  expression  is  —  cos  9.  \j/,  which 
taken  between  the  prescribed  limits,  gives  the  integral  =  2 «r. 2,  in 

the  same  way  the  volume  of  the  sphere  is  —  4t. 

CHAPTER  VI. 

(a)  The  body  whose  mass  is  m  and  volume  v  being  supposed  to 
be  condensed  into  its  centre  of  gravity,  p  the  density  which  is  equal 

to  —  must  be  that  of  the  centre  of  gravity ;  now  if  the  shape  of  all 

the  molecules  be  the  same  we  shall  have  when  their  number  is  n, 

r 
n 


(t)  «•  =  (.-.)■  +  (S  -if  +  (y  -  .)• 

=  .'  +  ?'  +  r--a(»,  +  3,  +  y.)  +  «-+y  +  j', 

■fld  if  we  nuke 

.'  +  o'  +  y"=)'  "il  »(«»  +  f!)r  +  r»>-(^  +  y  +  sls> 
we  (lull  bnve 


+  J? 


I-S  , 


Now  if  Ihera  be  lufaelJIuled  IbrI  wd^Ikoir  iiimlin  xihm,  ^ 
results  wliea  no  powenof  x,  J^  x,  higlMr  than  tW  efeantMette 

into  nccount 

•  ~i^  SI*  '*"i:«A~^ — T* .' 

«)uch  ii  vfidMilIj  M|ual  lo  liie  nlti«  of  -    girvn  in  lb*  tait;  arfi 

tbia  ralue  ii«  ttibflUalMl  ia  l)w  eaprrtrion  t  =  \\\  —  *  k  ■» 

dmt,  tint  wbra  lb*  origm  of  ibe  coordiiule*  k  tt  lb*  «■(■•  tf^ 
ntjTi  tfa*  tecond  Icrni  of  lit  talne  ftvao  in  lb*  last  «1  ch^  ft 

likcniso  ■(>pMri,  tli»l  when  od  uf  !  ii  ^u  |;rr»i   iKu  thr  i-»l  *•  V  •  > 

reduced  to  its  first  lerm,  ihen  -I  =  -  ^  and  -.-  »  =t.*?. 

(c)  A  Ihroefolil  intcgralioii  U  lo  be  performed  rpUmtn  ~ 
r,  fi,  v;  with  respert  to  C'>  ■*  neither  ihit  quanlil*  oor  am  fcactm 
of  it  occurs  under  tho  iign  of  inlegralion,  ihe  mte^rktion  rnxn*  '■> 
4fv  niav  be  efTertod  bj  writing  2t  oithoul  tbe  si^  \.  for  it  ihmf  ~- 
iiitegralcd  between  ihe  limila  0,Sr,  and  then  there  oiilt  re«^  » 
double  inlegralion  lobe  performed  relative  lo  f  and  r.  Wii»» 
specl  lo  6,  the  radica'  v'a'  —  2arco»  j  +  H,  )>«o>(dm,  abra  i  =  > 
v'a'  +  iar  +  r",  ami  when  5  =0.  >/ x*  —  -tar  ^  H  ;  no*  at  ti»  s- 
dcfiiiite  iitlcgral  relative  lo  5  it  -  V  a'  — :f2reo»f  4.  r*  ^  ru*>i-  ««« 
taken  belween  the  liniiti  %  —  r  and  f  =  O,  ii  iirruinM.  abr«  iW  v 
traded  point  ia  nilhin  ihe  tiraluin, 

r..nse'|iieiit!_f  i>i  litis  case   iW  >»luc  of  T  aill  uoi    ,)*j,*o4  «!*.»- 


\. 
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•,•  A  =  —  Hfzr  ^  ^'     ^^®"  ^^*®  point  is  without  the  stratum  the 

value  of -\/a*  — Marcos d  +  ^>  taken  between  the  same  limits  ^ 
a 

and  Oy  is 

i  [(«+»•)-(«-»•)]  =  ^' 

if  this  value  be  substituted  in  the  expression  for  T,  there  results 

which,  integrated  between  the  limits  a  and  b,  gives 

and  as  the  masses  of  the  spheres,  whose  radii  are  a  and  5,  are  respec- 
lively  — 5—,  — A~>  w^i — 3- —  =  M  IS  equal  to  the  difference  of  the 
masses  of  these  spheres. 

(rf)  A  =  /x/*V\V— — cfm=  fas  dm  =  ^u^duduj^  cos^=f j  j 

yi'f^^^p^osgdudw^  and  when  p  is  constant,  by  integrating  with  respect 
to  cftt,  from  tt  =  0  to  u  =  r,  we  obtain  a  =  fifp^^rcos^dw, 
(tf)  By  making  this  substitution  we  obtain 

/a+  rcos^y      //S  +  rcosAx*      /^y  +  rcosk\*  _ 
V        S        J  ^  \        i        )  ^  \        i        )  ^    ' 
this  becomes  by  developing  and  concinnating 


(cosVr  .   cos*A   ,   cos*Af\ 
-^  +  -6r+— )  =  »' 


which,  by  substituting  /,  jd,  ^  for  their  respective  values,  becomes 
the  expression  in  the  text. 

(/)  Since  the  parts  of  the  value  of  r  under  the  radical  sign  mu. 

tually  destroy  each  other,  there  remains  only  the  quantity  — -  to  be 

taken  into  account,  and  if  for  q  its  value  be  substituted,  there  results 
the  expression  in  the  text. 


982 

will  TRsitll  iijr  iub«ii(ulin(;  fat  cm/,  mt  A,  cot  4-,  ibctr  «ifaK**i 
of  tho  [loUr  cootilinklMi  ibc  cspntMuia  m  toKl  i  wm4  Urn  atoi  J 
tho  oxjiresiioni  for  iLa  aaA  catg  ba  nibsttlMad,  w»  vktM  te  rt 
nf  A 


(A)  Wb«i;=^*(=Ung^)»«, 


between  0  and  •.  llie  e<|iiivilent  upretnon 

■4v. ^ 

(b*  cot'i  +  a< ud'S). C  +  <■••  cnA  -4-  «<  MnVI ^ 

niul  t>e  inlegratuil  bctwirn  iba  limitt  0  mnI  x.      Il  ««Hf  toA 

llul  the  two  cipreuioo*  nrii  ei]uhsl*nt,  lar  if  iber*  b*  Mfari^Mrfl 

ifil>  and  p  their  respccttrc  laluef,  aunely, 

di  ,  ft'r' COS'S +  (''<'->^-f*'«i»S')^^« 

r+^^' —iv? • 

and  «lu  for  co»^  iu  »iloe  ,  j- — .  wid  ,  ■— -  fat  aia^  <h«  « 
'+*■  1 +■♦' 

»ulu  iha  Mcond  eipreanon  given  lima. 

No«  if  (h-  c<.,'9  +  n'  »m'i' V  =  m,   and  (r*  eofPf  +  •*  ,i,ff^  = 

then  o'Vc* 


I  yv    cm  I  T  "   :■■■'  J  n      _  ».,    ■<•■■    (f-mr^  ^  V  IMF? 

JO  (6*  Co»'9  +  il'  sin'S  J  c^  +  (c*  cos'»  +  a'  >in%  ■  »-■  - 


ihc  iiitC(>ral  of  tlits  IssI  «-i|>ri 


»bich, 
stituliii^  fur 


ken  lielueon  ihc  prt^icrilicd  Itniii*.  tx^oox-^    :.  ■. 
aiul  H  ilii-ir  laliiw,  tho  iin.-gtd  gin-n  m  ih.-  in 
(i)  That  ii,  if  therp  be  taken  any  tao  point*  in  lh«  el;- „-■,    ■ 
forte  actiii);i>iii)ioii(^poinr4.r<'solti.><t  parallel  loanaiii,  f  pf  y     \,.: 
toihcordinatosoflhp 

(A)  Since  i  =  (-.  the  part  oii.ier  the  railiral    m  ihe   iiia.-  ,i  , 


ami  l>)'  subttKuling  ihit  < 


=  (-.  iho  part  oiiilcr  the  raiiiral    1 

'»in't  =  «',|  +,^co,': 
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and  as 

it  is  evident,  when  these  values  are  put  for  6*  and  4irp  in  the  value  of 
A,  that  the  expression  given  in  the  text  will  be  obtained. 

Now  in  order  to  integrate  this  expression,  let  0*  cos'  0  =  ^^  then 

cos*  6  sin  Wtf  Wv  r    I.-  u  -u    •  .        1  • 

-,  ,    , — rrr-  =  — . :.  ,    rr,  of  which  the  integral  is 
l+««cos*C  ^(1+y) 

—  —  (y  —  arc  tang  zr^)  =  --  (e  cos  6  —  arc  tang  =  e  cos  0), 
and  this  expression,  when  taken  between  the  limits  0  and  -,  becomes 

-^(tf  —  arc  tang  =  e\  hence  we  obtain  at  once  the  value  of  a. 

(/)  If  we  suppose  as  in  the  last  note,  that  0  cos  9  =  ^,  then  we 
have 

^^fmoJ  r-^   cos'flsinflflgg  _   Sju/mtt^  f*^  fdy 

Now  the  integral  of —      ■   ■  is  evidently  equal  to 

--^ttl-j — :,j_l+^'  —1—1     1+^ 

^  V^l  +  ^_y+__  arcsin  =  ^|^  V~"^  ^""^  ^"""^  "^ 

and  if  for  y  its  value  e  cos  6  be  substituted,  and  if  the  integral  bo 
then  taken  between  the  limits  d  =  0,  d  =  ~,  it  becomes 

-  ^  +  i±i^  arc  tang  -  *  and  •  • -^^^^C^  — ^= - 
^+      ^     arctang_*,and    .   ^^^^^^^^--^===_ 

which  when  concinnated  is  the  expression  in  the  text, 
(fit)  By  substituting  for  arc  tang  =:  ^  we  obtain 


and 


(-'+i-i+*-)='^°('-¥+'-> 


MM 
pqiiil,  by  Aiidioc  ••  twibn  tha  uma  of  ib«  a«riM  by  ^ 

(n)  irinlbe«tlu«i>rAtber«tMMtMti(Nled  tot  ^,.jf,r,if,A 
ihcir  lalue*  in  lefms  of  9  And  ^,  it  w  ■r»il«ii  that  n^tm  h  A*  | 
prauion,  r  —  fi  ii  pal  Tuf  },  it  «ill  roii>d<lc  aiUi  lite  fint  to^  mM 
lh«  Mcond  be  ialcgr»l«d  l>«li>Mti  0  and  -,  ibc  mill  ii^M 

MS  if  tkc  lint  mu  intcgratinl  t>ct««cn   -  M(!  «.  * 

(o)  ^=«*«M'jN  y  =  fc.Siii'/ico*'^  =  ■,Sii>>«.d^ ■»■  *«ii>^ 

^  =  r,*  iiD^  iiniy  =  ff,*  *">^  •n^  +  i««>«i^. 

■■coCP  +  i>an>leai^<i +  «■«■'< ••■>i>  t 

=  (by  •ulialitaitDg  for  tf  uu)  e*  tb«r  wp ■«*!»«  vdha^  M^ 

«i+ A,  ••  +  ib.)  «>.co^fl  +  o'MB'e  +  A.nfi*S c«^ -f  *.Me»^ 

hcBc«  by  concJBBatii^  iImm  axpraaaioB*,  ud  iirtMiitKia^  fat  bJI 

Ibeir  mpecti**  vtliin  m.cm^,  ^,uti/>raif^  r,<iB^Mf,  «■  4tk 

tlic  Tnlup  of  R'  j;i>i'n  in  ihi-  lc\l. 

(p)    Uu  bo  ictu.   the  fir.!  QicuibFi  uf  i-.ju»li.iii  ,  4_,  „  17:^*^ 

a',  vid  iho  second  to  icro,  and  if  u  be  k  the  fir»t  iDeaiWr  bn-^ 
a'  +  (3  +  >',  while  the  second  mraiber  is  x  ;  cotu^uca-.N  1= 
pKoagc  from  loro  lo  infinily  ihcre  iDUst  be  a  talue  of  ■,  vhict  ■ 
den  llie  6rsl  member  ct^ual  lo  thr  second. 

(f)  Thtd  follows  at  oncv  from  ihu  equation  i.fcc  ^  kk--  . 
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BOOK  11. 

CHAPTER   I. 

(a)  We  have 

k  :  h  : :  V  :  u  ','  as  V  :=  iVf  k  ^  ih. 

CHAPTER  II. 

,  .    ,       dv        (k*^v^)       k*dv         .      kf  dv     .     dv  \ 

<•>  *  =  A=^ Si-■••A^=**=2te+3^:^>• 
#'=  I  [log  (*  +  ")-  log  (A  -  t.)]  =  I  log  (^). 
(6)  If  both  sides  of  the  equation 

k^v        n?^ 


be  muhiplied  hy  e\  there  results 


zze  * 


i<        _ 


K^  gi  -gt 


f  .    .      Jg   =  «  *  >  and  •.•  (At  —  r)  e*=  (Af  -I-  »)  e      ,  and 

A:  V«*— e  *  /  =r^e*+tf  *  /; 
hence  we  obtain  the  value  off  given  in  the  text. 

k  k 

(c)  If  both  members  of  the  equation  v  =:  --r — r     be   multi- 

plied  by  dt^  and  then  integral ed,  we  shall  obtain 


const., 

and  as  by  hypothesis  or  =  0,  when  /  =  0, 

k^                                 k*  k* 

const.  = log  (tf°  +  r-»)  = log  2  =:  —  log ^ ; 

bence  it  is  evident,  that  the  value  of  or  is  that  given  in  the  text. 
(^)^.ir  =  .5ci/==jj_jVar  =  -^log--^.==-logjj-p 

4f 


(•1  Fro«a  noie  <rf)  il 

r  giftn  IB  ill*  («<■ 

(/)  li  (ffMn  fr«n  Na.  ISI,  tliM  thm  McwtevMiaf  Im*  ^ 


it  bllaw*  thai  i/bm»  t: 


uam  J^  hvMC*  M  t  i*  A>  « 


»■«•  ut  tba  dconly.  Ih*  gmri«T  iriD  be  lki>  fin*!  tdonlt. 
(,)  C«««lIyl««(l  +  .)  =  «--J+'' 


(Al   Bv  inlpgnting  - 


,-.-■..  *'^  =  r 


\ 


NOTES.  587 

IS 

jr  =  —  [  log.[a8in^  +  Af.cos^n  +  const., 

when  /  =:  0,  and  ir  =  0  this  expression  then  becomes 

—  .log.  At  +  const.  =  0, 

consequently, 

const.  ^ .  loff .  ky 

g 

k^  k^        Y  . 

hence  as .  log  Ar  =  —  •  '^g .  t  ,  it  is  easy  to  infer  the  value  of  x 

given  in  the  text. 

(Jc)  By  integrating  we  obtain 

k^ 

JT  =       o"  l<>fi[  •  (^  +  ^*)  +  const., 
when  .r  =  0,  then  v  =  a,  hence 

k^ 

const.  =  — .  log  (A*  +  a% 

and,  consequently,  by  substituting  this  expression  for  const.,  we  ob- 
tain the  value  of  s  given  in  the  text. 

(/)  By  expanding  into  a  series  the  value  of  v  given  above,  we 
obtain 

this  expression  becomes,  when  t  ^^  0, 

And  by  a  like  expansion  of  the  expression  for  jr,  we  obtain 

and  as  generally 

log(l+u)  =  j      ^  +  ^_«<c, 

this  value  of  x  becomes,  when  t  =  ^9 


v  = 


il  tW  hi|k«  pM«a  Wm(  ««glMt«J  M  bMK  •<|m1  l»  ofte. 


<-«=I)=^- -■■•■=,*-'■(- 


!•)  Ubvaf  =— .  and  t»=  — .  ••  h»< 


<oiB«4)a«nt)T, 


^^ST*!"-^)' 


wdMr  =  r-(v^-^]  the  ngn  of  the  tccoed  wftwl.tw 
the  SUM,   '.'  dir««tioo  of  motioo  is  the  nnw  ••  before. 

(,) .=.™.iv/f . ■.  -b™ •  =  (>,. A/«=r^.=T »/• 

(r)  Tbe  integTkl  of  the  trmluc  of  ^  u  in  thi*  caM 

Now  u  -J-  =  0  ••)>«*>  X  =  0,  we  wut  ha*a  C  =  —  -^ ,   wi 
when  X  =  i,  the  ripreMioa  for  -j-  beoMHc* 
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(s)  By  reducing  to  a  common  denominator  we  obtain 

and  if  numerator  and  denominator  of  the  first  member  of  this  equa- 
tion be  multiplied  by  r+  h  -^  x^  and  then  the  square  root  be  taken, 
we  shall  obtain  the  expression  in  the  text. 
(0  Since 

r+h-^2x       ^^^  r+h      _   j^_       r+h^x  ^ 

W(r+h)x^^'  2/(r+A)ar-jf«*  \/(r+h)x^^^' 

^    r  +  h 
we  shall  have  by  integrating 

V^(H^^-^+i^^arc^cos=   ^^^     =V^-|L./; 
and  because 

IJT  — Jf* 

it  is  evident  that 


\     r+h    J  ^  r+ 


r+h-^2x\              .   2v^(r+A-jf« 
arc  I  cos  = ; —  i  =  arc  sm ^^ • 


/  r+A-2a:\ 

(  cos  = T —  1  = 

\  r+h     J 


r+h 
therefore  we  shall  have 

I  V^=/(H^S)^i:^+i(r+A)««(si„  =  2v:i^E£); 

DOW  as  the  sine  is  very  small,  it  may  be  assumed  equal  to  the  arc, 
consequently 

h 

2%^(r+h)x-^x'  =  2\/(r+h)-^x)x  =  (when  r+  A  -  *  is  reduced 
to  r)  to  2  V^. 


,  V^ = vTTPsjrr:? + i  (.+»).  ?^>, 


dz 
(«)  Since  -^  =  ^  i^d  ^r  =  ^  we  have  by  formula  (c) 


ago 


''-i+i'  n* -, — ■■«^T-=" 


i  +  T ; — ^ "-H — • 


honce  we  obuin 


/■= 


a*     «.»     ».(«-ny 


(•)  *  = 


I 


(■)  ThltbUiefMv.lwcwmUMBWwi  votio*  ■fib* 
urbil  w  eqU4l  In  iu  routioa  tlfiM  hi  axis.  S«*  VuL  II.  K*tflirik 

(x)  Tho  {ttujectilfl  ilctcfiba  •  ram,  beeanv  it  m  wm4  •  ^ 
iliMimiUf  furcv*.     Sec  Nu.  144,  obl*. 
(ji)  Frooi  ihe  equKion 

we  oblun  by  tolling  iltary, 

coiuiH(Ut.-i)lly, 

y  =  ?(**»>-. 

and  if  ««  ouUtilutc  SoVy  for  (8ai<— l>*-f  r/f  ia   iW  MfF^M 

under  tho  radical,  ii  becomn 


now,  if  for  V  y,   iU  valus  Y    -  ■  (<>  ^  ^V  tie  |>ai,  tbc  riprvBtua  t«- 

romei  oV^Kr  —  (o  ±  ij^V^  ".   (ion  which   it   i»  tmj  »o  p*m«>i 
how   ihe  dcnuminator  in   the   eipreauoo   for  Jt,   ma*   b»   t»tifT-t 

(i)  S«c  cquilion  (c)  of  No.  139. 

(a')  If  2a'=ilr'a,  the  talu«  of  a,  «h*o  letuoti  «  t^^f  • 
a;  anil,  riiiiio<{iifiiily,  in  (hi.>  cue,  a  b^j  prii|r<1pii  ^  iW  i* 
laitrc   a   frunt  iho   renire   with   a   tehicit*  «' =  — wdl  ^^ai  u  a 
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where  its  velocity  becomes  cipher  ;  if  2a^Z.  k^a  then  the  body,  when 

it  has  attained  an  infinite  distance,  has  still  a  finite  velocity  equal  to 

Ar*a—  2a\  it  is  evident  also,  that  when  2a^^  k^a^  that  jzrcan  never 

become  infinite. 

If  a  body  falls  freely  without  any  initial  velocity  from  a  distance 

a,  towards  a  centre  of  force  varying  inversely  as  the  square  of  the 

dz^                                                                 /I       1\ 
distance,  -r-^  the  square  of  the  velocity,  is  =  2a*.  f j ,  if  a  is 

dz*      2a* 
^,  then  -^  =  — ,  now  it  is  evident  from  what  will  be  established  in 

No.  2d9,  that  a*  ^  the  square  of  the  velocity  in  circle  at  unit  of 


a* 


distance  from  the  centre  of  force,  and  *.*  —  =  the  square  of  the  ve- 
locity of  a  circle  whose  radius  =  ^r,  consequently,  we  have,  when  a 
body  falb  from  an  infinite  distance  to  the  centre  of  force,  the  velo- 
city at  any  point  of  the  descent,  to  the  velocity  in   a  circle  at  the 

tame  distance  ::  v  2  :  1.  Hence,  if  a  body  be  projected  from  the 
centre  of  force  with  a  velocity  which  is  to  that  in  a  circle  at  the 

same  distance  ::  V^2  :  1,  the  body  will  ascend  to  an  infinite  distance. 

2a* 
This  indeed  is  evident  from  the  expression  2a*  =  A*a,  or  A;^  z=  — , 

for  —  is  the  square  of  the  velocity  of  a  circle  at  distance  a,  and 

the  converse  of  this  is  true,  namely,  if  a  body  falb  freely  from  an 
infinite  distance,  when  it  arrives  at  the  distance  a  from  centre,  it 
will  have  acquired  the  velocity  ^*.     If  2a*  is  >  than  /r*«,  then  z  the 

distance  at  which  the  body  is  arrested  =  ^-- r-. 

•^  2a*  —  a/f* 

CHAPTER  III. 

(a)  If  the  forms  of  the  functions  ftifUfl  are  all  the  same,  so 
that 

^  =  «/^»   y  =  ^^    ^  =  cA 

it  is  evident  that  the  point  will  move  in  a  right  line,  and 

ah  c 

exprc^ss  the  cosines  of  the  angles  which  the  direction  of  this  line 


SS'i  MOTES. 

ntftkci  Willi  X,  jr,  X.  The  mnUani  qu«iiitti*a  m,  k,  r  ^M^  •  < 
Dolure  or  the  runrlion^.  If,  fat  «ft«inpla,y)  ^  t,  Umb  i^  fc  r*^ 
■i!u(  (lie  uniform  Telodliei  pirallEl  to  r,  y,  x,  and  tha  ^^aa  ^ 
cily  of  ihe  point  =  v'n'  +  i'  +  c'i  if  yi  =;  »•.  i|m«  «.  A,  r  «•  ^ 
porllnnal  la  ilie  arrderallng  forrrs  p«r«Ilel  to  ^,  ■,  jr,  ^rf  ifa  am 
will  111*  muvi^d  Willi  a  moUon  nniformly  acc«l«vai*d,  a^  tmt^mi 
by  y/n'  +  i'  +  e-. 

If^s-ZI  +  i/T.  .,  =  t/t  +  ^-(.  »  =  wfi+gfl,  iWrM 
moite  in  a  curved  line,  which  bow**«r  u  at  mmgir  c 
oliinin*lini;  t,  w«  ubtain  an  iHjaitiiio  a(  th«  fortm  «'«4-iy^i 
which  i«  l)ie  ecitialiou  of  ■  pUnr.  The  timplvM  t^H  «f  ite  ta 
M=al  +  bP.  >,  =  ct  +  Jr.  =  =  rf  +  ff*,  uid  lMiii|  I  b<M 
the  twu  Sr«l  eqnalioni,  we  ubiaia  an  tquaiion  of  iW  ■oad  id 
twlwdofi  r  and  ;,  which  from  the  rvUlion  that  eajM  hnwB  i 
thre«  lint  Ivrnts,  >i  Biidently  ihti  oTa  putbolft. 

If,  u  in  text,  *  =  fU  3  =j'U  I  —fU  Ihe  «r««  '       "^  ^  > 
be  of  dottbt*  curtBtiir<>, 


*» 


(»)r 

it 

if' 

rrai«  = 

4* 

-r- 

(c)» 

=  »ft  = 

£"•"» 

mrtm 

a  = 

=  (Jj-  :=  /irff,  by  pqiiaiiottt  ( I )  i  in  &ke  maniMr 


(rf)  l[  each  of  the  three  preceding  e<{UBtion*  be  tquarr^  ^  i 
added  together,  there  result* 

(^_  j-y  +  (y-  wV+  (^-  .-►■  =  a-(fo.'«  +  rt»'o  +  (»'> 
('(cOT'o  +  roii'A  +  ciis'i)  +  2  a«(row  cuso  +  <~ms  (oA  +  cwj  +  rw 

and  it    is  eiiilciit    ihit   the   farlor  "f  xi   i«  e^ual  lo  ihe  nviK  .;<- 
angle  ronlaincil  between  mh  and  ME. 

(r)  Let  t  denote  the  infinitely  ■■"•'langteTMM',  ibe«  ihei 
of  r  in  lie  direction  mm'  =  rro»J.  =  r.  i  1 L_  ^  j^  ' 


V 
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hypothesis  $  is  infinitely  smalli  its  square  and  higher  powers  may 
be  neglected,  and  this  renders  the  component  of  v  in  the  direction 
MM'  =  r. 

(/)  See  Harte's  Translation  of  the  System  of  the  World,  Book  2. 
chapter  iii.,  and  Mechanique  Celeste^  Book  10,  No.  15.     When  the 

body  is  let  fall  freely  at  the  equator,  the  deviation  is  ^  /  to  A>,  A  being 
the  height  of  the  tower,  for  if  r  be  the  radius  of  equator,  and  a,  a\ 
the  arcs  described  by  the  bottom  and  top  of  the  tower  during  the 
fall,  we  have 

a:a';:r:r  '■\'h  •.*  a'^a=:  — , 

r 

now  a  is  -H-  ^  to  the  time  of  the  fall,  and  *.*  it  varies  as  V^A,  conse- 
quently af-^a^  or  the  deviation  is  -^  /  to  h,  for  i*  is  constant. 

{g)  In  equation  (d)  by  substituting  —  for  v*,  and  multiplying 
both  sides  by  </<*,  we  obtain 

j^ (/<»(=  i/j«)  =  ^  +  2p(^,3^,  z)  -  2p(a,  6,  c)d(*'. 

d$ 


dtzz 


\/  A*  +  2  F(  JT,  y^z)—^  F(a,  6,  c) 


in  which  by  substituting  for  x,^,  z^  their  values  in  functions  of  «,  we 
obtain  the  expression  given  in  the  text. 

(A)  When  the  elevation  of  the  point  a  above  the  horizontal  plane 
passing  through  D  and  c  is  equal  to  A,  the  general  expression  for  the 

velocity  at  this  point,  namely,  y  2^( A ±2r)  becomes  then  2^.(A— A), 

d$  y dS 

i.  e.  -TT  ^  V  2fl^.A— A,  and  \'dtzz  —T==r==z^  which  is  infinite; 

di  ^  y2g,{h^h) 

but  if  the  elevation  of  this  point  above  the  plane  is  less  than  A,  then 
the  velocity  after  passing  this  point  becomes  negative,  which  indi- 
cates that  the  moveable  must  descend  towards  the  point  of  departure, 
where  it  is  in  precisely  the  same  circinnslaiices  as  at  the  commence- 
ment of  the  motion. — See  No.  191. 

^.N    .  dh  d\.  du 

(t)  As  cos  A  =  V  -r-,    cos  a  =  V  -— ,   cos  y  =  v  -r-,    there  results 

^  dz  ^  djf  dz 

by  multiplying  equations  (3)  by  ^or,  ^y,  hz  respectively,  and  then  add- 
ing them  together,  the  expression  in  the  text ;  for 

4  G 


•+^*+S- 


r  =  ^  Ud  ofaMTnnc  llut  M>  =  A',  fci%  w«  abtais 
baiiiiiliiilili— hiplerf  ■.  •"•  li  c^i^. 

(ll    Whr«  :  it  raniidrnhl''.  Xhr  nprcuinn  for   -.-   i1 

■  bodv  thai  Kb  b««D  projected  from  lh«  *urfar«  of  a  • 
No.  14a 


3 


30950-=  y/k'--ifx\ 
:  S7^  ihp  i^mntrial  gnvitt  g,  and  a 


:  ll«. 


\r  nilius  of  ihr  earth,  me  ubiuti 

fc«  =  (a09o*«)>  +  33fi.no.r. 
t  meaiH  of  ahirh  it  ii  easy  10  compute  th«  dimiaatH>a  la  :^< 

CHAl'TER   IV 

(rt)  The  ttlority  along  the  «i!e  MM'  =  rro«  J.    tlx-trf.VY  ; 

rity  Iwt  .*e<iuall..  r.(I-co.;)  =  '--^j    -    Infill."*"  *'^     ' 
ptidenlh  aii  infinileU  tmall  quanltit  uf  th«-  »oT»nJ  vfilrT 
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^h)  By  substituting  for  -r-^  its  value  -jj  -i-^,  and  for  --=-     its   value 

^'4m   d$  u,  '     f  ^9      .  jdif       dhfdx  -  dx^du\ 

—7- .  J-,  we  obtain  (  as  r  =  ^j-  and  tf .—  =  — ^ ^  ) 

d$    dt  \  dt  dx  dj^  J 

d*ydx^d^xdy  __   ^(/jp*  ^'^r  .        d^ydx^d^xdy       (d^ydx^d^xdy\ 
(f)  The  value  of  jr  —  jr'  given  in  No.  20,  is 


o« 


or — 4/  =  ^  (djf(dxd^if — rfyrf^or) — dz^dzcfx — dxJPz)), 


DOW  if  for  dxd'^^dtfd^x,  dxd^x^dxd^z,  we  substitute  their  values, 
which  may  be  deduced  from  equations  (2),  there  results 

COS  j'—  —  cosj^'M  i 

—  P  <  rfyf  —  costt/— ~cosa;|—  (/;irf— cosw  — —  cosa/M  (   |  ; 

hence,  eliminating  quantities  which  occur  both  in  numerator  and  de- 

«^ 
nominator,  we  obtain  the  value  of  -  cosy  given  in  the  text ;  and  cor- 

P 

retponding  expressions  may  be  obtained  for  —  cos  y',  —  cos  y'\ 

P  P 

(d)  The  coefficient  of  Q  in  the  value  of  —  cos  y  is  equal  to 

P 
dudx         ^      dj^  da^  .  dxdz 

and  at 

dy  dz  dx 

we  have 

dxdii         ,      dxdz  dj^ 

consequently  the  coefficient  of  Q 

in  the  same  manner  it  may  be  shown  that  the  coefficient  of  —  p  is 
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-  m^.  ice.     Now  il  H  my  Iti  verify  tli«l  r  w  iW  iwdHMrfte 

force*  —  tad  a,  for  by  M|iikrtiif  l)t««a  rrpiitin—.  mod  tiMa 

f 
together,  «e  obtun 

Mnt  M  the  brior  of  (  -  j ,  tad  iImi  iW  bctor  of  «^  ia4  r.  ■*  »   , 

i|>«cli*dy  eqtwl  to  uidly,  ud  m  ibe  bdor  of  —  «  m  ofAv.  i  •■^ 

linU  ihml  tbe  force  r  it  Uu  rwullant  of  —  nd  Ou 
P 
(/^  Aa  Ih*  area*  >n  pidpor liana)  lu  iba  tiM**,  iW  *4m«  ' 
nries  ws  -,  p  being  ib«  pofp«Bdind>r  lei  bO  froM  tte  e^narflav 
dd  iki-  tangcnl  t  it  i*  ea«f  la  Anm  tbet  ibu  miiiMiie  ttimm^^tk 
■he  g^mEral  eipmdoo  for  ctolral  feeoa  livan  m  tceae  •/  A*|afl^ 
■tirulaiaiid  cburd  af  enrvslimf  br  iflhii  efayrri  be  ■^mIm^  ail 
the  mfitu  vrdor  be  ilowted  bj'  r,  we  b«*«  by  kjrpMhaMfc 

^_*'    ^_     ,.,„,3..,_  i'     _   ''„.=  t^*^* 

;■■■'        '  ;-"-''  ■'.'■      ,-   "■ 

See  Newton't  Principle,  Book  I.,  Sectioni  2,  3. 

(^)   As  the  cosine  of  the  angle  «hich  tbc  T»dint  mtka  mak  im 
verlical  is  equal  to  -,  the  part  of  the  veighi   mtf  wlucb  ani  it  -Ji 

direction  of  the  string  is  equal  to  my.-,  and  this  noil  h*  wAtr^  '-• 
■be  centrifugal  force  in  order  to  obtain  (be  eotir«  tensMa .  m  b«( 
as  the  moveable  is  belo«  the  horisontal  pUo«   pacing  ibraofk  t. 

my  -  a  positive,  and  directed  from  the  ccnue,  but  in  tbc  apfet  mr~ 
mg  -  is  negative,  «bieh  shows  (hat  it  i*  there  directed  |«  iW  rtiat 

on  the  other  hand,   — ■'> -'-■bicheipmacs  tbeceainfi^fom. 

is  always  directed  from  the  centre  ;  hence   in  tb«  loavt  b^  rf  ds 

circle,  the  tension   is   the  sum  of  — ^ tnA  ^—,   aad  a  U* 

upper  half  il  is  the  difference  of  these  two  eipmaiona.     lfiWf«* 
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dulum  ftWs  freely  from  the  horizontal  plane,  h  vanishes,  and  the  en- 
tire  tension  is  — ^—^  *.*  the  entire  tension  is  thrice  that  produced  by 

T 

the  weight,  when  sustained  by  a  force  equal  and  contrary  to  the  tan. 
gential  force,  and  the  tension  arising  from  the  centrifugal  force  is  to 
that  produced  by  the  weight : :  2 :  1 .  If  A  =  r,  which  is  the  same 
as  if  the  moveable  descended  freely  from  the  highest  point  of  the 

circle,  d  =  m^.f ],  is  at  the  lowest  point  where  z  ^zr^  equal 

5ffi^,  i.  e.  the  entire  tension  is  6ve  times  the  weight ;  when  d  =  mg^ 

\.  e.  when  the  entire  tension  is  equal  to  the  weight,  mgi — ^ — j  = 

my,  '.*  2r  =  — - — ,  hence  if  there  is  no  initial  velocity,  i.  e.  when  the 

body  falls  freely,  the  strain  is  equal  to  the  weight  when  the  move- 
able has  fallen  freely  through  one-third  of  the  heiffht,  9  will  evidently 

vanish  in  the  upper  half  of  the  circle  when  z  =:  ---,  but  as  z  can  ne- 

ver  exceed  r,  it  is  evident  that  the  value  of  h  may  be  such  that  0  will 

never  vanish,  e.  g.  if  r  Z  -^  the  tension   will  never  vanish,  the 

moveable  will  revolve  about  the  centre,  and  the  tension  will  be  the 

sum  of  2mff,l  ]  and  — ^  in  the  lower  half,  and  the  difference 

of  these  quantities  in  the  upper  half  of  the  circle. 

2A 
(A)  If  ;r  =  ~  is  less  than  r,  the  weight  at  this  point  resolved  in 
3 

the  direction  of  the  radius  is  equal  and  opposite  to  the  centrifugal 

force,  beyond  this  point  the  tension  due  to  the  weight  is  greater  than 

the  centrifugal  force,  and  therefore  if  the  rod  was  not  inflexible,  the 

2A 
moveable  would  part  from  the  circle  when  z  =  ---,   and  describe  a 

parabola  (No.  209)  having  a  common  tangent  with  the  circle  at  the 
point  of  departure.  If  the  moveable  was  made  to  describe  an  entire 
cycloid  in  its  oscillations  instead  of  a  circular  arc,  it  would  be  easy  to 
show  that  if  it  moved  from  its  horizontal  base  without  any  initial  ve- 
locity, the  tension  at  any  point  arising  from  its  centrifugal  force  is 
equal  to  the  component  of  its  weight  acting  in  the  direction  of  the 
string,  and  at  the  lowest  point  the  entire  tension  is  equal  to  twice 
the  weight  of  the  moveable. 


S'JS 

(i)  In  pioceedinit  frooi  ibe  po1««  in  tlw  • 
wiM  ill  Hu!  in*ene  nlio  of  the  Kiuan  of  tha  d 
niilii  aiwl  tUU  iliminuiiun  i*  oearl}  jxafiorlioMsl  la  tk*  aoaaaa  tf 
(littincK.  Fur  if  iImt  •tlraclMiti  •!  lh«  pols  b*  d— Mad  hy^mi^ 
rmdtiu  by  m,  itw  Ulrartioo  U  any  other  fNMBt  hy  m\  wad  ib  A^H* 
from  ihtf  ronlro  lif  llio  nnk  by  n  +  if«,  «•  Imvw 


NvfW=-(' 


^>- 


-,-  «  —  a'  or  iha  dacTBtHnt  of  gnfilj  ■*  prop«*iio«il  la  A%  ta  fc 
nrin  u  tb»  wjuara  of  lli«  cn*iue  nf  f^  f-f-  ^"  N'ol  SSt  a4l& 
naie. 

CHAPTEU  V. 

(a)  If  bolh  lidos  of  Um  Mjualioii  ^  =  *''*•+%■  (r— <l  to  ■* 

(6)  For  ED  ii  equal  a  (1  -f.  coi  «>,  ■.-  if  t'=  2^|I  +  -•• 
the  initial  velocity  is  equal  to  ihat  acquired  in  faUine  thr— ft  :f 
height  ED,   and  if  we  lubstilute  for  k'  ihi*  Tilue,    th«    riprrvs.«  ^' 


til  given  in  the  leit,  will  be  Jl  = 

(r)  By  hypothesis,  1  +  cosf  = 
l^a(l+cos9)=4fiicf)s''i,-.-  Jl 


^/^^l+coU^■ 

(r)By  hypothesis,  l  +  CMf=l-(.coiSv  =  3ro(*-:'.ai»i  J'  =  it. 


V: 


now  let  sin  ^  =  ^,  ibi 
quantity  is  ^  log 
hare  | log 


■n  -  =  ■: ,    (he    iDlnrral    of   ti=    S* 

CO*  V        1  -  -H  " 


_  -Ji 

'  i  +  x  ■   --'"^I  +  unli 

,  J— ^  -f-c  =0i  -.-  substituting  the  lalue  ih«  m> 

be  obtained  in  this  way  for  C,  we  obtain  the  eipm&ion  ■□  trii- 

((f)  it  is  evidently  ihc  ume  thin);  whrlhrr  ibr  BM»r&tl«  h«>  « 
from  the  point  m.  mhicli  is  very  near  lo  n.  >iih  a  Moall  imtW  •«' 
lily  detioled    by   A,  or  nbelher  il    falb   without    any    initial   >**:<▼' 
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from  a  point   so  much  higher  than  M,  as  that  when  it  has  reached 
M   it  would  have  acquired  the  velocity  k. 

{e)  When  t  \  -  is  a  multiple  of  2flr,  9  =  k,  and  when  i  V  ^  is 

«  ^     a 

an  odd  multiple  of  v,  d  =  ~  a,  and  in  each  case  ^-  =  0. 

di 

{f)  By  making  this  substitution,  we  have  'fl'=  «cos  (/  +  t)\/  - 
=  «i.cos<\/  -.cosTV  ^  — asint  V  -sinT  \/C, which expres- 

won,  when  T  =  ir\/  -,  becomes  —  «  cos  (  \/  -. 

(jg)  As  ckf$  is  the  differential  of  the  arc  of  the  circle,  --p    ex- 

dt 

presses  the  velocity,  and  therefore  as  -r-  =  ±.*  \/  -  at  the  lowest 

at  a 

point,  the  velocity  at  this  point  =  ±.«  V^^a,  and  as  6  =: -^o^S  we 
have  a  =  — j,  and  •.•  v=  V^gh, 

(h)  Retaining  the  fourth  powers  of  a  and  9,  the  expression  for 


c//z=-V^. 


</d 


which  is  evidently  reducible  to  the  expression  in  the  text ;  and  as 

[i-A.(-'+e)r*=  1  +  vt(-'+  n 

the  expression  for  dt  is  evidently  that  given  in  text. 

(t)   The  integral  of  —      ,  is  arc  cos  -,  that  of  —  ^r-  . 

—  =:r-arc  cos  -,  that  of ,  =  -rrr .  V  «*—  0*+ 

v/.t .  9*      24  «  24/««  -  fl«       ^ 

«*  0 

—-arc  cos  —  ;  '.*  the  integral  of 

4o  a 

if<  =  >y/?l  arcco8-  +  -4gWcco8-4-^  V^«*-e«  I. 

the  last  term  vanishes  at  the  limits  a,  — ^  <^^  ^^^  other  terms  become 
at  these  limits 


■j 

m 

^^^Bl 

H 

^1 

^^H 

-T-=rt=Ti.e,-V^  =  rf,V^i 

^^^1 

(0  »'l=l-S*+J-'-.-iirfl  =  l 

^H 

^^H 

V  f  =  «.  wd  >bt«  '  =  a  1  -  raa  I  = 

^^^H 

^^^1 

tiilakfV  fi«^-^.<r«ab<H>>x*~*.4r  = 

^M 

(a)   For  lb*  BwiMW    rn  mbKh   iha 
(»)   Bj  difwDUilm^  .lib  rM|>«ct  1 

^^M 

^=[-^^>^vl4-S~ 

^^H 

ji 

-^"-'l/ 

^^1 

til 

L                                    otbvr,  Hid  Omm  of  th«  hm  w« 

^^M 

1 

'                       --v^f-f^^-O 

^H 

-^V^»-M!z^V 

H 

f 

^1 

J  <a 

« 
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(jp)  When  the  first  oscillation  is  completed, 

Ty  V    -  =  «•>   *.•  T  =  -  V   -• 

«  Y        9 

Now  in  a  vacuum  the  value  of  t  is  wy    -» consequently,  it  is  increased 

9 
in  a  resisting  medium  in  the  ratio  of  1 :  y. 

(a)  In  the  expressions  for  the  amplitude,  the  quantity  by  which 

e    ^  is  multiplied  becomes  the  same  at  the  end  of  each  oscillatioui 

but  e  ^  evidently  diminishes  as  t  increases,  therefore  the  amplitudes 
continually  diminish ;  now  as 

T=-v   -,  fiTyV   -  =  n«-; 

y     ^      ^      ^ 

therefore,  the  value  of  d  after  the  n^  oscillation  is  equal  to 

nrnVga  nmV  ga 

A.cosn^.tf      *'*   =(ascosntr  =(— l)*),a.(  — l)"e      ***  ; 

but  the  value  of  0  in  this  case  is  by  hypothesis  (—  l)"an,  hence  then  we 
obtain  the  value  a«  given  in  the  text ;  from  which  it  evidently  appears 
chat  these  values  of  «.  constitute  a  geometrical  progression  of  which  the 


.• 


^ 


ratio  is  9      *''* 

(r)  In  this  case  when  the  cos  and  sin  are  expressed  in  exponen- 
tials, the  value  0  is  equal  to 

2 2p^V  2  /J'       ' 

from  which  it  is  evident,  that  \l^k  ^^i.  Vg^  ^  ^'^  ^®  cipher  when  i 
is  infinite. 

($)  The  integral  of  the  equation 

is 

CdG*  d^      dv       . 

and  as  by  hypothesis,  \j^d^  zz  y,  and   -r-  ^Hr*  this  equation  he- 
comes,  by  substituting  these  values, 

4  II 


Let  y  =  0«.  S  b«ui(  ft  fttttclMm  af  <^ 

e^-)ie«A=<ii.  WIS  — 

obuia  «=;^ 


«r«  in  tW  Mcwd  MiiMtiiM,  Ihtft  r«nlt 


(-%^ 


5*„«--_^j. 


0  sfll  b«  KwfKt  cqaal  lo 

-■<       tio;L\  I -,-'  +  -■-.  +ie.)— jfcj 
bui  ««  koa*  Abb  Um  cxpsBMuo  aTabii 


ih«fr<fo«i. 


'+."• 


(0  If  in  v<|a*liaa  {h\  —  a,  b«  wb«l: 
kKll;  t)  b*  wi|>fKiMtioti  dpiier,  lb«  avco* 
btfcatUB  ri)<hrr.  Iiv  iBr«n«  of  which,  ik 
b*  deduc«il;  non,  wben  la  ibn  e^fUl 
poven  of  li  u«  in^wli^  *^  =  I  +  ^ 
It  rkcli  Htiv  i>f  ihU  «i|iulMi)i  bccotn* 

co»«.  ^l  -4-it»|l—  fiBsa,^  CO* 
■kidi  n  ■(iilcBtly  tb«  ex{ii«MM  U\hm 
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(«)  As  i  is  very  small,  cos  ^  =  1,  and  cos  aj  ^  cos  a  +  ^  s\n  a, 
and8inaj=sin«+cos«.^,\-«j  cosa,(=(»— ^)cos(«— ^))=:«cos«  — 
^cos«+  «^sin«,  •.•  cos«j— /u(,(8in«i  —  «,  cos«,)  =  cosa+  ^sin  «  — 
f^nnm  +  fimcosM^  cos a+fA sin »  —  ^«acos«,  *.*  ^sin«=2/*(sin«  — 

fliCOS  «)• 

(r)  sina  =Y  ""7"T3'*"^*^^**  =  T  —  ro  (neglecting  the  fourth 

V  .  a'       1  1  a-»       a-V 

powers),  •.•  sin  a  —  acosa  =  -;r5  -: —  = :  =— -  +  -rr — i  '.• 

■^  '  3     sin  a       ^ i.        1   ^  1.2.3* 

1.2.8 

/sin  a  —  a  cos  a\       2^a«    /a**   ,  a'*a^\ 

*=^'*V — n^s — j=-3-lT+i:2:3j  = 

(as  the  fourth  power  is  neglected)    ^    ,  consequently, 

3 

(t)  For  the  integral  of  this  equation,  see  examples  on  the  dif- 
ferential and  integral  calculus,  page  387. 

(u)  By  substituting  for  sin  2<  ^  -,  and  dividing  all  the  terms 

bj  a  and  ^ga^  which  occur  as  factors  in  all  the  terms,  we  obtain 

the  expression  in  text  when  o  =  0,  and  as  the  factor  sin  t  ^  ~  = 

aiD  r,  when  <  =  ir  v   ->  ^^  i^  evident  that  for  this  value  of  <,  v:=  0. 

9 

iy)  If<'V^  =  g+^>thencos<'v|  =  c<>8(|  +  ^)  =  -  ^, 
cos2<' V       =  cos(?r  +  2  J)  =  —  1,  •.•  the  given  equation  becomes 

\         3y    ^  4       12         • 
which,  as  the  product  a.1  is  neglected  by  hypothesis,  gives 

(jr)  By  substituting  for  V  ^  -  its  value  ;r  +  -~-,  and  neglecting 
the  cube  and  higher  powers  of  a^ ,  we  obtain 


(r)  I>  lt»»«»lWtninl»il««rf«li.,iii,,  ^mtmmf 


b 


(>)  S«  JfiLl     'l      CUatk  Book  III.  Noo.  M  t^  at 

-U 


[u  Ung  -  is  iofiaite]  — =;  bin  when  k  t»  ier»  j 


-Si 


]U 


(A)  If  anv  of  the  eiponvDti  of  thtt  terie*  vere  ixy*-'**-  ^^^ 
vheo  J' =  0.1  would  be  infinile;  anil  if  ui\  of  ihrm  wrrc  nyMr  «>n 

x^O,  iwoulil  b«  in6nite:  iIm  u  -7-  =  ihe  tOTUit  uf  ihr  t^ir^ta 

»  uogent  to  the  rurie  makes  «ilh  the  axii  of  jr,  a(   ih«  lo«««  ;aet 

when  -^  =  T-.  thi*  laogcDi  ii  perpendicuUr  to  ibc  axu  <J  t    mt 

therefore  —  ij  X.  hence  it  is  at  once  eMilent.  that   ib*  \emi  .-f  '^ 

eiponenU  3.  J.  7 .  ikC-,  muit  be  leu  than  unitt . 


DOW 


NOTES.  605 

A«— I     _  ,  and  the  limits  of  the  new  integral  are  evidently  lero 

and  unity. 

{d')  It  has  been  proved  in  a  former  note,  that  one  of  the  expo- 
nents, a,  /3,  y,  &c.,  is  less  than  unity,  it  appears  from  what  is  es- 
tablished here,  that  the  value  of  the  least   exponent  is  \\   hence 

then  it  foDow,.  that  C»  f!;^  =C^        ';!_  =  C^    /^      , 

and  the  intecral  of     ,  =  —  2arc  ( tang  =     ,  |=(when 

taken  between  the  limits  of  1  and  0)  ir,  as  stated  in  the  text. 

.K...a™i...^o,5*.g.^=J|,,-S..(5.4),,. 

and  as  at  the  limits  j3,  a,  ly  is  cipher,  --r-^y  vanishes,  *.*  we  have 

Ja  u  ax   ax  ja      \u  ax  J  "^ 

(/*)  The  first  equation  (c)  gives  x  -^  =  ti .  a,  and  as t<  =  \/  1  +  -j^, 

ax  V         dx* 

by  multiplying  both  sides  by  dXf  we  obtain 

x-^  dx  zz  ^df+dx*.a. 

{g')  It  is  evident  that  this  equation  may  be  made  to  coincide 

with  that  given  in  No.  72,  by  changing  the  origb  of  the  cordinates 

on  the  axis  of  x, 

(x^oi)  dx 
(A')  Letjr  —  a  =  fl^f*,  ihendx^  ^adzx  j^nd  ^         ^       . 

\/a((jr-a)-(.r-a)«) 
^  J  the  inteffral  of  this  last  is  — iur\/l  —  ;»•  +  a. arc  sin  = 

^  +  c>  =  ( by  substituting  for  ar  its  value  — — —  j  —  a .  \/ • 

(Y*-^)+«-*'^C8in=Y^+c=-\/a.(*-a)-(*-a)« 


.<.  =  [ ; 


boi  axe  ci 


qaenlly,  tlie  inlegral  U  cvidcmly  that  |t*aB  in  tb*  tctt. 


( IJ=  V^«rct«= ~^-~.wfn».-mh^gsX 

the  ciprcsuon  gtven  in  Itit. 

((')  Now  «c  cos  = I-J = 


-V- 


when  the  radius  b   InBnite  the  tine  n]ual  the  arc,   anJ         ^  j 
the  expresaioD  for   ^'  —  a.'  given   above,   there   be   rabojiBird  iv 

? "-gg  +  g*  g/a<3-»)-(3-=.)'     .     ,         __ 

ntrccoi  =  ,   i ,   the  let«>  •*** 

X  a  a 

eiprets  ihe  laluc  of  ^'—a'  wilt  be  equal,   and  hare  rantrvt  <^« 

therefore,   ^'— a'  in  this  case  it  riphcr,  and  the  lalue  of  ■  t>ta— ■ 

evidently   equal  lo   a',    for   the  tecond  member    of  the    e<|B«>M 

vaniihes  i  likewise  in  (hia   tame  rase    when   max,  ib«  pwt  J 

the  exprewon  for  (',  in  whirh  a  doe*  not  occur  as  a  factor,  i^uk^k 

relativclv   to  ihe   other  pait,  so  that  it  becoioes   eqtul  t.-' 

1_  »  % 
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(m')  By  substituting  for '  ^^ its  value 


_  /rfjr'  +  dy'  +  d^  _  _  ^^ 


^e  obtain  the  value  of  n  given  in  the  text. 

(n)  rd^  is  the  arc  of  a  circle  described  with  a  radius  =  r  in  dty 

and  •.*—-=  tt,  and  jrc/y  ^  ydx  =  r'c?\|/  =  of/,  •.•--^  =  ti  =  -  = 


(a9rz=l/a«-;r«)^j;^=. 


((/)  z  =  acosQy  cos fi  =  1  —  5",  •.•  ar  =  a—  - 0* ;  A*  =  6  +  2^, 

*.*  by  substituting  for  A^  and  y,  their  values,  vre  obtain  /3*.^a  =  6  + 
2ga^ga(i\  •.•  6  =-%ya  +i^a(a'  +  i3*)»  c«=zA;«(a«-/)  =  j3Va(a«- 
(a  —  J«a')*)  =  i3'yo(o*  —  o'  +  aV)  =  /3*^«^a*,  for  by  supposi- 
tion the  fourth  power  of  a  is  neglected.  Now  dz^  --  ad 6,  and 
a«-;p«  =  o»-(a-ia0»)*  =  a»d*,  2^;8r  =  2^o  - ^a9»,  •/ (a«  -  ;r«). 
(%r2r  +  6)  -  c«  =  a«e«(2^  -  ^flfl»-  2^a  +  ^a(a>  +  '^*))^^<^a'^*i= 

a  ^g  («•—&•)  (9*  —  /3*)  a,    •.•   as  c^  =  —  a*W9,  by  substituting  for 

i/(a'— ar*)  (2^z+6)— c«  and  also  for  </ar  their  values^  we  obtain  the 
expression  for  dt  given  in  the  text ;  and  as 

_     cdt    _  y/ffo^.a^di 
^"^  —  "i^^T^  "        aV 

by  substituting  for  dt  its  value,  we  obtain  for  </\|/  the  expression  in 
text. 

(j/)  It  appears  from  equation  (b)  that  the  increment  of  the  angle 
4r  will  be  always  positive,  it  will  consequently  increase  indefinitely, 

with  respect  to  0,  as  ^  =^^ — - — ^\ — -i-%  0  always  lies  between 

a  and  /3,  therefore  when  these  two  quantities  are  equal,  0  must  also 
be  equal  to  each  of  them. 

in')  '^^^  ^^®  ^^  ^^  ^^^^  ^^^^  ^®  circular  because  0  is  constant, 
and  the  motion  will  be  uniform,  because  ^  is  proportional  to  the 
lime  t ;  when  a  revolution  is  completed  we  have 

2jr  =  T  4/i  and  •.•  t  =  2w  >l/f . 

^    a  ^    Q 


k: 


'    m 
Bjr  MibstitnUDg  for  ecu  St  ^/ ^.  4nd  obMrrinf  thai  «irt  */t. 

now =:  =  rf. IjMig.J  V    "•  '.'  if  "•  wU  UOf  .  t   K^      — *,«i 


,  and  ^^  =  vc  lang  =   -  x ; 


consequently. 


.n,*  =  ?,„d 

Ungi;  =  ;3l»ngi\/f  ; 

-i.'V^= 

=i...^.=^v^. 

("■ 

Fr 

>  l«llg  <. 

=  3,.„,,^/?. 

Obll 

in 

.^.'---^'- 

^=...•■""^1 
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«•  COS*  I  i^^  =  Ta*  co8«  /  ^1  +/3«  8in».  *^-)  C08«  ^ ; 
but  the  quantity  withiD  the  brackets  =  d%  consequently, 

«•  C08«<  V  -  =  d«  cos*  ^I;,  and  jr«  =  a«  0»  cos*  \I/  =  aV cos»/  W- ; 
in  like  manner  it  may  be  shown,  that 

y  =  a«e>  sin«4/  =  o«/3»8in«<  V  |,  •.*  ^  +  ^i  =  «'• 

CHAPTER  VI. 

(a)  As  the  medium  is  uniform,  and  every  thing  consequently  the 
same  on  both  sides  of  the  vertical  plane,  there  is  no  reason  why  the 
projectile  should  deviate  to  one  side  rather  than  to  the  other  of  this 
plane. 

X 

{h)  i  = ^,  and  if  this  value  of  %  be  substituted  In  the  ex- 

^  acosa 

^  g         1 

•  •  as  —  =:  — 

there  results  for  y  the  expression  given  in  the  text,  and  as  -^  = 

tanff  a,  —  rr, =— i  »t  the  vertex  where  -7-  =  0,  jr  =  2A  sina  cosa,  v  = 

^         SAcos'a  dx  ^^ 

h  sin'a ;  it  appears  from  these  expressions  for  the  coordinates  of  the 
vertex  of  the  parabola  described  by  the  projectile,  that  when  the  ve- 
locity of  projection  or  h  is  given,  the  locus  of  the  vertices  of  all  para- 
bolas which  can  be  described,  is  an  ellipse  whose  minor  axis  is  vertical 
mnd  equal  to  A,  and  whose  major  axis  is  horizontal,  and  equal  to  2^, 
for  we  have  jt*  =  4h*,  sin*a  (1  —  sin*a)  =  4Ay  —  4y  *.•  4y*  +  jr*  — 
4hy  =  0,  which  evidently  is  the  equation  of  such  an  ellipse  as  has 
been  described,  in  which  the  origin  of  the  coordinates  is  at  the  lower 
extremity  of  the  minor  axis.  From  the  equation  or  =  to  cos  a, 
y  =  tosina  —  ^^^fit  appears  that  when  t  the  time  is  given,  the  locus 
of  the  points  arrived  at  in  a  given  time  is  a  right  line  parallel  to  the 
direction  of  projection,  and  intersecting  the  axis  of  y  at  a  distance 

from  the  origin  equal  to^.     As  the  direction  of  projection  bisects 

the  angle  between  vertical  and  line  drawn  from  point  of  projection 

4   I 


pression  for  v,  we  obtain  y=zx  tansa  —  i  o'  -z r-  '.*  as  — 

a*.cos*a  a* 


t>io 


MUTES. 


F*dM<fc 


to  tbe  fonis,  aiul  u  h  i*  olwaj*  iM{ual  to  the  diMaiev  «f  4*a^ 
from  foou,  if  2^'  •aJ  .v"  (WnntB  lb*  eoordivata*  of  (Im  ^01%^ 
u  liefoTi-,  lh«  nng\e  botwrrn  tbo  boruanial  *kh  and &•■■■■■  rff 

joctiois4"=:A.«»(2«-lKK).5"=Bi»(a»— !»=Vi.«,^j«- 

•inSa,  y=lkcDi2a,  -.- .r^  +  y^=  A>,  ^' =  .oatt^tel 

equiliuii  ihonm  that  whrnlha  ntontjof  p 

of  tho  fod  i>  a  cirde  r«)liii>  e(|«*l  to  A,  ll>«  w 

ihi!  angle  uf  lliepmjeclioii  i*  gitoa,  ihii  lorn*  m  a  ti^kt  &■•;  Be* 

in  tho  Mine  cireumtlkures,  1  hat  a,  «ben  ilimi  liii  of  pi^MH 

KITcn,  it  Appesn  from  ihc  vc|«>l>ani  j-^  94  Maoaafc  Jt  sAfl/ 

Out    the  Incus  of  the  letlirc*  of  ll»e  d— eribwJ  paKA«h»m»*% 

line  of  which  th«  ffqnallaa  n  ji  s  ^  **'*II  '  •  *• 

n*  =  2^,  a  wtsin  «  -  j-p  =  Sfir-  "•  =  «r-(*  -»i  -  ••*■ 

from  oAer  connilenlfaMu.     If 

be  solved  for  A,   wc  obtain  h  : 


^  Uo^-  a  -  _v  I 
«  body  shuuIJ  b«  p 


determine  tbe   velority,  with  nhirh  « 

given  direction,  in  order  to  retch  ■  given  point. 

(</)  It  kpjiears  from  initpectiutt  of  ihe  value  of  t.  iku  i^-r  n 
under  the  radical  is  ihi-  eijuatiun  of  a  p»abola,  an<i  11  fMO-n-  r 
what  is  established  in  the  leit.  that  all  paral>oL«t  dnrritol  -it 
velocity  of  projection  equal  to  t^SV*.  "'M  lourh  th*  cnnraim  V  r 
parabola. 

It  is  evident,  tbit  the  mit^imum  rin^  on  ■  /rwrm  jitrtr  ras- 
throiigh  the  point  of  projection,  ii  when  the  direriiun  of  r^—r?' 
bisects  the  angle  hi'invcen  tlii*  plane  and  the  irrtiral  rrfi**.,.— 
the  (.'ivcn  plane  passe^i  lliroiiyh  ibi*  fix-u*  i-f  ihp  (arii^  jl  »-  * 
ilescrilied;   and  if  ,J>  be  the  inclination  i>{  ili.-  uitti  plt-o  ■.■ 


B  liavc    -  =  2a  -  W 

and  tanj;.3 

A                       I'A 

and  tbe  gr^tl 

2A 

fK 

co.+  t.nKt(*  +  lM') 

1  +  -.-^- 
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= ,  •.•  as  cos  4>  =z  cos*  ^  —  sin*  -^y  cos  <f) . 

1  —  tang  I        cos|  —  sin  I  ^  ^ 

taog^  (<|>  +  90)=  1  +  2  nn| .  cos|=  1  +  sin  <{). 

(e)  tn  =  — 5 — ,  and  the  surface  of  the  sphere  is  equal  to  4r»jr,  •.• 

if  these  values  he  substituted  in  the  value  of  — .  the  result  will  be  of 

m 

the  form  in  the  text. 

{f)  By  substituting  for  —  in  the  equation  ^  = —,  we  ob- 
tain 

d^x  ^         dt  dx  ds  ^         ds  dx 

'd0'^^^di''di'Tt'^^^Tt'Yt' 
multiplying  both  sides  by  diy  and  integrating,  we  obtain 

dx  dx 

log.-^  =-C# +log.  A-.-^  =  A.tf"''*. 

dx 

Now  when  «  =  0,  ^  =  a  cos  a,  '.*  a  =  a .  cos  a,  consequently,  the 

dx 
value  of  •-T-  is  that  given  in  the  text. 

R  C^l/ 

(g)  In  fact,  by  substituting  for—  in  the  value  of -^,  there  results 
dhf        dt  dy  ds  ds  dy 

di^^'^dt'  d^'di  ^^""di'dt  ^' 

and  it  is  evident,  from  inspection  of  these  equations,  that  we  may 

dii  dx 

assume  -j-  izp  .-j-^  p  being  a  new  unknown. 

(h)  Differentiating  the  equation  -^zzp  —  .  and  dividing  by  dt^ 

there  results 

if*V      dp  dx  ,      d*x  dsdy  ds  dx  d^x 

dx  dp 

'    dt      dt^        ^' 

(i)  Multiplying  both  sides  of  equation  (2)  by  dXy  we  obtain 
dp  =  -  _^L-<ya",  ...  dx^^2hQw?<ie-^^dp\  9\!&o%.dt  = 

p-jT'dt ;  i.e.,  cty  ^pdx\  and  -y . di . -j- *  dt  {-=1  dxdp)  =  —  (fdt*> 

at  dt  Urt 


^  =  <'+^>^=(.^=^^ 


a(  the  togvitluni  of  ibe  lao  bcton  b  dpbsr.  aoaMfwat 
ibcK  b  «>|inl  lo  Um  otber  aftcted  «iib  ■  rnotnry  ^g•. 
M£a':=lij  UMlilBliBg  far  f  anil  <^ 

-»-  ^jg; 

-^/l+i^- ><«(?'+  V'l  +  P-- J-         •'' 
(«)  For   »ory  gr«at  vtlnci  ti  f,  ff  b^  b*  mmwbJ  afi^  * 
V^l  +/^'.  for  in  thu  eaae  obn  y^p^+J  b  ■spaodad.  tW  fa«  w» 
i*  p',  and  the  paa«fs  «f  p'  vhiefa  oecor  in  lb*  mmtstmi  ami  k^"^ 
lemu  aro  very  touU  with  roftect  la  U  i  thmlotVa 

pnd(roBtli«f<qualkM«'sI-|-r'l-4*  +  A»,  it  ifyMi%0b«Mri 

in  ifitr  I«tl,  ihai  thp  |ii(>»)lhm  of*  t<^v  er«at  Qum(<F  n  «.'■!•.  •«" 
■mall  reUtivelj  to  this  number. 

(h)  In'lhbcaw  the  exprettion  becooics,   by  t-^tTrfi^  -p 
torp, 

cc»=  - 


90 +P") 


which  becomes,  b;  neglecting  y  4*  1^  S  and  ^  t^f^. 


(o)  By  taking  the  differential  o(  dm, 


,-=». 


e  have  cTidvaUj 
|S  =  (rf)f  -  <ir  tam  3) .  «■  i. 
Ill  ds  be  tubttiluled  in  ihb  c^v^ma  im 


ani)   if  Ihc  lalue*  of  rfjr 
the  tign    of   the  common  ilenotninalor  be  ebaog^d, 
pression  for  du  given  in  the  leit. 
(p)  By  inicgrating  ihi4  equation, 


e  h><e  iW  n 


-1        ^ 


ind  bcrau*eolien  J-.  _v^0,  laiiga.  ^ 
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+  -TT T— »  ^y  inteffratinff  a  second  time,  we  obtain  y:z  —  rr-n r- 

•""-f"**"^  ^*^'ir  T-T y-  +  C,  and  when  4rand^  =  0  in  this  equa- 

tioDy  we  have  c'zz—  q~1a'  hence  by  concinnating,  we  obtain  for  y  the 
the  expression  given  in  the  text.    As  e*^  z=  1  +  2ca;  +  4c^j^  +  Sc* 

-— — T 1 I  =  ^T r- » '^^^^  0=0 ;  hence  y  =  tang  ox 

8c*Acos*a     /       2Acos*a  ° 

—  ^T — ;—  which  is,  as  we  know,  the  equation  of  a  projectile  in  a 

vacuum.     See  on  this  subject  the  twenty-first  NumberDu  Journal 

d9  PEcole  Pol^Uchniqucy  page  191,  and  Vol.  II.  Nos.d58,  359. 

irdi*       dp  e^" 

(a)  From  this  equation  we  obtain — ^7--  nz  ---zz  rn r-  '.  *  ^''^ 

^'  ojc*      ax      2A.cos*a 

e^  dx  tP* 

'-and/z: — = 4"^>  when  <  =  0  jr=:0  •.•  a=z  — 


^%gh  •  cos  a  ^ gh  •  c  cos  a 

,       ,  •.*  the  value  of  t  is  that  given  in  the  text. 

V%gh  c  cos  a 

(a)  The  planet  was  in  this  case  supposed  to  move  in  the  circum- 
ference of  a  circle  of  which  the  sun  occupied  a  position  at  some  dis* 
iancefrom  the  centre,  it  was  on  this  account  that  the  motion  was 
Mid  to  be  performed  in  an  eccentric  circle. 

(6)  It  is  easy  to  determine  when  9  —  nty  i.  e.  the  equation  of  the 
centre  is  a  maximum^  for  if  about  the  focus  of  the  ellipse,  which  the 
sun  is  supposed  to  occupy,  as  centre,  a  circle  be  described  whose  ra- 
dius is  a  mean  proportional  between  the  semiaxes  of  the  ellipse,  the 
area  of  this  circle  is  equal  to  that  of  the  ellipse,  and  if  we  conceive  a 
body  to  move  in  this  circle  with  the  mean  angular  velocity  n  from 
the  radios  which  coincides  with  the  perihelion  distance,  at  the  instant 
the  earth  passes  through  the  perihelion,  and  in  the  same  direction, 
it  is  evident  that  as  the  earth's  velocity  in  this  point  is  greater  than 
the  mean  angular  velocity,  the  earth  will  precede  the  body  which 
moves  in  the  circle,  and  it  will  continue  to  precede  it,  until  the  an- 
gular motion  of  the  body  becomes  equal  to  that  of  the  earth,  i.  c. 
until  the  earth's  angular  motion  becomes  equal  to  the  mean  angular 
motion ;  after  this,  the  angular  motion  of  the  earth  being  less  than  the 
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oMan  Ufulu  Botino,  ibe  bodj  will  begin  In  gMa  ««  th»  ^A.  W 
•Jl  vndrnll;  u«crUke  il  when  the  evtti  arriiM  M  iu 
it  M  eviileut  ilui  Ui«  MUh  prK«<ki  Um  body  b;  tW  V^^«^ 
liiT,  BDil  th<>  «<iuAiio<t  of  ibo  cwrtra  n  a  i^uiMim  «^a  ^  "V^ 
■KitioD  «(  tbe  «Mth  b  ei|ud  ta  that  of  lb*  hmiy  ;  A»  sa^^^ 
wbim  r  the  nclitu  uf  lbs  dnb,  it  a  maaa  propovtiaa  Wtaw  ^ 
ttaiwtM.  Of  r  =  ■(!-«' >!.  For  if  a  ba,  a*  ia  iba  tcai.  ^  aw 
aagaW  *<tocil;,  ae  b>i«  -^  =  the  ana  dtauifaaj  m  m  ^^^M^ 
fiaallpnrtinnnf  time  ialW  circle.  ukI  if  1^  and  w' ba  Cha  ewra^^^ 
ijiutuliliM  in  lb«  eUipw,  ae  ha*«  -—  =  tha  t^aAwMlf  a^dl  ■aJk- 

ftcribnl  in  llw  fI1i|imi  intha •: —  'rTiTr|ii— itj  ««  liMaa:*:' 

M  the  ijnchroDoui  weH  ra  code  aad  ^ifaa  dliabj by  ^  •^vk 
af  ibcit  concafNNMGag  faifii  raadr',  bat  iaiha  cii^aarf  ^^«*a 

riadk  tian,  i.a.iBanlM>af«qaalilj,heBce  ibei 

aqnal,  aail  (— ai  tba  a^Mtiaa  of  tba  etatra 

L  a.  M  Ibe  pointa  abert  tha  cinla,  ahidi  bM  baaa  dwci^^  aMa 

rtdiui  i-tiual  Id  if(I  -  r'A  inlc^cTii  ih^  rllTpw.  fi  atl-*?.  f-  «:^ 
value  of  r,  ihat  the  greaic*!  value  of  the  mjuation  of  ihc  croirr  »■ 
pcnds  oil  tho  ccccniricilf,  as  u  ilat<^  in  the  letl. 


(ct   From  pqualioD 
J-coii  =  -  »inWi  =  - 


(d)  (here  reaulia,  coa  i  ^  - 

a(l-r'Wr     ,        , 

-1 ,  ibcrcforeas  «tiS 


aa<i,  contiK|ueTitlv.  if;  = 

which   is    cvideotly    pqual    to 

•UKft=    - 


their    values.    ih<-r 


V.-v3^ 


MulU     I 


a(1   -f'^Jr 

ripmsiun    in    ih«    tfn.    »-,..  ■ 
=  i  br  Mbaliiuun^  for  p  a^  < 


i;   Uke«B«    I 
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stituting  for  r  and  dr  their  values  in  the  expression  for  dfO}  it  becomes 

""  o.(l— ecosti).otfsinti  "^  1— 6.C0SU       1  — e.cos'^ti+^'Sin'-j^tt  ' 

now  if  both  the  numerator  and  denominator '  of  this  expression  be 
divided  by  cos*  ^  ti,  and  if  we  observe  that  cos'  ^  u  +  sin'  i  ^  =  1 » 

1    11    1     .      *«         /I 7      ^"  •      sin'^M    ,     cos'iu 

^e  shall  obtain  di  =  V  1  —  ^.  — rr-  -^  by  — ^  H -f-   - 

C0S*^tt  ''    cos'^u  cos*^u 

-I 2 — U -J-  =  (by  substitutinff  for  tan  4u  and  for — -=—  their 

cos*^u         cos'^tt       ^  cos*^u 

respective  values),  the  expression  in  the  text.     Now  in  this  value  of 

^   ,      ,                                         ,          ^V^l  —  e^dz           lVmn,dz 
<I0,  let  1  — tf  =  TO,  1  +  e  =  n,  then  -= .  .,  .     r-r  = r — -r  = 

I  by  making  ar  =  ^  )  ,  consequently  we  have  -  =  arc  tang 


=  y  =  arc  tang  =  z  .  and  tang  ^  9  =  — =^  tang  J  tt. 

V  1  —  e  y/  \  —  tf 

(rf)  Costn/.cosi'n/  =  — ^ ^ ^^ ^— ,  sm xni.wiWni 

co8(i+tOw' —  cos(i— t')n/  ...    1    .    1.    1 

=:  — -^i — ^i ,  and  it  is  evident  that  if  these  values 

be  substituted  for  cost'ft/.costn/,  and  sin  t'n/ .  sin tn<,  and  if  the  inte- 
grals be  taken  between  the  limits  0  and  r,  the  results  will  be  those 

indicated   in  the   text,  and  as   cos*tii/  = ,   sint»n/  = 

-T ;  it  is  evident  when  these  values  are  substituted  in  the 

expressions  \    cost'titc^.n/,!    sin'tn/.e^.n^,  that  the  results  will  be  in 

each  case  ^.     When  t  =z  0,  V     costn/.tf.n<  =  l  ^d,nty  and  therefore 


S  ^  dni  =  Aoir  =  ^  ^  rdnt. 


V   r.^     .           .    i.  .A        X  .    •  .  T    ,.          (5  —  n/).costn/    . 
(e)  The  integral  of  (fi-n/)  sin  t»/.<;.nns  =  i ( + 

tX  cosint^ (9 "  ni)t  and  when  taken  between  the  limits  nt  =  0, 
nt  =  V,  it  is  evident,  from  the  value  of  I— nf  given  above,  that  it  is 
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radaceil  io  ^\  co* i«l^(l  —  nt),  beace  il  afpmn  AM  Ai  iAi4 1 
B,  ii  l)i«t  given  in  tba  Int. 

(/)    Al  tllt  =  IH  —  tVMHH,   W*  |U1»  COBMrf  =  a«(M- 

■nd  ET  ire  nmuk  thai  d.(l  -  «l)=d:i  —  d.mi  =  *^''^  .<h 
(1  —  »ca««)rf«,  it  umMj  ta  deduce  ibenloa  uf  ■«  p»—  isihtiK 

(f)  Al  MM  («'•>- iV.^m)  =  eMI.H.IUM  (W  WH»)4-«iM«fcMf 

bj  oipuding  coi^w  itn  >>,  iin.<w  iia  ■)  into  a  Mnc*  »Boa»4k^  w  * 

fonnuli  «ip«'«ing  the  tin>  kitd  mane  of  aa  are  in  bn^M  nf  to  at 

««  «tll  obtain  th«  mprvMion  fur  cas((H--Main«)  (!•••  n^w* 

(h)  It;  idhdiluling  for  r  ud  i.nt  in  ib*  valnc  «^a,s«<^h 

'•=iS:"-'-)«-=';J.'('-*«-+^^— ;* 

BijiiklMl  Ibf  limit*  ■  =  0,  »=  r, -{»  +  i«V>,  Lc^l-f^ 
(0   By  inbititiiluig  ibne  lalaat,  «c  vbUiB.  •*  =  <*(  -^  j  * 

(l+2*cos(  +  «J)(-,  bul  g'-O-**)  _  g  +  g,c«i.  Mvl  l^^JjLl 
-  I+e'  =  l+2«co»5  +  r'.r^-  1^.(1-*')=;  I +**«-*'■ 
and-.-  e.aVl-*-)' =(-'.('— -  iVtl-r*).   aihI  ,=  .■■ - 

,     <-     n*/nrH    . 

0  =  —  = -.z:  i    It   •t>P««n    ho"    Ii"  " 

the  nl<^t^  ditlSDce  the  *«locilt  is   t^iui   to   ir^v:'' 
!  iliaUnco,   and  aUo  that  at  tbi*   lanr  iIm^k*  '-M 
ingle  4  is  a  minimum — See  page  374. 

(A)  Sin<esiiii,'.  =  fiii7«ri(#  +  j.),  «»in  j.  iaal.av.  +  »b«  u  .- 
.  +,  llu-n  *  +  u;  is  Z  IHO. 

(0  Fromllife<iutlion  tang-^  =:co«y  .lang Xwe  oUa;c  ^a-  .  -* 


)-  +  tan'v' 
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(m)  The  comets  do  not  appear  to  have  exerted  any  sensible  at- 
traction on  the  planetary  masses,  or  in  any  way  to  have  deranged 
their  motions ;  when  they  are  observed  through  very  powerful  teles- 
cc^>e8y  and  under  circumstances  in  which  we  ought  only  to  perceive 
m  part  of  the  illuminated  atmosphere,  we  are  not  able  to  discover  any 
phases ;  stars  are  said  to  have  been  seen  through  the  densest  part  of 
the  nucleus. 

(«)  See  Dorpat  Catalogue  of  Double  Stars,  by  Struve ;  Philoso- 
phical  Transactions^  1802  and  1803,  Connaissance  de»  temps^  1830. 

(o)  The  force  p  -r^  acts  in  the  direction  of  the  tangent,  and  this 

force  resolved  in  the  directions  of  the  axes  of  x  and  y^  is  equal  to 

dt^  dx      d^  du      ,,  .     ,        dxds  dyds  .    ,  , 

^a^-S"'  ^di^H'  '^^'''^  ''"^^  dldi^'^dP  a^e  respectively  equal 

dx         dy 
to  -J-  and  —^  become  the  second  members  of  equations  (2)  given 

in  the  text. 

(/>)  If  equations  (2)  be  respectively  multiplied  by  dx  and  dy^ 
and  then  added  together,  there  results,  as 


dx  =  jT'dtf  ds  ^  -J-  dt,  &c. 
at  at 


dxd^x  -f-  dydhf 
5? 


fxdx  +  ydy\  _  fdj^  +  dy'\ 

+  ^  (^—^3 )  =  -  P\—dir-)  ^' 


which,  since  — .     ^  sr -^j and  r  =  v  **+  y*"  is  equal  to 

and  in  like  manner,  if  the  first  equaition  (2)  be  multiplied  by  ^,  and 
then  taken  from  the  second  multiplied  by  jr,  we  obtain 

xd^     yd^x  _       fxdy-^ydxX  _         ds   fydx     yxd\ 
'df'^'dF^'^'\~d0       )-'Pdi'\'dt^'di)' 

J        *dy     ydx        .  </d  ,     . 

and  as  -tt^^jT  =  ^' jI>  *•'  we  obtain 
at        at  at 

d.t*-^:=:  —  o-^r^dd, 

dt  '  dt 

(9)  See  No.  232. 

4  K 


(f)  #=•*  +  .  +  •.;  aMi.to*  1 

w  VMS  of  ika  h 

I  by  aao,  it  M  c 

■  i*tratatk< 
tk«  mT  ■  mata  tfl  te  «>■•  iMd  pM 

(O  U  (h*  fast  of  tbm  «|Mtida 
lad  iIm  Meaa4  by  «•)■>■,  «•  ofclMi  I 

■na  ^  A  .^) + ars^Wc- 
ste*  M  aq^i>B*»4-««*«J  =  •«>  •  Mid 
<f)  A>  b;  iba  tUrd  cqiHbM  (a) 


_(H-Ot»^(t-«i)-i 

(l  +  ^Vrot-jlt-.J+i 
wbi*  •  «i»«JtJ- «>  +  •i.^*-.)  = 
=  n>^!— ■>«  eridMlIf  M|atl  l«  lb* 


—  «IW 

■•'=0+:: 

(#-M 

'•>-'-^. 

-•nv 

'■■" 

"   If- 

.f(l. 

-..o».r,  • 

i 


«r  win  ntifkut,  bt  Bwlttpljiaf    bjr  1  H 
I  —  r*.  lb«  npMtMM  (D. 

4*1  li  ff**'*  fr««  ib«  *4«ali«a 


k       . 
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that  the  synchronous  areas  described  about  different  centres  of  forces, 
▼mry  as  the  square  roots  of  the  parameters  of  the  conic  sections  de- 
•eribedy  multiplied  into  the  square  roots  of  the  sum  of  the  masses  of 
the  attracting  and  attracted  body;  see  Princip.,  Book  I.  sec.  3^ 
prop.  16. 

(.,.=-+-:=,.(?-l).....(^:l^-w.i= 

=  \/]L.d  V^o(l-e«)J/. 

(,)  Ai  =  2,(?  -1)a  V  -±  =  2p.  {^)ds;  «.d  if  in 

this  equation  there  be  substituted  the  value  of  r,  we  shall  obtain  the 
expression  given  in  the  text. 

, ^ da(l  "  ^)^  Qaede 

Al/«(1  -*«)  =  _  p  V/«(1  -e')ds,  i.  e.       g^^-^n:^     =  - 

(by  substituting  for  da  its  value) 

2p(l  -  tr)ds^2p(l  +  2c.  cos(#  -  w)  +  «">/*, 

which,  by  obliterating  the  quantities  that  destroy  each  other,  becomes, 
by  dividing  by  e,  equal  to  the  value  of  de  given  in  the  text. 

Equation  (e)  becomes,  by  performing  the  differentiations, 
r  cosO  cos  oode  -^  re  cos^sin  ujdut  +  r sin  d.  sin  oude  -|-  ^e  sin  $  cos  utdw  = 

that  is,  by  concinnating  and  substituting  for  da  and  de  in  the  second 
member, 

r,cos(0^u))de  +  »^-  «in  (0  —  a;)c/a;  =  —  2pa(  1  +  2e  co8(#  —  tt;)4-e*)d!f 
+  4pae(e  +  C08(#  -  w)ds(=  —  2^(1  —  e*yO  ; 

now  if  in  the  first  member  of  this  equation  we  substitute  for  r  and  de 
their  values,  the  preceding  equation  becomes  by  dividing  both  sides 
by  the  common  factor,  a.(l— e*) 

2p(*.co8(#— fti)  +  c(M{$^ujy)ds  +  s\n($'~(v)edw  _  _  o  ^ 

1  +  eco9{$—uj)  " 


If  to  «yti— (0  lfcw«  W  iMbililMliJ  UrdK.A.  mAA* 


r  tk*  tM  im  MnM  to  Ikn  ■ 


bj  .i.<l-  ■),  > 


■Mldfd^iai  twik  Mfaf  bj  I  +  V'l— ••,  lb«r«  iiiiilii 

btflc*  at  vhtaiB  tb«  valne  of  A  fnea  M  tW  icu  i  ^rf  m  ate 
obuiB  tW  Mfnaiaa  far  dk  «»  bs«« 
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^  —  q(l— •*)tf8in# — uf)   .  .  ^i^^  ^ 
(U  ■"  {i  +  0.CO8(i^uj))'    *         "*■  5?  "" 

(a.  (1-  «•)) ————^ , 


(l  +  tfcos(#-a;))' 

It  appears  from  the  value  of  ia  that  the  radius  vector  diminishes 
while  6n  the  angular  velocity  increases ;  and  the  variations  of  the 
quantities  e,  ooy  s  are  only  periodic ;  the  variation  of  the  absolute  ve- 
locity becomes  by  substituting  3fan$  for  ^n,  and  —2^aU  for  ^a,  the 
expresuon  in  the  text.  Likewise,  as  ^r  =  — 2^a*d,  the  sum  of  these 
continual  diminutions  from  $  =  0  to  0  =  2«-y  is  irpaK 

(y)  From  the  equation  ^di:^cdt^  it  appears  that  when  the  areas 

are  proportional  to  the  times  of  their  description,  the  angular  velocity 

cdt 
di^-T^  varies  inversely  as  the  square  of  the  distance,  and  con* 

Tersely,  when  the  angular  velocity  varies  inversely  as  the  square  of 
the  distance,  the  areas  are  proportional  to  the  times,  for  then  cdt 
^f*dd  =  a  constant  quantity,  and  generally,  in  different  orbits  the 

angular  velocity  dizs—f  varies  as  the  synchronous  area  divided  by 

the  square  of  the  distance. 

irdQ  c 

f*dd  =  cdt  \'  -72-  =  (vsin  9)  =  ~,  and  at  the  initial  distance  where 
at  T 

rrzyy  J  =  a,  9  =  \/2^A  we  have  ^*2gh  sin  a  =  -  . 

(jr)  Multiplying  both  sides  by  dx  and  integrating,  we  obtain  for 

</jr*           kj^          d^           Arv* 
the  first  equation  •tjj:= '"^'^^ +c',  hence  it  is 

easy  to  obtain  by  the  known  rules  the  values  of  x  and  y  given  in  the 
teit. 

(aO  When  t  is  increased  by  ^w^  ^,  the  values  of  x  and  y  remain 
the  same  as  before,  for  in  this  case,  the  value   of  jr  is  y.cos 


=y.(<»..V^.-  ■/^.«.^-.iV^?).*.— » 

the  ti)a«  of  J. 

It  ippecre  from  ibk,  tW  wbttn  the  fore*   m   prafavi^^to  fc 

di(taace  the  porNu&c  Iidib  Tmric*  ■■  ^  'L. 

{tf)  B;  wjnmnag  both  ndc*  uf  ihoe  e()t»ii<tiia,  ^id  ikia  iM^ 
than  toother,  (hu  resnll  U  obulnvd  |  ir  tt  s  00  anrf  Ay  ^  %i,  te 
tnj«etdr;  wiU  t>«  an  ellipM,  of  «)ncli  ^  «iQ  W  tW  ^^ar  iwMft 
but  a  Ky>  S|>A,  7  *ill  b«  the  mmof  Mmkau. 

^Nlwn  tb*  forr.a  become*  rvpulnre,  i.  e^  vh«a  •  a  e^qirf^ 

—  I,  iTin  TT* ' 1  j-iti  — .  y-  r-\XTwmmi\  in  |niiB<L  ito*M 

af  t,  bm  vill  inrrcM*  iixlefiiiitelx- 

(X)     EqUlMII    (S)   C"   (-;^)+-^  +  »S«A-=*  hMMM^ 

MdMlilutiog  for  c*,  JsJr,  umI  Ii,  ibeir  r«p»cira«  valec«,^^4.«^ 

('•(A)'+i)**v(.-$)=^=(.,.li=S. 

concinnating,  we  obtaiu  the  npresaio 


igh.M^ 


ihich,  b^  lubstiluiing  ±  «■  for  I  — 


1 


aod  observing  thai  -:-j—  =  col'a  +  I,  becoiOM  the  «iprr 
in  Ihe  tcit. 

(d')  III  order  (o  iolegrale  (his  differeDlial  ia  thr  caar 
superior  sign*  are  emptoyixl,  let  


when  8  =  0,  r  =  1 

lueofHl  i«  ihalgiiri 

III  the  ipcomi  rup,  llio  inlejtra]  ii  ^  ■ 
V^foi-;-  «'+»•:')  +  .  ,  ami  xben  i  =  O, 
c  =  —  log  ( ±  n  +  cot  m),  and  thorcfurr. 


J 
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±  no  =  log  (±J^^±y^^^EIl±^. 

From  the  first  value  of  n6  we  obtain 

^fur.cota— nV^cot»a  +  (l  — ;r*)n* 

col««  +  n'  ' 

.       n«ir  +  cot  «V^cot«a  +  (l  — ;r«)n« 

cos.nO  := — ^ — — -^ 1 — ; 

cot*  a  +  n*  • 

hence,  multiplying  the  first  of  these  equations  by  cot  a,  and  the 
second  by  n,  we  shall  have 

-       furcot*«  —  n.cot«V^cot*«+(l— 2f*).n* 

cota  .sin  .  nB  = — ■ — - — -I-i i — » 

cot*  a  +  n* 

n^z  +  n.cotaV^cot«a  +  (l— ;r«).n» 

n.cos*n9  z= -s — ; — .  > 

cot" «  4*  *» 

and  by  adding  them  we  obtain 

A  •  A  /cot«a  +  n»\ 

cota  sm  iM  +  itcosn9  =  nz  (  — - — - — - )  =r  nz. 

\cot*«  +  n*J 

ndz 
(e')  -jj-^n.  cot  «.cosfiG  —  n*  sin  nfl,  •.•  when  jzr  is  a  maximum 

fuiz 
we  have-Tg-  =  0,  and  •.•  cot«.cosnd  —  n  sinnd=z:0,  consequently, 

cot «  =  n  tang  n$.  It  is  easy  to  perceive,  that  this  value  of  tang  n$ 
gives  z  a  martmtim,  and,  consequently,  r  a  mtmmtim,  substituting 
this  value  of  cot  a  in  the  expression  for  nz,  we  obtain 

sin'  n0  ,  ^  /sin*  n#  +  cos*  n$\ 

nz^n. H  n.cos»l=«.  I )  = 

cosn#  \        cos.nO        J 

n .  V^tang* nB+  li  and  z  =:  \/  —  cot*«+  1. 

At  the  point  where  r  is  a  minimum,  we  have  -57  =  —  -r-  •  —  ^  0, 

dr 
therefore,  at  this  point  -tt  =  0,  consequently,  the  curve  has  an  apse 

at  this  point. 

{f)  When  ;ir  =  0,  r  is  »  ,  the  value  of  tang  nt  for  jzr  zr  0,  \a 

•—It 
=  —  ntang«,  consequently,  if  from  the  centre  we  draw  a  line 

making  with  the  initial  distance  y  an  angle  $,  such  that  tang .  ni  = 


»■ 


n'ubes,  vid  lh«  itlam  nf-r-  ^  -  = 


— ■  Ungat  the  Un«  ilnwn  maktag  thn  angle  will  maM^mm 
m  infiDiie  distance ;  aiiil  tlie  cuttb  Iiu  ap  avyDiplal*  |hiAA 
lb«,  lor  if  ;>  be  «  pnpeDiGnilir  Ut  Ul  (rooi  raoir*  «■  Hip 

B  Ub«  Im  dni«n  frofo  tb*  c«*lr0  u  r^l  ai^ha  to  iha  Ahmm^ 
tbn  radiui  wbidi  nake*  wilh  y  «■  anyb  I  Midi.  tiMi  t^y  als— ■ 
twg  K,  and  equal  to  pi,  and  if  tbrougfa  Um  txttamltj  at  f  •  hv  it 
dra«D  panllcl  to  iha  infinile  ndioa,  thia  Iiu*  win  b*  ^  mj^iw 

(f')  In  tbacaM  of  Iba  logmlhane  nln*  of  ±.aj^  if  wtN^yw 
to  be  aSec(«il  wiih  a  aefiiin  aifn,  wa  wtB  hav* 

(-  a  +  col «)  a-^=-  «»+  V^cM*«-ai^^^ 


(tt  +  CM  •>/'=  W  +  V^MtFa— ■■■faAr-. 

hance  wo  obtain,  b;  taking  the  flnt  e^aatiaa  htm  iW  ntnai 
(a  +  cot  i.1e'*  +  («-fflt->«~*'=J»»=  —  . 

conaeqiieoiljr,  by  lubaliluttng  for  •^i  »~^,  ihair  rMptctmnta^" 

ihaU  bate 

and  from  the  iiupcctton  of  the*«  it  is  evident  ihai  :   n-M^i^ 
in  creates. 

Thevalue<.f^^=(— ^— )c  -  (^— ^_  ,  .rf,=^ 
to  determine  the  greatest  value  of  :,  oe  (lut  iht*  p\[<rnsM^a  r^aa 
cipher,  —  -  "  -'-—-  -"*— 


■ill  obtain  #    =  - 


%/>!  4-  col  a  m 

>col  a  this  value  i<  real,  and  f  is  a  minimum  for  tbn  ith*  tli^ 
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and  beyond  this  value  of  0,  z  increases,   and  the  curve  which  is 
traced  has  two   values  that  are  symmetrical  on  each  side  of  this 

value  of  «**^.     The  curve  has  an  apse  at  this  point,  for -r—  =:  -r- 

dt*       dz 

•         .        .  rd9  . 

=:  »  in  this  case,  but  -j-  is  the  tangent  of  the  angle  under  the 

tangent  and  radius  vector,  and  therefore  at  this  point  this  angle  is 
right.     If  the  motion  commenced  from  this  point,  we  would  have 

a  ^  90,  and  the  equation  of  the  spiral  would  be  r  =:     ^  .  ' , 

«"*  +  e—  «* 

from  inspection  of  this  equation  it  is  evident,  that  the  branches  at 

each  side  of  the  apse  are  symmetrical,  for  the  curve  remains  the 

same  when  n$  is  changed  into  —  niy  the  branches  intersect  in  an 

indefinite  number  of  points,  all  of  which  exist  on  the  line  drawn  from 

the  centre  to  the  apse,  the  distance  of  any  one  of  these  intersections 

such  as  the  pj!     from  the  centre  is  determined  by  the  equation 

2/ 
r  zr  ' 


From  the  general  expression  for  the  time  it  follows,  that  the 
time  to  the  centre,  when  the  number  of  revolutions  is  infinite, 

—  — 4=  =  -=L=:-. 

If  in  the  preceding  value  of  ^  =  -  v /»*  —  col*a,  we  suppose 

cot'a^n',  then  the  value  of  s  is  impossible,  and  the  curve  does 
not  admit  of  either  a  maximum  or  minimum  for  z,  however,  the 
curve  has   an    asymptote,    for    we    shall    find    that  the   value   of 

— ( =:2f*  +  --gj  J  when  z^zO  or  r  =  oc,  is  equal  to  (cot*  a  —  n'). 

From  the  preceding  discussion  it  appears,  that  in  the  equation 

^:=5-.(»  +  cota)e»^+ rr-(n  —  cot  «)  tr-'^,  the  curve  which  it 

denotes  is  different  according  as  n  is  ^  or  Z.  than  cot  a,  when  n  ^ 
cot  a  the  curve  has  an  apse,  in  the  second  case  it  has  an  infinite 
radius  and  asymptote.  In  both  cases  we  have  2gh .  sin* «  Z  ky,  but 
as  2gh  —  Ay  =  A:ycot'«—  ^h'gh;  in  the  first  case  also  we  have 
2gh  Z  Ay,  and  in  the  second  2gh  ^  Ay. 

4  L 


If  in  ibft  ai)MUad 


bjp«rlialie  ifHtml.     In  imlvr  la  dct*nnin«  (kc  UaB«.  if  oi  iW  • 


r*<f9^nft,«f  tabcUiulc  ~- 


-  =<«      « 


i  +  r,  and  b«(«(<on  tli«  batta  I,  t',  «•  haw 

If  T  denote  the  enlin  tUHC  In  (be  reatr^  *«  ^ktM  ha*«  «» 
mrnnng  villi  t^ir, 

'  11w  ujn)|>lot«    lo    thii    KVTtw  h  drIrrvuRwl    bj   tW  •f^bM 

—  s  r*  +  -=—  :r  in  thij  c«se  r*  +  col' »,  ■,■  nhrn  i-  ^  0,  -t  r  —  » 
/>'  Jp 

wc  have  p  lhi<  pcrpendirular  froni  the  cvotrv   no    ih«   utai^t  •' 

=  t«ng .  a. 

If  in  llic  I'ljircSMon  for  =,  we  suppinc  n  ^  cot  x,  i.  f,  i^  —  •- 

the  value  uf  :  becomes  ^  e*"'  *,  from  whirfa  it  u  eiitlcot.  t'ui  ^ 

curve  ileiTrilied  a  I  be  logarithmic  »|iiral,   and  if  ihe  btae  «  ~  < '  "  - 

ttie  e<)u«tioii  of  llic  curve  will  be  r^a  ,  in  urdcf  lo  iWirTv.Br  -m 

lime,   if  in  the  ctfuiiiun   ciit^r'Ji,   wc  Milnlitute  fut  r'.  a*i  air 

grate  between  the  limits  3  =  0,  i~  —  2«-,  w«r  obtain rt  —      I  -  — 
and  in  like  manner  between  the  limit*  3  =  —  3v  (  ^  —  it.  w«  t>; 

fC=- — -  (I -V  ami  so  onfoT«uct:MMicreiolutioa>.ilMTTh." 

if  T  denote  the  lime  to  the  centre,  it  will  b«  riprrtwd  l>t  the  trrf 
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=:  by  substituting  for  c,  and  taking  the  sum  of  this  series 

cos^.a 


(A')  This  value  is  evidently  equal  to 


M  = 


which  by  assuming  y^K^p—  ky\  and  by  concinnating  becomes 

dy 

and  the  integral  of  this  is  equal  to 

w  4*  Arc  cos  =    J       ^  —  =  9, 

equal  by  substituting  for  y , 

a;  +  arc  cos  =  -7=====  =  0. 

V/Acy«|3c« 

The  value  of  r  deduced  from  this  equation  is 


Ay»-'/AY-c«|3.cos(d-a;)* 

coDsequeotly,  when  G  =  a;^  r  is  a  mojcimum  ;  when  dzzu)  +  iF,r  is  a, 
minunum.  oi  +  v  is  substituted  for  u  to  embrace  the  case  of  the 
comets. 

(if)  By  substituting  for  r  and  r .  cos  (#  —  tt;)^  their  respective 
values  in  equation  (a),  and  squaring  both  sides  'of  the  resulting  ex- 
pression,  we  obtain 

Ay. («^+y")  ^C+x**.  {ky  -  c«^)  -  2c«if'.  \/kY  -  c»j3. 
(Ar^)  If  in  general  4/>  denotes  the  principal  parameter  of  an 
ellipse»  we  will  have  ae  =  v/a'—  2ap  =r  a  —  />  -f-  (  )  -&c.  '.* 

a  (I  —  #)  the  shortest  distance  = />  +  (         ) &c., consequently, 

when  a  b  oc,  we  shall  have  a  (1  —  «)  =/?. 

(/O  Substituting  for/)  aad  dividing  by  y,  we  obtain 

1 4* cos ctf  =  2sin'a,  i.e.,  2co9'^6(;  =  2sin'a,for  l-f-cosev  =  2cos*^uj. 
(m')  Since  1  — ^  = p,  by  partially  integrating,  we  obtain 


bcl  quntiljr  in  th«  >«■»«  wajr,  wa  itMll  ob4«ta  k  uMtlar  r«^  ^»' 
pKvil  bf  3,  and  by  t-aciiiivttio|f  ihi*  pvtial  Uil<ift«Ua«.  «*  ^l^na 
al  lh«  fuUnwiog  wrin, 

u«ig.+(i+i«g«CKi-a+*-«+ic.)+»«»«-i<i  -»+*-•+*»> 

hciM  tbn  we  ahall  luve  ihU  inUfnl,  ^H 

Ullg.^^^l+Ul>g'J.)^^auag^^   ,      _    mt  ^M 


tbil  lbs  UiBMi  in  ofaidi  essMti  awtia^  in  ilifai  wa  farA^b  aifc 
dMcrib«  w|«»]  uian»lM»,  tatj  in  iba  wsqoipBate  nti*  if  AapM- 
heiion  JistaiK-c, 

Abo  by  meam  of  Mnalion  ••  ^  — ^  ,  i  ^ ,  tW  nwfc*- 

nous  areas  described  by  the  earth  and  rtimpt  mar  h«  caoiparri :  '■' 
the  sector  described  by  the  comet  at  ihe  pcribelion  iJau*-*  > 
u  to  the  sTnchronuDS  xeclor,  described  by  a  body  oioin^  ra  t  r-r-* 
of  which  ibc  radius  :=  p  wilh  an  an^Ur  tetocity  rtfuaJ  tj  >.  • 
V^2:l.     See  Mefhani^e CetaU,  Book  II.  Oiap^lV. 


CHAPTER  VH 

(«)  When  r»  is  neglected  in  consequenev  of  lU  mioDtn 
hare  p-'=  (a'- Sarcot  X)-)=:  »-'  + 3a-r  «»  a.  t«««^a« 

/">''"  ^  _.ri«V»i"A  ,.Va  _.fl^       3^ Vf,,  1 
therefore, 
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(h)  See  Mechanique  Celeste^  Tom.  IV.,  and  also  the  translation 
of  the  System  of  the  World,  Vol.  I.  Book  I.  Chap.  XV.,  and  Vol.  II. 
Chap.  XI. 

(e)  The  force  4>'  resolved  in  the  direction  cm  is  equal  to  4>'cos  X, 
for  X  is  the  angle  between  cm  and  ac,  and  as  the  direction  of  the 
force  ^  is  perpendicular  to  ac,  the  angle  which  it  makes  with  cm 
must  be  the  complement  of  X,  consequently  this  force  resolved  in 
the  direction  of  cm  ^  <|>  sin  X,  and  if  we  substitute  for  9' and  <{>  their 

respective  values  -^ /- ,  and  if  we  observe,  that  these 

a*  a* 

components  of  <^'  and  <|>  act  in  opposite  directions  along  the  radius 
CM,  and  consequently  must  be  affected  with  opposite  signs,  the  re- 

suit  of  the  two  must  be  equal  to  (2  cos*  X  —  sin*  X) ,  which,  by 

a? 

substituting  ^,  for  m'  is  the  expression  in  the  text.    These  results 

may  be  applied  to  the  disturbance  produced  in  the  lunar  motions  by 
the  suo ;  and  if  we  suppose  that  r  is  equal  to  the  radius  of  the  moon's 
orbit,  and  a  the  mean  distance  of  the  sun  from  earth,  it  appears 
from  this  expression,  that  when  X  =:  0,  i.  e.  in  the  syzygies,  the  force  <{> 

vanishesy  and  the  force  <{/  is  a  maximum  and  equal  to  ^  ^  \  on  the 
contrary,  when  X  =  90y  i.e.  in  the  quadratures,  the  force  ^  vanishes, 

and  ^  =  ^     ^,  hence  the  greatest  value  of  <{>'  is  to  the  greatest 

value  of  4>  as  2 : 1 ;  but  we  should  always  keep  irt  mind,  that  the 
force  <|>  increases  the  gravity,  while  it  is  diminished  by  the  action  of 
the  force  <(>';  as  they  act  in  opposite  directions,  and  as  they  respec 
tively  vanish,  <|>'  in  the  quadratures  and  <{>  in  the  syzygies,  there  must 
be  some  intermediate  position  where  they  are  equal ;  this  is  easily 
determined ;  for  since  2  cos*.  X  —  sin*  X  =  dcos*X  —  1,  the  value  of 

the  force  ^'cosX— ^  sinXis(dco8*X  —  1)  ^  ^,  consequently,  when 
8co«*  X—  I  =  0,  i.  e.,  when  cos  X  =  —7=,  h'  cos  X  =r  <(>  sin  X,  and  from 

syzygies  to  an  elongation  =:  -7=:»  <^sin  X,  or  the  additions  force  pre- 

V  3 

dominates  over  ^'  cos  X,  or  the  ablations  force,  and  from  this  point 
to  the  quadratures,  the  latter  exceeds  the  former ;  and  therefore, 
during  an  entire  revolution,   the  ablatious  force  predominates ;   it 


(tca^x-  I)^  I7  ^   wd  Ilk 


■Mi  ihenfar*.  iW  mmm  ibtvlM^  far 
fcubw  of  iWndiM  *«ciar  n 


«■ 

fcfcc  b;  Ity^mthMM  art*  in  ikc  diracii 

B«a*  ar«4  tt  act  alttrrtl,  but  the  utf 
rtnth  M  iW  t^mar*  U  tt>*  dBlnm  ■ 
■w)  tW  pM>alir  tiatc  a  inrrraxHl  bj  Ui 

«T  dnmbcJ  bf  ih»  Boos  in  •  BMuia 
r'  lb«  ndm  •(  ber  otUt,  ibca  »  aba 
htmij.  ••  bat« 

aui  bj  MUutvtinf  (of  r*,  ««  nbt»i>  Um 
tW  wn*  ^«rv  <  (w  ilfMTibnt  M  lb*  m 
iba  aoiuLisJ  tt  y  m»d  t  deaota  llMfar 
•■rfM*  «( ibc  (onfa.  AiMl_/',r,  iIm  eon 


1  =  n'=fri  .  f: 

i-f,  «lM^/-./::|«9r:l, 
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L  e.,  a  bodjr  at  the  earth's  surface  would  in  a  second  fall  through  a 
space  equal  to  what  a  body  at  the  distance  of  the  moon  would  fall 
through  io  a  minute.  The  corrections  or  various  circumstances,  the 
comideration  of  which  are  omitted  in  order  to  simplify  the  demon- 
slrationy  are — 1st.  The  disturbing  action  of  the  sun,  which  was  ad- 
▼erted  to  in  the  preceding  note.  2ndly.  The  circumstance  of  the  re- 
▼olution  of  the  moon  not  being  performed  about  the  centre  of  the 
esrth,  but  about  the  common  centre  of  gravity  of  the  earth  and 
moon.  See  No.  243,  and  Harte's  Translation  Du  Syiteme  du  Mande^ 
Vol.  II.  page  381. 

(#)  If  the  figure  of  the  earth  be  supposed  to  be  that  of  an  el- 
lipsoid /  generated  by  a  revolution  about  its  lesser  aiis,  and  if  the 
equicapadous  sphere  be  supposed  to  have  the  same  centre,  the 
greatest  elevation  of  the  sphere  above  the  spheroid  is  half  the  de- 
pression beneath  it,  when  the  spheroid  diflfers  little  from  a  sphere, 
for  if  r  be  the  radius  of  the  sphere,  a  and  b  the  major  and  minor 
semiaxes  of  the  spheroid,  then  if  a  ^  r^  f^  r  —  ft  =  «,  we  have 
g:=z2p.q.pf  for 

*J^-t^a^b  =  ^ir  +  pY.  (r  -  *).  =  ^ (r'+  2Hp  -  ,-,), 

when  the  squares  and  products  of  p  and  s  are  neglected,  conse- 
quently, we  must  have2p:=«;  we  can  by  means  of  this  relation 
obtain  the  value  of  r  in  terms  of  a  and  6,  for  we  have  evidently 

2a  4-  6 
2a  — 2r=r— ft,  •.*  r  =: — - — ;  the  elevation  of  this   equicapa- 

cious  sphere  above  the  sphere  inscribed  in  the  ellipsoid,  and  whose 

radius  is  therefore  equal  to  ft,  is  =  — ;r ft  =  §  (o  —  ft)  ;  now  in 

figure  60  let  ab  be  the  minor  axis,  and  cd  the  major  axis  of  the 
spheroid,  abb  a  section  of  the  inscribed  sphere,  let  d  be  any  point  of 
the  spheroid,  </o,  ds  lines  drawn  to  the  centre  and  parallel  to  oc, 
meeting  the  inscribed  sphere  in  the  points  m  and  n,  we  have  by  the 
nature  of  the  elUpsoid, 

CK:dn::oc:djc:  rod :  cos doc^q  p : 

and  by  similar  triangles  ndm,  dxOj  nd :  dm  \iodidx\  radius  to  cos  doc  ; 
*.*  :  RC  :  cfm : :  CO* :  ef jr",  i.  e.  as  square  of  radius  as  to  the  square  of  the 
cosine  of  <foc,  or  of  the  latitude  A  9./?,  *.*  as  rc  =  a  —  ft,  we  have 


■  1 1  ill  ttj  m^  i»  IW  Jfcwaci  btiw  Aia^  r-it  «•! 

illHIHI*^   t»l    I    Itfc—   lW«^M   •(   db   WMMiMtel 

«  «Udl  A*  ■*««■  m  c^hI  la  Um  dtbtisMB  Can*. 

(/>  As  SMi  ik«n  Inm  phn*  o«  tW   enxMta  ^m  J  4 

■  MtMi  l»  tW  —  fa*d  »iM.  —  «nt»— J  -     '     f^   ^ 


UM*  «{  IW  tV»  MM  MMt  be  4mU»  tlM  dmMiM. 

it)  Br  M^'UIMS  far  ^  and  f  ilMir  rMp««bn  «^^  w  ^ 

which  I')  sul'itiiuliDg  for   m   lU  Talue.  aiul  Jitnlmj  )•  ■•   ^   :<  "' 

pression  in  the  ten  ;   now  in  the  i>quation    =  '  — 

evident  ihu 


'.-   ulirn  c  is  K-isI  »nd  y  :=  9l>,   cot  x  is  leul,   anil    ,    t  icf  r^f- 
(A)   It  i«  nocesMM'  that  llii-  li'ttr  thouli)  l>o  acc-uratrli  ^-n;  >-• 

othrriciM!  ihi-  cfTccI  of  prsiin  wuiilJ  be  coiii)>licalpij  anh  iki:  i'  " 

force  of  loiMiin. 

ti)   l!v  iuLsiiditin^.  for  cxv  -  .1  m  »«lui^.  >c  .>l.t».-> 
.-'  =  «•  +  . J  -e«.cm-,  c,.»*-2a.-..in..  ^„^ 

=  (if  tliii.(Uireof?|iL-nc(rlcrtc.)  .i.  tlie  ,.tic.  c»prp««n- .!b  i  — 
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a^  +  <:■  —  2ac  cos  y  —  2ac  sin  y.d,  =  6*  —  2  ac  sin  y .  d, 
and  therefore, 

X    .           «        .        «,    V        siny       cosy.tf   ,    Oacsin'y.^ 
(•iny-cosy.0(6-»+  aacsiny.Oft-*)  =  -^^ ^  + ^--£_, 

cos  V*  D 

now  if  the  numerator  of  — -£—  he  multiplied  hy  the  value  of  6", 

and  if  the  denominator  be  multiplied  hy  b\  we  ohtain 
cosy.  9       (a»+ c*)  cosy.  ^  —  2flc cos* y.^ 

hence  then  we  have 

sin  (y  —  6)       sin  y       r/  .  .    ^\  o  •  i   -i    ^ 

— 1^ ^  =  _£  -  [(«»  +  c»)  cosy-  2ac  -  ac8in«y].  -jr* 

for  —  2  oc.  (sin*  y  +  cos*y)  =  —  2ac. 

(/:)  See  note  (e)  of  this  Chapter,  and  No.  193. 

(/)  See  the  Mechanique  Celeste,  Livre  7 ;  also  Harte's  translation 
of  the  Fystem  of  the  World,  Vol.  II.  Chap.  V.,  and  notes. 

(m)  When  2fxy.[- — '' ;    *«  integrated  with  respect  to  z,  it 

becomes  —  23r/p'  ( —    •    — V^]^  the  value  of  y  is  determined  by 

making jzr  =  0,  which  gives  Y  =  c;  and— 29r/p' — '  '  integrated 
with  respect  to  y,  gives  y  =  —  V^xr*  +  y  +  z,  in  which  z  is  evi- 
dently equal  to  A,  hence  then  the  value  of  —  2»/a'\  - — ^Ljl.  be- 

twcen  the  limits  o  and  ^  for  ;;,  o  and  c  for  y,  is  the  value  of  k'  given 

in  the  text. 

Arr* 
(«)  ^  —  ^  (=  by  neglecting  y'— y  and  /*«)  A*  —    ^       ^^ 

r 

Now  as  k  differs  from  ^  by  a  small  fraction,  if  in  the  fraction 

2kh  .  2kh 

— ,  a'  was  substituted  for  k,  the  result  would  differ  from  ^ —  by 
r  r       ' 

the  product  of-  into  the  difference  between  g'  and  k,  which  as  it  is 

4m 


—  Ar'  — 


I— >l|.  Irs  .^^  »a  da>  iraailw  acu>l  i>l_  br>' 
ffmOKj  ti  tW  II  jiii  «r<far.   k«M»  Um*    if  a   ifa  . 
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BOOK  III. 

CHAPTER   I. 

(a)  It  appears  from  what  has  heen  just  established,  that  R  is  the 
r#tultant  of  the  given  forces  P,  p',  p'',  &c.,  and  of  q,  consequently 
these  forces  may  be  replaced  by  R,  and  a  force  equal  and  directly 
contrary  to  q. 

(b)  As  each  body  furnishes  six  equations,  namely,  x,  y,  z,  l,  m,  n, 
respectively  equal  to  cipher,  the  entire  number  of  equations  which 
thus  result,  will  be  six  times  the  number  of  bodies ;  but  for  every 
point  of  contact,  the  elimination  of  R  and  of  the  corresponding  quan- 
tities of  the  other  bodies  reduces  this  number  bv  one,  therefore,  the 
entire  number  of  distinct  resulting  equations  will  be  six  times  the 
number  of  bodies  minus  the  number  of  points  of  contact. 

(c)  When  l  =  0  the  resultant  of  the  forces  parallel  to  o^  must 
coincide  with  it,  and  therefore  be  destroyed  by  the  fixed  point. 

(if)  Q  =  p  sin  y,  y  =  ifc.  (y  cos  X— or  cos  ^),  therefore,  gy  =  ± 
P  (y  sin  y  cos  \  —  xsiny.  cos  fjt,)  equal  ±  p  (y  cos  a  —  x  cos  /3.) 

(e)  p  cos  a  =  —  P'  cos  a' ;  therefore  substituting  j  for  cos  a,  and 

^  cos  $  for  cos  a',  we  obtain  the  expression  in  the  text. 

(J^  Since  the  friction  is  by  experiment  -H-^to  the  pressure,  it 
follows  from  what  has  been  just  established,  that  the  cocfiiciont^ 
and  consequently  X,  are  independent  of  the  pressure,  and  therefore 
of  the  weight. 

CHAPTER  II. 

(a)  The  expression  for  l  in  No.  261  is 

p  (jr  cos  ^  —  y  cos  a)  +  p  (or'  cos  a'  —  y  cos  |3')  +  &c.  =  l  ; 

now  by  substituting  for  Q,  q',  &c.  in  the  value  of  s,  p  siny,  p'sin  y\ 
&C.,  we  obtain  the  value  for  l,  for  cos  j3  =  sin  y  cos^,  cos  a  =  sin  y 
cosX,  &cc. 

(6)  If  the  squares  of  the  three  quantities  H  cos  d,  H  cos  ^',  ii  cos  S" 
be  taken,  and  if  they  be  then  added,  there  results 

H\  (cos»  d  +  cos*  5,  +  cos»  J.)  =  vKp\ 


r 


636  vans. 

s*  being  Hitiilituied  for  iU  nluv  p*»o  in  the  tot : 

Fxtueqoentljr, 

tmI:=-(.rcM^  — 5MH*).  , 

p  •! 

(r>  It  in  tba  tqmtiim  &■  -f-  ■»  +  cm^    v«  nimdi^m  %m  %% 

.    ,               ufmS   «»cfiiy        ,   ,  ..-  .    i_  - 

ihew  *•!««• , '-t  WW  then  nmluplj  by  (^  «.  «r  ^W 

Ibe eijuBlton AroiM^-SoM^  +  CcaaysOi  (M« frmm ih* i^aa 

alxl  tluxgfote, 

'-- »j-, — 


\ji  CO*  7  —  e  cm  |3,' 
in  «  tim-lAT  ounncf  ««  majr  nbiva  ibc  valoa  of  ». 

{i)  Uy  Mpwuling  iba  binoaiuk  m  lb*    nfae  al  f^  mm  d^ 


«>*•-/)  =  .r--  j-tu.'a.V(eoi'a +  «•'-/)  =y  —  yeirf;  s^'irf^ 
+  c(n'^i  =  r"  -  i-cu.'-/,  coiueiiunitlj  M  #'+j'  +  *'  =  »'.  » 
lalup  cf  ;-'  tuiH  b«nitDF 

i-«_r*eo-'3fo,'Jk-Hf'n'3tti»>— Hrw'yrn«S-2r'e«»r«»i««i 
C*»  ^  —  S^  c«i  a  «i*  X  to*  y  ro»  .  —  St*  «»■  3  («•  ■,  <»»  y  ti»  K 

Now  it  !■  ifTidvnl,  that  ibe  p«rt«  af  tliu  rtjir— aino  aluckcaaiM^ 


niullijilicil  liv  r",  »rr  the  •'^nirr  cf  n 

.  ,  js  was  proposed  to  lic  rcnfieJ. 

(<■)    Bv  makin:;  ihii  subslilulion,  (tio  Tourlh  (^uj 


i.»=H., 


r(x 


.l+P't''*-' 


•OS  3  +  P 


ox»,_ix,.  lira. 


1-  +  r    .-.-  . 


(f)   \\\  u'-.infi   lti«   partial  d>?T« 
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—  2  Y  (L  +  Xy,  -  VX,)  +  2Z  (M  +   ZX,  -r  X2r,)  =  0, 

consequently  I 

X,  (\«  +  Z«)  =  X  (Yl^,  +  ZZ,)  +  YL  -  ZM, 

aod  by  adding  x,x'  to  each  side  of  this  equation,  there  results 

X,  (X«  +  Y«  +  Z«)  (=Z  jrjR«)  zz:  X  (XXj  +  yif,  +  Zxr,)  +  YL  —  ZM. 

The  expressions  for  b'^,,  r'xt,,  may  be  obtained  in  a  similar  manner. 
{^)  From  two  of  the  preceding  equations  we  obtain 

R*jr,  +  ZM  —  YL  __  r'//,  +  XI'  —  ZN 

X  ""  Y  ' 

i.e.» 

R»  {xy,  —  Yjr,)  +  (x»  +  Y«)  L  =  z  (NX  +  my); 

and  by  adding  z*l  to  each  member  of  this  equation,  there  results 

R».  (X^j  —  Y.r,)  +  (X*  +  Y«  +  Z*)  L  =  Z  (NX  +  MY  +  LZ), 

which,  by  dividing  by  R%  and  observing  that  x*  +  y*  +  z*  =  r',  be- 
comes the  expression  in  text. 

CHAPTER  III. 

(fl)  It  is  evident  from  the  construction,  that  if  m  and  n  be  the 
angles,  which  any  of  the  forces  such  as  p,  makes  with  the  adjacent 
fides  MA,  MM',  of  the  polygon,  the  tension  along  the  side  ma  is  equal 

Psinn  1  *i    ^    1         .11  ,  Psinm  .. 

to  -: — ;; — ; — r,  and  that  alouff  the  side  mm'^z : — .  ;    now  if 

sin  (m  +  n)  °  sin  (in  +  w) 

m'  and  n'  be  the  corresponding  quantities  at  the  summit  m'  of  the 

p'  sin  n' 
polygon,  we  have  the  tension  aloni;  m'm  evidently  equal  to  -r— — —. — 7-» 
^     ^^     *  o  ^    ^  sin(m'+w')' 

P  sin  m  p'  sin  ti' 

consequently,-: — ; — r  = -: — - — T-t — 7^5  hence  when  the  direc- 

""    sin.(f/i  +  n)       sm  (in'  +  n') 

tions  of  the  forces  p,  p',  p",  &c.,  applied  to  the  summits  of  the  poly- 
gon bisect  the  angles  contained  between  the  sides  of  the  polygon, 
the  tension  in  each  side  is  the  same  throughout  the  entire  polygon, 
and  equal  to  any  of  the  forces  p,  p',  p",  &c.,  divided  ky  twice  the 
cosine  of  the  angle  which  it  makes  with  the  side  of  the  cord  to 
which  it  is  applied  ;  when  P,  p',  p",  &c.,  are  all  equal,  the  polygon  is 
a  regular  figure ;  and  conversely,  when  the  polygon  is  a  regular 
figure,  the  forces  P,  P',  p'^  &c.,  must  be  equal,  and  each  of  them  is 
to  the  tension  as  a  side  of  the  polygon  to  the  radius  of  the  circum- 
scribed circle. 


(A)  A*  K.  a', «",  fcc^  Ukd  abo  ■ 
90",  M<l  &,S't^".  bc^  UB  ciphar, 
(■)  will  b*  rqiul  to 

■ICM4+I 

and  (he  wniml  wiD  1>« 

□  Ml  A  +  End  a  rot/+ 
•ui  ftO  f  he  ipnm  of  tli«  tliinl  cqiuli 
tion*  (b)  t>«  iqnareil  and  added  toga 

B'+  &'+  fius.(Mi>aco{ 
and(he£act(Kor3BK  i*  eridenllj  «; 
UibmI  by  th«  lide*  n  and  a,  thercfa 
rcBuUanlorilieM-fitrcMi  itruUvwafi 
+  n^O.  ibat  tb«dbMiln»  nflbi 
iha  tDflical  drann  ibrnugb  ibe  cMrt 
I  <ia  M  =  I 


-  col  n  c»l  m'+coI 
and  il  ■■  remarkable,  ihu  in  this  rat 
TCdioal,  ibfl  hohioiilal  iviMioni  mt 
m(io<-iiiirly  <><)ual  lo  tbi>M<  frartioi 
l0tu)ua  ■•  eanii&ni  ihronghoul  lh« 
faontanul  i^uitou  hr  drixiied  bj  i 
ndi*i  nf  ibe  polygon  l>c  droolnl  It/  ' 
A  =  r' fin  Ml'::  i"tinm",  iir^  mUii 
iiitcrtvljr  af  ibp  liar  cf  lb<  indiiiAlii 
(i/)  Sioro  ihn  »utn  of  iba  U 
dtrvritiiii  orilw  vi-rtii-al  u 


1  i*  iij  h}[<ulbMit  r^oal 
nullifiliMi  miut  b«  r<|ual  tn  I. 
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(e)  By  substituting  their  values  for  cosa,  cosa^  T,  T^y,  x',  the 
first  equation  (a)  becomes 

</jr  .      dx   ,       ^dx      dx     ,  ,  /   dx\ 

The  second  equation  (b)  may,  by  similar  substitutions,  be  derived 
from  the  equation  (a),  and  with  respect  to  the  third  there  resuhs  by 
these  substitutions, 

K^  S-4)+ (^+''^)[(-^+''')  (1+4)  -  c^+'^i') 


(S+''S)]=^''''' 


which  by  obliterating  equal  quantities  affected  with  opposite  signs,  is 
evidently  equal  to 

m  M 

(/")  By  adding  together  the  values  of  e*  and  e    *,  and  observing 

that  ds  =  \/  1  +  -r-L  •  dx  we  obtain  the  value  of  </i,  and  if  the  value 
^  dx* 

M  M 

of  tf    *  be  taken  from  e*,  and  if  we  then  multiply  by  dx^  we  obtain 
the  value  of  d\f. 

(g)  By  adding  and  subtracting  the  values  of  /  and  h  we  obtain 

:=  by  substituting  a  for  /f +  ^'',  the  expression  in  the  text ;  and  since 


a 


(e«  —  «-«)«=: ff2- +  tf-'-  -  2,  and  t^=^''^o^> 

n 

there  results 


a« 


«»  .  1    .  a* 


-  fi'c.,  •.•  :r  (^  -^)(=  '»)=  1  +-s-»  •.»•  =  eC'i  -  !)• 


1.2.8.  '    '   2a^  /v        /  16 


6« 

k  jf 

71 T-  in  Ui«  value  of  h,  tb»  mnlt  viD  b«  aqaMiao  (•). 

+  0,  wHflo^sO,  y=»,  -.■  cs  -clog  («<!>  •<■  ~*^  ■.•! 
llw  ei|iraMiaB  ia  iIm  tnl. 

(*}  B;  miMUlalkg  (or  t  iU  *iIm  pk^  tfcw*  nwlyjMi^ 


tilu. 


i>.l   I 


we  oU* 
■ml   >!.'< 


lo  c\pr.-->ion  for  -JA/  m  thi*  (r\t  l  tiow  ,f  i^it:  r»r 
iintor    of     llu-    lu-iril!.iiiic    fun,r„n     b«     ai^;.  ; 


v'm  +  A'  +  A.   il„.r,-»airi-.i 
from  iih*nc«  ■•  can  PiiiU  derfufo  <he  tkIu«  of  tu  gnra 
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(o)  If  for  V^A'^Ar'  its  value  in  a  series  be  substituted,  we  shall 
obtain 

log. ^ =log. jj =logLl+.+^.&e.J, 

now  as  in  general  log  ( 1  +  **)  =  **  —  i^-  +  -it  —  &c.,  we  have 

hence,  bj  substituting  this  value  in  the  expression  for  hi,  there  results 
sod  if  we  multiply  by  A, 


M=2h*k  +  ik»,  -.•*«  = 


a^ 


bj  substituting  for  Ar  its  value  -. 

(/>)  By  substituting  this  value  of  T  we  obtain 

(q)  By  performing  this  multiplication,  there  results  by  adding 
,    /rfjf*  ,   du*       ds^  (dx    ,  dx      du  ,  dy      dz  .dz\ 

f(\-^d8+\'^ds  +  z-^ds\  =0, 
\    ds       *      ds        *      ds     J 

which  from  what  is  stated  in  text  is  evidently  equal  to  equation  (3). 
(r)  If  the  first  of  equations  (1)  multiplied  bv  -—  be  taken  from 

_      dx        ,    dx  ,  dx . 

rt.T—  =  tfT.  -7-  +  T.rf.-—  &Cm 

consequently,  as  c2r  is  the  independent  variable,  we  can  nlitain  from 
this  expression  the  first  equation  (4). 

4n 


by  pcrftmng  fhm  imw  apmiiMi   hir  iT,  rt,  Umb  arf^l^ 
^,db^  ^  rOTpcctirdy,  tni  batHj  adding  ibm  Hfilfcafc  M 


(I)  By  MiliMUiiun(  iMr  nl«M  lisr  x,  t.  s,  io  iIm  ■ 
ll(«BX^— cnfMCr>-p  i>((«>>^  — MiAiA 


MfcM  toga^OT,  iW  rank  ii  cttinrtly  dphrr,  Imm*  ttm  w^m 
la  «fa«cb  Ike  |wtBl<tg  m  tqfmi  mwI  bs  uphw. 


.  '^. 


^(«*"^  +  «-''^  +  ii<" 


«bKl^  M  coi^ X  +  CM*  ^ -f  CO** •  =  l.bwof 


a?'^s= 


,+t. 


Now dt*  MfTtMtoj  bdvMa  the  bnckcU  ■•  iqail  m  ciffaw. ■ 

otbtr  Mprai'iiM  u  *i]im1  Io  imit;,  bcon  n  =  -. 
f 
(r)   If  ihnv   r<)UAli«M   b«  B»llipS*d    by  m  ami  g  rm^ 
Ibete  rcanlu  fa;  aridiny  tbciB  ligvtbn. 


-*. 
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"    (6), and  if  these  equations  be  respectively  multiplied  by  -—- ,  -j?^,  there 

retolts  from  their  addition  the  second  equation  (6),  for  xdjc  +  ydi/ 
-    =0. 

(jr)  The  6r8t  equation  (6)  is  evidently  equal  to 

heneeta  Jt'£  +  y-£  =  0,  ^-d.-^  +  y'd.-£  zz  ^  d$,  this  equation 

is  reduced  to  t  =  cn  ;  in  like  manner  the  second  equation  (6)  is 
equal  to,  by  substituting  cd$  for  xdy  —  ydxy 

consequently  we  have  drr  =  fikd$. 

Notes  to  Paragraph  III, 

(a)  y  =:  0-  -| ,  by  substituting  for  ^,  0-,  their  respective  values, 

P 

K.y  (I  4-  J) 

f»e  obtain  y  (1  -|-  ^0  =  7  (^  +  0  H ^-^ — — — >  dividing  by  y,  and 

f 

fiJ  .  .    . 

neglecting  —  we  obtain,  by  omitting  a  common  quantity   on  both 

sides  of  the  equation,  5^=z.  ^  +  - »  a"c1,  when  tiie  length  of  the  mean 

filament  is  not  changed,  1  =  0  and  ^'=1:-,   i.e.  the  lengthening  and 

f 
contracting  of  the  filaments,  is  proportional  to  u  their  distance  from 

the  mean  filament. 

(6)  Substituting  for  i'  in  the  value  of  t,  it  becomes 


T 


(•  «    -  ,  C  s    udu 


and  performing  the  integration   between  the  limits  £,  —  c,  the  fir^t 

term  becomes  2aX^£,  and  the  second  becomes -^ r-^0;  and 

in  the  same  manner,  substituting  for  6'  in  the  value  of  a,  it  becomes 

f    u'c/u 


*^m 


«44  KOT«. 

lut«gral>BK  ihvM  (piantili**  bflWMB  i 
m  in  the  |uec«(lu>g  me,  tad  lb*  Mcond  b 

From  iba  vtiun  of  T  'k  ifpMn.  *)ut  i 
|iblff,  It  k  propBTtional  lo  I  ili*  nioniMin  of  il 
when  J  =  0,  i.  R.  mhea  ibo  kaftb  of  Um   i~' 
T  =  D,  and  Ibn  farce*  'bidi  W  tbM  om  k(  m  k 
foriwt  re'tudlitu  lu  two,  Utt  not  tfiracUf  oppainL  |' 

(c)  Th«  uiiflo  BfeoMact  HalwaytaqMl  U(W«l««iMd| 
curve  divideU  hj  ib«  twluu  ofcnrvsitirc,  and  «Wa  ib*  al^^V 
given,  lliM  sitgia  ur  tbe  ciiiTalan;  iviiM  tD*erwlj  «•  tha  M^l 
cunature,  cmwe^ueflilj'  /t  ruict  ia  ihia  amv  aa  lb*  H^gta  af  <fl| 

((T)  Uakwg^  =  a,  «i«iium  (8)  mm  lacawa  t| 

r**/^  j 

and  iiitPgTsiiiig  so  tbat  ae  ibbji  bare  *^0  •b«M^=  ^  ••Jit 

""*"  =  =  S*r- 
Vl  +  i 

contequenily. 


uid. 


/!  +  -• 


heuco  1>;  lubMituiiag  fur  -  its  lalae,  <mr  tibiaui 


■/f*: 


-(-* 


irury  greai,  in  Nliii-li  m«  3&r  —  ^  maj  b«  i»fgWi«J  n^Mn^h  h 
lAi*,  hcDte  iu  llii*  caM   no  tnutl  bare  Sc^afy  ^^s^^  —  ^>ab; 


n'i  =  «• 


;  l>j^  kulMliiuiiuf  fur  «j  lU  taJ 
=  A,  •«  iball  ubtata 


.•••Ab 
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w  being  by  hypothesis  a  weight  equivalent  to  the  force  which  draws 
the  plate  in  the  direction  of  its  length,  if  we  suppose  it  equal  to  Q, 

we  will  have  b  =  -y ,  consequently  b:h::  a*:g\ 

(/)  When  kzzO,   jf  is  always  equal  to  cipher,  therefore  the 

spring  cannot  be  bent ;  when  k  does  not  vanish,  y  and  -~  will  have 

CUP 

finite  values,  therefore  the  spring  will  bend ;  at  the  point  b,  xzza^ 

«  =:  0  =  Apsiu — .  therefore  a  =  tc,  t  being  a  whole  number. 

c 

k 
(g)  If  the  fourth  power  of  -  be  neglected,  we  shall  have 


V 


1  +— --cos* — =  1  +4— .-.COS*  — 

=  as  cos*  —  =  *  +  *  cos 

c  c 

if  this  value  be  substituted  in  the  expression 

Jo  <^  <' 

and  then  integrated,  there  will  result 

which,  by  substituting  for  a  its  value  tc,  becomes  the  expression  in 
the  text. 

(A)  In  the  equation  y  ^^fa  sin  — ,  ^  =  0,  when  x  =  0,  and  xzza, 
therefore,  the  curve  will  not  cut  the  vertical  between  the  two  points 
A  and  B.     In  the  equation  y  z=  fa  sin ,  ^  =  0,  when  jr  =  0,  jr  = 

~,  and  X  =:  a,  therefore  the  curve  will  cut  the  vertical  in  the  middle 

iwx 
point  between  a  and  b.     In  the  equation  ^  =  (^  sin  — ,^=0  when 


C4€ 

^^^^^^H 

*=0,  *  =  «,* 

_  rt^V  k««  it  in-n,  Ik.  ^  .. 

•rOI  cm  Ul»  Wtlktl)  «K,i«l  tbc  ■HBbw  •  4>   1   poMlj. 

Whm  If  =  0.5  =  0.  ih-frfor*  Ihe  firm,  ii  III.  lifaiA^i 
l«Ml  iociMM  of  If  abwD  tbia  giin  a  Stiii«  rsb*  for  >  m  «iM  ■ 
iba  figon  i*  wA  reetiliDMl.  twi  «hn  1  h  ^e,  t  m  iflrMA 

(OI«g«Td 

nb>T.r  =  .>^^.  i«>w  il  .,|,Mi.  ft»  lu  a 

tlui  M  long  M  /  ia  Z  c,  the  i|Miii(  caaoot  b«  UaH,  Ul  ayi* 

Ihvipnpg  u  beiM,  li«Bc«k  lh«  nhi«  of  r  de(*nMMd  bjlWa^Ma 

Otct* 

!».  rox*  •<Wk> -liidi  tW  ^>il,  _  ^,. 

•  ilKdUl  bcDiling. 

(*)'■=•+ 

(1  +  n  +  5".  H,  liU  ™.„„„  ,  =  .    ,1  ^      r 

I  b]rtubilituttiig^'iU(ftlury+  —  •"•)  ncglrciing  -      V  ■.  +  ^4- 
faeuce  >e  obtain,    by  dividing   by  y  and   obli(«ntinf   rwrncs  itt 
in  tbe  equation  y  ( 1  +  J)  +  '^  =  y  +  ^  +  ^ ;-.  i  =  t+  ,    i  _  J 
(0  Substiluting  for  i'  its  value  gii«D  aboie,  ««  ubtaia 

the  integrgj  of  ihc  tecond  lerai  laniihM,  and  (bat  uf  tb«  &nt  =  a.i 
in  like  manner  by  a  limilar  lubaiituiion  in  the  lalue  <J „  «•  st<^ 

in  thii  ca*e,  tbc  integral  «f  the  fint  irrnt  ianub*«,  a»<l  tkat  ij  -f 

MCODd  w  equal  to  — ^  .  1 ]. 

(■<)  In  the  fint  ca*e,  at  ibe  diiiance*  of  ih«  r««tr«  ol  fn^? 
froin  tbe  tertei  and  baae  oflhe  triangle  are  fe«f>««u«ch  |(.  j(.m 
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have  io  this  case  A:  =  \c,  A;'  =  }c,  now  any  line  parallel  to  the  base 
such  as  Vt  which  is  distant  from  the  centre  of  gravity  by  a^quantity 
^  «,  which  may  be  either  positive  or  negative,  is  to  the  base  a : :  \c  + 

a 

« :  c,  •/  r  ^  -  (|c  +  «),  and  consequently 

c  2  oc^        etc' 

when  «  =  o  ^^  quantity  becomes  equal  to-  .-3-  -f-  -;; — o~>  ^^^  when 

2c  2a  2^0^      a  2*0^ 

«  =  -^,  it  is  equal  to  —  -^  "^  I  *  "^ »   hence  when  the   quantity 


-g^.m^du  is  integrated  between  these  limits 4^c,  -fc,  which  are  those 
of  kt  —  k'  in  the  present  case,  it  becomes  equal  to 

Id  the  case  when  the  form  of  the  base  is  concave, 
arc  .     ^  ,       att»      au* 

which  becomes,  when  11^  |c,  ^c,  which  correspond  to  Arand/:'  in 

this  case, 

2*ac»       2<ac»        ac>  ac» 

■97^"*"4TF'     973^"*"  473** 
hence  we  obtain, 

i^aC  k       ..        (l  +  2^)oc«   .  (2*-l)ac>       ?r»a    ac» 


C  k       ,,        (l  +  2^)«c*   .  (2*-l)flc» 


^  j-^"-""-      Q-a*     ^      4.3*     ""  />  12/*' 

When  the  normal  section  is  a  square,  as  the  centre  of  gravity  is  at 
the  intersection  of  the  diagonals,  kyk'y  the  limits  between  which  the 

integral  should  be  taken  are  respectively  equal  to^,   and,  as   all 

lines  at  any  distance  u  from  the  centre  of  gravity,  drawn  parallel 
to  a  side  of  the  square  arc  equal  to  the  side,  we  have 

Id  the  case  of  a  circle,  v  the  line  drawn  at  the  distance  u  from  the 
centre  of  gravity  which  is  that  of  the  circle,  is  evidently  equal  to 


now  if  ««  nake  u  =  kr,  ibeM 


,v'ir:5.,fl*=v. 


-$-.^^•--5*, 


'••IT? 


Ihi^  inlecral  of  the  fanner  la  ] 

„ t     it  1 

Aitil  ihat  of  liie  Ullrr 


ilcntly  f>i)uit 


w 


-,  hpnrr  tb»  valav  of  P  bonxMS  ihM  M  iW  HI 


(n)  If  thu  «rea  of  tlM>  normal  Mctioa  ib  tb*  tm*  •/  iW  ^ 
ami  cirrip  wprc  i^ual,  lhcn_/^  =  «^,  cooMi^arall*',  by  laht* 
thu  value  nf  y^  in  (he  (iprraina  for  r  iq  iha  «m  of  iW  a^ 


beconiM  = 


,  Mhicfa  i«  111  tkf  («Iuv  of  r  in  ih«  aMrffc* 


(o)  Djr  miliiBg  lliia  subatKMJoa  ••«  obuio 

Don  if  «(^'— ;*)■  'iMi  wa  of  lhi>  nornal  (rciiatt,  hw  M^f^ori 
lo  irfr*.  ihen  ^  =  V  -I-  jr*.  cunaeqnooilj  if  i*  b^  aohaMaMd  ■ 
of  ^-l'.  and  A*  +jr'  '•  r'*"  "**"•  ••  •*'•*'  •*•«»•  th«  Hf« 
in  Ibe  lEtt. 

l/i)  A*  if*  ii(tippo*eJ  In  b#  tbftuJtfpeailrat  »irntlt,<ira 
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dx,    ,       di/  ,    .      dz  J 
x—ds  +  Y -7^ cr»  +  z  -— «f«. 
//«  ds  ds 

{q)  Since  in  this  case  all  the  quantities  in  equation  (b)  vanish  but 

cotftYCos^  cos^yCosA,  p',  <•',  r',  anil  t,  — ,  ~,  -7- ;  and  as  these  three 

Ust  quantities  are  equal  to  cosaS  cos/3',   cosy^  it  is  evident  that 
the  values  of  T  cos  a',  tcos/3',  Tcosy'  are  those  given  in  the  text, 
(r)  From  equation  (1)  we  obtain 

^  dx^  24  ^ 

now  since  by  hypothesis  Q  -7^  =  0,   /3  -—  =  —  Q,         n  jr  =  a,  there 

results  \gywa^  +  6ca  +  2  c'  =  0,  ^wa  +  2.3.C  =  -  q. 

From  the  second  of  these  equations  we  obtain,  by  substituting  q 
for  gywa^  c  =  —  ^^q  ^  ^),  and  by  putting  this  value  of  c  in  the  first 
equation,  and  substituting  (or  gywa  its  value  7,  there  results 

^qa  -  (Q  +  q)a  +  2c'  =  0,    /  C  =  ^(q  +  ^y^r, 

consequently  if  these  values  of  c  and  c'  are  substituted  in  equation 
(1),  there  results  the  value  of  3^  given  in  the  text,  for  it  was  shown 
by  the  conditions  of  the  question  that  c''  =z  0.  When  Q  =  0,  this 
equation  becomes 

and  when  jr  =  a,  in  which  case  ^  =  &,  there  results 

and  when  9  =  0,  this  equation  becomes 
which,  when  x  =  a,  and  '.\y  ^  h,  becomrs 

and  when  7  =  0,  the  preceding  values  of  b  are  evidently  in  the  ratio 
of3:8. 

4  0 


{»)  Siure  in  iha  cmc  jrs'OwliM  '  =  ■,  fX)*«te  ftV% 


littnaw!  ^^w  ^  -  I    0  = 


■■  ■• -f  ■:«'+ c'*'.  hn««  if  it  W  ■ 


by  #1  and  llicn  Ukea  fran  eqtiatiun  (I),  wc  ubUM  tW  iijum  i  * 
(be  li'xi. 

tthm  jr  ^(K  ibb  eiprctaiofl  b«raaiM 


■(.£+•♦■ 


»£=£'+'-+''"=«•  •■•'•=-(1+*).. 

liotire  a  nimjiariaitn  i>r  tbtw  t »»  vdan  «f  c/  fii««  c  =  —  i\  f  ••' 
coinwqDMriljF  c'  =  A«f ,  b|  nbalituliBff  ibaM  nloM  *i  r  mt  *, 
vqiMlioii  (S)  booonta 

arhidl  n^  bs  niMla  lo  aouniv  (h*  fwai  ^^ 

^■"  =  ^(■'-"''(■^  +  o-r  +  '>'>-2«(-»  +  o  ,  +  ,      = 


- 

.  when  J-  =  0, 

henre  i 

fullo- 

(h 

= 

-^'•-- 

c  =  - 

ly;  t 

.,|. 

at  lull  (2)  bocotucs 

iy 

= 

£(-^-)- 

',yx.(x> 

-"■)  = 

'•4a 

sij-li>  of  tlio  two  farlort  uf  wliicli  lliii  pniJucI  i>  r..u 
till'  laliii'  uf  Sy  L'i\cti  ill  the  text;  and  when  -r  = 


-hul.  lu  tl.i,  r 


*/l.e 
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III  this  case  aUo  we  have 

which,  when  or  =  0,  becomes  /3-~  =  6c  =  —  ^^ ;  and  when 

du 
III  the  third  case,  as  -f-  =  0  for  :r  =  0,  we  have 

ax 

and  as  in  this  same  case  B  -—  =  0  when  jr  =  a,  we  have 

oar* 

?^  +  6ca  +  2c'  =  0, 

consequently,  comparing  the  two  values  of  c'  derived  from  these  two 
equations,  we  obtain 

=  ^;  and,  if  these  values  be  substituted  in  equation  (2),  we  obtain 
16 

3,  =  £(xW)-^'(^-a.)4.^(.-a) 

=  ^(^-o)  [2j^  +  2ax  +  2a«-5a.(^  +  a)  +  8a»] 
=  ^-(jr— a)  [2jr^— 3cwr]  =  (by  changing  the  signs  of  the  factors) 

25-(o— x)[3a— 2jr].     The  value  of  /3  -t-^  (=  E  when  x  =  0),  is  in 

d^  u  So  d^u 

this  case  ^-j~  =  6c  = —-^,    and    /3-j~(=  —  q  when  .r  =  a)  is  in 
aX*  o  aJr 

,,  .  ^   .    3^   ,    /»  Sq       Qq 

this  case  7  +  -7-  +  6C,    i.  e.  ^  — ^  =  -i=  —  g. 
4         4  8  o 

(u)  By  performing  the  integration  with  respect  to  sin ,  which 

is  the  variable  of  the  second  member  of  this  equation,  we  find 

f  .    nvx  J  a  n^x  — nf*       vttx,         — o»     .    hifx 

Isin axzz .cos ,  and \  cos ax  zz sin —     ; 

J         a  nw  a  nir  J  n  tiV  a 


liviKairihianperalinDb*  cuntiMMl  fonr  insm  tWWk 

glTM 

— ~.  (in , 


frocn  whkli,  sad  by  ■  wilUila  dHerniiuliaa  df  ih« 
•Unlc  introdwecd  by  (bo  inl^gnlMO,  frooi  Um 
y=:Ofof«'  =  0.tndror«  =  M,««  •btita  wiMliaM  |». 

mpin^DB  C*  Mfl  ^^  #*'rfr'  in  Ihii  ow  =!  «»»-j. 

wio  hii«  tb«  firal  (cfm  of  lb«  m-mpiI  incwbtr  vt  t  ^wMi—  (b  >  <yi 


obiiin 


irili  tbiiW|iulMMt  we  tubMilol*  fer  *  its  mIw— .id 

/-ly  .  {*f-n      .v    •»      ^ 


whifh,  by  reducing  lo  a  cominun  dpnominttur,  b«ci>iiM-i  '^  f 
(:)   It)  •lilTerciitialing  wc  obtatii 

Mhich,  when  J- =  _-,  i.e.  at  rhe  luiiMIe  [hiihi  uf  th,.-  run*.  ^'  f 
cipher,  llicrcforp,  al  ilils  [mini  llio  laiijii-iii  ii  huiuoniiL  t 
sagitta  then  becoincs  equal  In 


■[-T 


.  ■<» 


=7  ,  '-    |:lu'-  ;t  4.j')(=»h,-i 


f:l::-i:2.  iii.l 
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qua!  when  jr  =  0,  ~- — ,  •.•  in  inis  case  f  =  ^  =  -r-:: »   conse- 

^  24a  •'48        16.24 

uently  it  is  to  the  value  oif  in  that  No. ::  8:5. 

(J/)  By  multiplying  the  infinite  series  given  at  the  commence- 

lent  of  this  number  by  the  denominator,  there  results 

i  +  2Acos  0  +  2A*co3  2tf  +  2A'  cos  39  +  &c. 

I  — 2A.costf  + A«. 

=  1  +  2 A  cos  9  +  2  A»  CCS  2 d  +  2 A>  cos  3tf  +  &c. 
—  2A.co3tf  —  4A'cos*tf  —  4A*cos2tf.costf  —  4A*cos39.co8^ 
4-  A<  4-  2^  cos  0  +  2A«  cos  29  +  2 A'  cos  3^  +  &c. 

*  Now  since  2 cos'  tf  =  cos  2tf  +  1,  2 cos  2tf . cos  6  =  cos  3^4'  cos  ^, 
!  cos  3tf.  cos  tf  =  cos  4^  +  cos  2tf,  by  substituting  these  values  in  place 
f  cos*^,  2  cos  2^.  cos  9,  2  cos  3tf  .cos  9,  and  adding  these  lines  together 
heir  sum  will  be  equal  to  1  -f-  A'. 

This  theorem  is  proved,  a  pinori,  in  the  Theorie  de  la  ChuUeur^ 
Hkr  Poiisony  No.  93. 

When  the  values  of  u  are  infinitely  small,  4  sin*  ^  (0  —  «)  =  u', 

g-fBdB 

nd  if  in  the  expression    ,  .        .  ,, r,   we  substitute  for  Oydfi, 

'  ^+4sm»(^— tt)  -^ 

od  4sin'^(0  —  a)  we  will  obtain  the  expression  in  the  text ;  and  as 
he  integral  of  this  function  between  the  liimits  x  and  0,  is  -,  and 

IT 

•etween  the  limits  0  and  —  x  is  also  -,  between  the  limits  x  and 

—  X  the  integral  is  ir. 

When  aL'=.TCt  then  cos  n  (tf  —  a)  =  cos  n?r .  cos  w9,  (=  as  cos  nis 
z  (-.!)».)(_)».  cos  w9. 

Since  ^  =  — ,  and  as  the  limits  relative  to  ^  are  w  and  0,  the 
a 

imits  relative  to  x*  must  be  a  (when  9  =  ^)  and  when  tf  :::  «,  it  must 

e  cipher. 

(x±iX'\  nxx*         nxx       .    n%x'   .    nirx     , 
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